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Abstract
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1 Introduction

We consider the first order singular differential-difference operator on R :

M) = s+ G D EIED) e, 0

where

A(z) = |z|*B(z), k>0, 2)
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B being a positive C*° even function on R, with B(0) = 1, and p > 0.
We suppose in addition that the function A satisfies the following conditions.

i) For all x > 0, A(x) is increasing and ZlggoA(x) = 00.

A A
ii) For all z > 0, 1 ((j)) is decreasing and leH;O 1 ((j)) 2p.
iii) There exists a constant ¢ > 0 such that for all z € [xg,00), ¢ > 0, we have
A'(x) 5
=2 %D

where D is a C°°-function, bounded together with its derivatives.

Due to our assumptions on the function A there exist a positive constants C' and
such that for x large we have

A(z) < Clz|re®ll. (1.1)

For

A(z) = (sinh |z])%*(coshz)?* k> K > 0,k # 0
_ ' (3)
p=k+k,

we have the differential-difference operator

Apgo f () = %f(ﬂﬁ) + (k coth(z) + K tanh(2)){f (2) — f(=2)} — pf(=2),  (4)

which is refereed to as the Jacobi-Cherednik operator (see [12]).

This operator is more general than the Cherednik operator in the one dimensional
case. Indeed for a root system R in R% R, a fixed positive subsystem and k a
nonnegative multiplicity function defined on R, the Cherednik operators 7},j =
1,2,...,d, [5], are defined for f of class C' on R? by

Ty1e) = )+ Y e @) — S} - @), )

- <Oé,:l‘>
aER 4 €

where (.,.) is the usual scalar product, o, is the orthogonal reflection in the hyper-

plane orthogonal to «, p; = % Z kqaj, and the function £ is invariant by the finite

a€R+
reflection group W generated by the reflections o, a € R.

For d = 1, the root systems are R = {—«,a} or R = {—2a, —a, o, 2a} with « the
positive root. We take the normalization oo = 2.
- For R4 = {a}, we have the Cherednik operator

Ty f(@) = 0 f(0) + e () F(-)} — pf(2),

with p = k.. This operator can also be written in the form

T17(x) = 5 §(2) + ka coth(@){F(2) — F(~2)} ~ kaf (~2) (©
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which is of the form (4) with k = k,, and k' =0
- For R4 = {a,2a}, we have the Cherednik operator

1) = o 00) + ([ e ) (f@) = F-a)) = pf (o),

with p = ko + 2ko,. It is also equal to

T f(x) = %f(l‘) + (ko + k2q) coth(z) +kaq tanh(z)){f (x) = f(=2)} —pf (—2). (7)

This operator is therefore of the form (4) with k = kq + koo, and k' = ko,
Another interesting case is R = {—2a,2a}, R+ = {2a}, with the Cherednik
operator

Tif(@) = f@) o @)~ f(-a)} -~ pf(a),

= L (&) + (haa coth(x) + oo tamh (@) {f(x) — F(~)} — pf(~2).
with p = 2ksy,. This operator is also of the form (4) with k = k' = ka,.

The operators T},j = 1,2,...,d, have been used by Heckmann and Opdam to
develop a theory generalizing the harmonic analysis on symmetric spaces (cf. [14,
22]). For recent important results in this direction we refer to [25].

In [21] the author provides a new harmonic analysis on the real line correspond-
ing to the differential-difference operator A. In particular he has introduced the
transmutation operators V and 'V between the first derivative operator and the op-

erator A. The operators V and 'V are integral operators given for regular functions
on R, by

(8)

||

Vo(x) = K(z,y)g(y)dy, ifx#0, ()

— ||

9(0), if 2 =0,
Vi) = / K(2,y)f(2)A(z)dz, yeR,
|z|>y]

where K(z,y) is a continuous function on (—|z|,|z|), with support in [—|z|, |z|],
given by the relation (2.12) of [21].

In the case of the Jacobi-Cherednik operator (4), the operators V and ‘V have
been defined and studied in [12].

Recently Trimeche in [28] has proved the positivity of the the transmutation
operators V and 'V.

Classical uncertainty principles give us information about a function and its
Fourier transform. If we try to limit the behavior of one we lose control of the other.
Uncertainty principles have implications in two main areas: quantum physics and
signal analysis. In quantum physics they tell us that a particles speed and position
cannot both be measured with infinite precision. In signal analysis they tell us
that if we observe a signal only for a finite period of time, we will lose information
about the frequencies the signal consists of. The mathematical equivalent is that



Qualitative Uncertainty Principles for the generalized Fourier transform 59

a function and its Fourier transform cannot both be arbitrarily localized. There
is two categories of uncertainty principles: Quantitative uncertainty principles and
Qualitative uncertainty principles.

Quantitative uncertainty principles is just another name for some special inequal-
ities. These inequalities give us information about how a function and its Fourier
transform relate. They are called uncertainty principles since they are similar to the
classical Heisenberg Uncertainty Principle, which has had a big part to play in the
development and understanding of quantum physics. For example: Benedicks [2],
Slepian and Pollak [26], Slepian[27], and Donoho and Stark [8] paid attention to the
supports of functions and gave quantitative uncertainty principles for the Fourier
transforms.

Qualitative uncertainty principles are not inequalities, but are theorems that tell
us how a function (and its Fourier transform) behave under certain circumstances.
For example: Hardy [13], Morgan [20], Cowling and Price [6], Beurling [3], Miyachi
[19] theorems enter within the framework of the qualitative uncertainty principles.

The quantitative and qualitative uncertainty principles has been studied by many
authors for various Fourier transforms, for examples (cf. [11, 16, 17, 29]) and others.

In this paper, we prove Hardy’s theorem, Cowling-Price’s theorem, Ray-Sarkar’s
theorem, Miyachi’s theorem, Beurling’s theorem and Gelfand-Shilov’s theorem for
the generalized Fourier transform associated to the Cherednik type operator on the
real line. We note that in [18] we have proved another versions for the Hardy’s
and Cowling-Price’s theorem for the generalized Fourier transform associated to the
Cherednik type operator on the real line.

The remaining part of the paper is organized as follows. In §2, we recall the
main results about the Cherednik type operator on the real line. In §3 we prove an
LP version of Hardy’s theorem for the generalized Fourier transform. §4 is devoted
to generalize Cowling-Price’s theorem for the generalized Fourier transform F . §5
is devoted to obtain Beurling’s theorem for F and in §6 we generalize Miyachi’s
theorem.

2 Preliminaries

This section gives an introduction to the harmonic analysis associated with the
Cherednik type operator. Main references are [21, 28|.

2.1 The eigenfunction of the operator A

Notations. We denote by
Pm(R) the set of homogeneous polynomials of degree m.
C.(R) the space of continuous functions on R with compact support.
E(R) the space of C*°-functions on R.
S(R) the Schwartz space of rapidly decreasing functions on R.
D(R) the space of C*°-functions on R which are of compact support.
S%(R) := (coshz) "S(R), the generalized Schwartz space.
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To present the eigenfunctions of A, we consider first those of the second order
singular differential operator A on (0, 00) defined by

& A
Cdx? A(z) do

The function @y, A € C, is the unique analytic solution of the differential equation

{ Au(z) = (N + p?)u(),
u(0) = 1,4/(0) = 0.

We denote also by ¢, the even function on R equal to ¢y on [0, 00).
For every A € C, let us denote by ®, the unique solution of the equation

A f(x) =iXf(x),
2.2
LI (22)
It is given for all A € C, by
90)\(33) + Ml_p %QD)\(-T), if X #ip,
—_ xr
VeeR () =9 1, 2 [ Aty if A = ip.
0

For A # —ip, we can write it in the form

] ||
VazeR, ®)\(z) =¢xr(x)+ sgn(x) A /0 or(2)A(2)dz.

It possesses the following properties
i) For every = € R, the function A — ®,(x) is entire on C.

ii) There exists a positive constant M such that
Vo eR, VAER, [®y(z)] < M(1+ |z)(1+ /A2 + p2)e I,

iii) For all x € R\{0} and A € C, the function ®,(z) admits the Laplace type
integral representation
|| n
(PA(J") = K((L‘, y)ez ydyv (23)
==
where K (z,.) is a continuous function on | —|z|, |z|[, with support in [—|z|, |z|],
given by the relation (9).

Example 1 The Laplace type integral representation of the ®y corresponding to the
Jacobi-Cherednik operator (4), has been obtained in [12], and it is of the form (2.3)

with K (x,y) possessing the expressions in the three following cases
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-IfK =0,k >0, we have

2" (k + 5
K(z,y) = #(sinh |z|) "% (cosh z — coshy)¥Lsgn(x)(e” — e7Y),

VAT (R)

for all x € R\{0} and —|z| <y < |z|, and this function is positive.
-If K =k >0, we have

k 1
K(z,y) = m(sinh 2|2[))~2* (cosh(2z) — cosh(2y))**

xsgn(z)(e** —e~2Y),
for all x € R\{0}, and —|z| <y < |z|, and this function is positive.

-If k> K > 0, the function K(xz,y) is given by the relation (2.54) of [12] p.
178. Its expression does not show that it is positive.

Proposition 1 (/21]). Let p be polynomial of degree m. Then there exists a positive
constant C such that for all X € C and for all x € R, we have

PR < OO+ D)1+ a2l (24)

2.2 Generalized Fourier transform

For a Borel positive measure p on R, and 1 < p < oo, we write LL(R) for the
Lebesgue space equipped with the norm | - || 1z () defined by

1/p
1Fllp ) = ( [swr du<x>) L i p< oo,

and |[fllpeer) = ess supyer|f(x)|. When p(z) = w(z)dr, with w a nonnegative
function on R, we replace the p in the norms by w.
For f € C.(R), the generalized Fourier transform is defined by

FHO) = / (@) (2)A (2)dz, forall € C. (2.5)
R
Remark 1 For A € C and g € C.(R), we have

F(9)A) = Fa(ge)(A) + (o +iM)Fa (Zgo) (), (2.6)

where Fa denotes the stands for the Fourier transform related to the differential
operator A, ge (resp. go) denotes the even (resp. odd) part of g, and

Zo() = [ gult)dr

—00
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Theorem 1 For all f € D(R),

_ / SR\ (2)do(N),
R

ig, _d
A le(IADI?

with ¢ is a continuous function on (0,00) such that

where
do(\) = (1 —

C(S)_g N Cis?f as s — o0
Cys? as s— 0,

for some C1,Cy € C.
Remark 2 For A(x) = (sinh|z|)?*(coshz)?¥', k > k' > 0, we have

10, dA
SRRV

do(\) =

where ,
207 (k + )T (4

+3)0(iA)
ST (L(p+ iN)T(E(k — K + 1+ iA))’

c(A) =

Next, we give some properties of this transform.
i) For f in LY (R) we have

VAER, |[F(HWNI<CA+IADIALY ®)
ii) For f in S?(R) we have

F(Laf)y)=—y*F(f)(y), forallyeR,

where L4 is the generalized Laplace operator on R given by

Laf(x):=A*f(x)

A € C\iN.

Triméche

(2.7)

(2.8)

(2.10)

(2.11)

(2.12)

Proposition 2 (/21]). i) Plancherel formula for F. For all f, g in S?(R) we

have

/ fa ) di = / F(HEF(@)©€)do(€).

(2.13)

2.3 Transmutation operators associated with the operators A

The generalized intertwining operator is the operator V' defined on £(R) by

||
vm){ [ Keaitay i rer\ (o)
£(0) if x=0.

(2.14)
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We have ‘
YAEC, Yz eR, ®y(z) =V (e™)(z). (2.15)
The operator V' is a topological automorphism of £(R) satisfying
d
VFEER), A(V )=V (dyf> (@), (2.16)
The operator 'V is defined on D(R) by
WeR V)= [ Ku@Awde (217)
x>y

The operator V' is a topological automorphism of D(R) satisfying

vf e DR), Vy €R, C;;tV(J“’)(y) ="V(A +2p5)()(v), (2.18)

where S is the operator defined by
Ve eR,S(f)() = f(-2), feDR),

The operators V and 'V possess the following properties:
For all f € D(R) and g € £(R), we have

/ V(f) y)dy = / f(2)V g(x)A (x)dx. (2.19)
Proposition 3 (/21]). For all f € D(R) we have
F(f)=Feo'V(f), (2.20)

where F. is the classical Fourier transform defined on D(R) by
YAeC, F.(fH)\) = /R f(x)e ™ dg.
Proposition 4 Let f € LY (R). For almost all y, the function
v VW = [ K@) d (2.21)

is defined almost everywhere on R and belongs to L*(R). Moreover, for all bounded
continuous function g on R, we have the following formula :

/V( dy—/f W g(2)A (2)da. (2.22)

Proof. The functions (z,y) — K(z,y)f(z)A (x) and (z,y) — K(z,y)f(x)g(y)A (x)
are Lebesgue integrable on R?. Then by using Fubini’s theorem, we get the result.

Proposition 5 (/28]). The generalized intertwining operator V and its dual 'V
are positive.
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2.4 The generalized heat kernel

Definition 1 Lett > 0. The heat kernel E; associated with the operator A is defined
by
Ve eR, Ey(z)= f_l(e_t)‘Q)(a:). (2.23)

Remark 3 As the function A +— e~ is an even function on R, then from the
relation (2.6), we deduce that

VreR, Ei(z) = %fgl(e*m)(gg). (2.24)

We introduce also the generalized heat functions N, (¢,.), n € N are defined on R by

No(t,2) = (—i)" /R N0, (2)do (). (2.25)

These functions satisfies the following properties.
i) For all t > 0, N,(¢,.) is an C*°-function on R.
ii) For all ¢t > 0, No(t,.) = Ex > 0.
111) For all t > O, ||Et||L}4 (R) =1.
iv) Forall t > 0, VA € R, F (Nn(t, .)) () = (—i)"Ame=N.
v) Forallt >0and Vz € R, L4 N,(t,x)= %Nn(t,a:).

Proposition 6 Lett > 0. We have

Wy eR, 'V (E)(y) = 2\}%@—55. (2.26)
Proof. From the relations (2.23) and (2.20), we have
WeR, V(BN = F e V) (y) = ——e .
2Vt
Proposition 7 Let p € [1,00). There exists a positive constant C(p,t) such that
Ve eR, (Ey(x))? < C(p,t)E% (x). (2.27)

Proof. From [10], p. 251, there exists C1(t) > 0 and Cy(¢) > 0 such that

Ve eR, Ci(t) e;(tx) < By(x) < cg(t)i;(tx). (2.28)

Using the hypothesis on the function A, there exist C' > 0 such that for all z €
R, B(z) > C. Thus, according (2.28), we obtain (2.27).
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3 An L? version of Hardy’s theorem

For the complex measure do defined by (2.8), one defines its variation, the positive
measure dv, by the formula

dv(A) =sup »_ |do(A,)]
n=1

where A is in ¥ algebra, and the supremum runs over all sequences of disjoint sets
(A )nen whose union is A.
We denote by LL(R),1 < p < oo, the space of measurable functions on R,
satisfying
1/p
Wl = ([ 1f@rae) " <o 1<p<,

[fllze® = ess sup [f(z)] <oo, p=oc.
zeR

-1
Proposition 8 Letp € [1,00] and f a measurable function on R such that (EL> f
belongs to LY (R) for some a > 0. Then
o’ (W(f)) e LP(R).

Proof. We consider two cases.
1% case : If p € [1,00), from (2.17), we have

p

16 (V (D) Wpiay < [ ( L, Ken[(Ey) @l E waw dx) W

By applying Holder’s inequality to the middle integral, we obtain

eV’ (tv(f))y\ip(R) < /}Reamf ty <1<E41a)_1fyp) (y) [tv [(Eil)p/] (y)]f/ dy,

where p’ is the conjugate exponent of p. By the relations (2.27), (2.26), and (2.22),
we deduce that

e (V (D)l < MI(EL ) Fllug @ < o0,

1
v

1 / P
where M = (C’(p', @)” p:) .

274 case : If p = oo, using (2.17), we obtain for almost all 3 in R :

'V (£) ()]

IN

/My| K (.y) ((E;>_1($)|f(33)|> E) (1) (2)da

IN

1(E2) ™ Flagw'V(EL)W).
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By the relation (2.26), we deduce that
) -1
e V(N m < Moll (B ) fllispe < oo
where My = \/g . This completes the proof.

-1
Proposition 9 Letp € [1,00] and f a measurable function on R such that (E%> f
belongs to LY (R) for some a > 0. Then the function F (f) given for all X € C by

F(HO) = /R F(2)®(2)A (2)de,

1s well defined, entire on C, and there exists a positive constant C' such that

Ve, neR, |F(f)E+in) < Cele. (3.29)

Proof. The first assertion follows from Hélder’s inequality, the relation (2.4), and
the derivation theorem under the integral sign. As the function f belongs to LY (R),
we deduce from the relation (2.20) that for all £, n € R, we have

|F ()& +in)] Seli/Reay2|tV(f)(y)\e—a(y—£2>2 dy.

Using Proposition 8 and Holder’s inequality, we obtain (3.29) with

1

T\ 27 2
C = N ay (tV ) ,
()7 e (v () s
where p’ is the conjugate exponent of p.

Theorem 2 Let f be a measurable function on R such that
-1
(E%> f € I (R) and e F (f) € LI (R), (3.30)

for some constants a,b > 0, 1 < p,q < oo, and at least one of p and q is finite.
Then

o Ifab> i, we have f =0, almost everywhere.
o Ifab < %, for all t € (b, ﬁ), the functions f = Ey, satisfy the relations (3.30).

For prove this theorem we need the following lemmas.

Lemma 1 Let h be an entire function on C such that
VzeC, |h(2)] < Ce™Re?)? (3.31)

and
Ve e R, |h(z)|] <C, (3.32)

for some a,C > 0. Then h is constant on C.
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Lemma 2 Let g € [1,00) and h an entire function on C such that
Vz€C, |h(z)] < MeiRe?)? (3.33)

and
”h\RHLq < 00, (334)

for some a, M > 0. Then h = 0.

Proof. of Theorem 2. We will divide the proof in several steps.
15¢ step : If ab > %. We consider the function h defined on C by

A2

h(A) = esa F (f)(A).

From Proposition 9, there exists a positive constant C' such that for all £, n € R,

2
we have |h(§ +in)| < Cefa.
i) If ¢ < oo, we have

1% / "X F (F)(N)[7e25 =2 du ().

The inequality ab > % implies
2
Ihgllcs @) < 1€ F (g @) < oo

We deduce from Lemma 2 that for all A € C, h(A\) =0
It follows that for all A € R, F(f)(A) = 0 and then from the injectivity of the

transform F , we have
f=0, a.e., onR.

i1) If ¢ = oo, we have

1
hglle @ = 1€ F (f) €| ooy < € F () oo @) < 00-

From Lemma 1, there exists a constant K such that for all A € C, h(\) = K.
2
It follows that for all A € R, F(f)(\) = Ke %a. The assumption on F(f) is

expressed as

IF(HYN)| < Me™™ ae. X €R,

for some constant M > 0.
The continuity of F (f) on R shows that for all A € R, | F (f)(A)] < Me~"**. Then
forall A e R, |K|< Melaa =D 1t follows from the inequality ab > %, that K = 0.
Therefore

f=0, a.e., onR.

2nd step : If ab = i, we have
1) If ¢ < co. With the same proof as for the point i) of the first step, we
deduce that
f=0, a.e., onR.
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ii) If ¢ = co. Proposition 8 and the relation (2.20) imply that the function ‘V (f)
satisfies

eav? (tv ( f)) € LP(R) and X F, (tv ( f)) e L=(R).

Then using [9], p. 66, we see that 'V (f) = 0, a.e., on R. From (2.20), it follows
that F (f) = 0 on R and then

f=0, a.e., onR.

3" step : If ab < 1. Let t € (b, ) and f = E;. From the relation (2.28), we get

1

VreR, Ke (@77 < (E%)_ (2)f(x) < Kae~ (5707,

-1
for some constants K1, Ko > 0. As ¢t < L, we deduce that (EL> f e ¥ (R).
4a
Using the relation (2.23), we get

VAER, N F(f)(N) =e OV

The condition ¢ > b and the relations (2.9), imply that e’ F (f) € LL(R). This
completes the proof of the theorem.

We determine, in this section, the functions f satisfying the relations (3.30) in the
special case p = ¢ = co. The result obtained for the generalized Fourier transform
F is an analogue of the classical Hardy’s theorem.

Theorem 3 Let f be a measurable function on R such that
|f(z)] < ME%(QZ), a.e. z € Rand |F(f)(N)] < Me ™" for all A € R, (3.35)

for some constants a,b, M > 0. Then
o Ifab> %, we have f =0, almost everywhere.

o [fab= %, the function f is of the form f = COE%, for some real constant Cj.

o Ifab < %, there are infinitely many nonzero functions f satisfying the condi-
tions (3.35).

Proof. 1% step : If ab > i, the point 47) of the first step of the proof of Theorem 2
gives the result.

2" step : If ab = %, we deduce from the relations (2.26) and (2.20) that the function
YV (f) satisfies

"V (f)(y)] < Moe™ ", a.e.y € R and | Fe (tV (f)) M) < Moe ™, for all X € R,

for some constant My > 0. Using Hardy’s theorem for the usual Fourier transform
(see [13], p. 137), we obtain

W(f)(y) = Mie™™’, a.e.y €R,
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where M is a real constant.

2
From the relation (2.20), it follows that F (f)(\) = Mge_ifa, for all A € R, where
M is a real constant. We deduce from the relation (2.23), that

f = OOEL>
4a
for some real constant Cj.

374 step : If ab < %, the functions f = Ei, t € (b, i), satisfy the conditions (3.35).
This completes the proof of the theorem.

4 Generalized Cowling-Price theorem for the general-
ized Fourier transform

Theorem 4 Let f be a measurable function on R such that

—-bp
Ei(x x)P
/ ( & )> )l A (x)dx < oo (4.36)
R (L4 [z
and
MEIFE DO,
=T < 437

for some constants a,byn >0, m>1and 1 <p<2,1<qg<o0. Then
i) If ab > %, we have f =0 almost everywhere.

d
i) Ifab = %, then f is of the form f = ZCij(b, .) where d < min(%%—%, mT_l),
§=0
P’ is the conjugate of p, and v is a positive constant given in the relation (1.1).
Especially, if
¥ om— 1)
p/’ )

n <1+ 2p+pmin(= +
P q

then f =0 almost everywhere. Furthermore, if n > 2p+ 1 and m € (1,q + 1], then

f is a constant multiple of Ey.
d

iii) If ab < %, for all § € (b,i), the functions of the form [ = ZCij((S,.),

=0
d € N, satisfy (4.36) and (4.87). !

Proof. We shall show that F (f)(z) exists and is an entire function in z € C and

IF(f)(2)] < C’eﬁ“sz(l +|Imz|)®, forallz e C, forsome s>0. (4.38)

The first assertion follows from the hypothesis on the function f and Hoélder’s in-
equality using (4.36) and the derivation theorem under the integral sign. We want
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to prove (4.38). Actually, it follows from (2.5) and (2.4) that for all z = £ +in € C,
FE+in < [ @0 @)IA @)

-1
Fi(x xz
. / ( i )) | f( )|(1+’x‘)%EL@)e(InI*Q)IIIA(g;)dx
R

(L+la))r g
2 (BL@) 1f(@) oy
< eZa/R( o (e e

Then by using the Holder inequality, (4.36) and the relation (1.1), we can obtain

e

A

FlhE+im) < o / (1 + lal) % eo? (=50 el A () )

CeZ'f(/oo( ) e (= B —Q(P’—2)tdt>p'
0

IN
-

4

Ceta™=*(1 4 |Im 2)» T

IN

Thus (4.38) is proved.
If ab = i, then

Q

IF (F)(€ +in)| < C™=(1 4 [Im 2|)» T

Therefore, if we let g(z) = €"* F (f)(z), then

Q

19(2)] < Ce? (1 4 [Imz|)» T

Hence it follows from (4.37) that

lg(€)|9 ~
/R @+ ey <

Here we use the following lemma.

Lemma 3 ([24]). Let h be an entire function on C such that
Ih(2)] < Ce®el (1 4 [Tmz|)™

for some m >0, a >0 and
A ()|
—————|Q(z)|dx < 00
Loty
for some ¢ >1, s >1 and Q € Py (R). Then h is a polynomial with

-M-1
deg h < min{m, 57}
q

and, if s < q+ M + 1, then h is a constant.
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Hence by this lemma ¢ is a polynomial, we say P,, with

deg Py :=d < mm{ + 2 Ll}
P q
Then
F (@) = Pyx)e ™™
and thus,

d
= ZCij(b, ) forallz € R.

Therefore, nonzero f satisfies (4.36) provided that

-1
n>2g+1—|—pmin{ —I-l L}
Poq

Furthermore, if m < ¢ + 1, then ¢ is a constant by the Lemma 3 and thus
F(f)@)=Ce™™ and f(z) = CyBy(x).

When n > 1 and m > 1, these functions satisfy (4.37) and (4.36) respectively. This
proves ii).

If ab > %, then we can choose positive constants, ai, by such that a > a; = ﬁ >
4. Then f and F (f) also satisfy (4.36) and (4.37) with a and b replaced by a1 and

by respectively. Therefore, it follows that F (f)(z) = Py, (z)e """, But then F (f)
cannot satisfy (4.37) unless Py, = 0, which implies f = 0. This proves i )

If ab < 1, then for all § € (b, ), the functions of the form f(z Z CiN;(

where d € N, satisfy (4.36) and (4.37). This proves iii).

5 Beurling’s theorem for the generalized Fourier trans-
form

Beurling’s theorem and Bonami, Demange, and Jaming’s extension are generalized
for the generalized Fourier transform as follows.

Theorem 5 Let N €N, § >0 and f € L? (R) satisfy

S @IFS IR a1y
e WA (z)dxdy < oo, 5.39
L ) 539
where R is a polynomial of degree m. If N > md + 3, then
flx) = Z asNs(r,z) a.e., (5.40)
s< N*'r;usfl

where r > 0, as € C. Otherwise, f(x) =0 almost everywhere.
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Proof. We start the following lemma.
Lemma 4 We suppose that f € L% (R) satisfies (5.39). Then f € LY (R).

Proof. We may suppose that f is not negligible. (5.39) and the Fubini theorem
imply that for almost every (t,y) € R,

FOOIRDE [ @] et g o1 - o
1+ )™ /R<1+|xr>N Al e

Since f and thus, F (f) are not negligible, there exist yp € R, yo # 0, such that
F (f)(yo)R(yo) # 0. Therefore,

F@] e ol v~ o
Lt ppre ! a@as < e

|z [yo

e

Since ————— > 1 for large z, it follows that / |f(2)|A (z)dz < .
1+ Jz)N R

This lemma and Proposition 4 imply that 'V (f) is well-defined almost everywhere
on R. By the same techniques used in [16], we can deduce that

// Y (H@)IF (V)N WIRGP ,

x)dzdy < oco.
Rt (@)

According to Theorem 2.3 in [23], we conclude that for all z € R,

WV (f)(z) = Px)e” s,

where s > 0 and P a polynomial of degree strictly lower than N‘#&_l. Then by
(2.20),

F(H) = Feo 'V () = F(P)e ) () = Qe ™",

where (@ is a polynomial of degree deg P. Then by using properties of the generalized
heat kernels functions we can find constants ag such that

FOHo=F( X aiNG))w):

s< N—md—1
2
By the injectivity of F the desired result follows.
As an application of Theorem 5, we want to prove the following Gelfand-Shilov
type theorem for the generalized Fourier transform.

Corollaryl Let Nym e N, § > 0, a,b > 0 with ab > ,and1<p,q<oowith
5+q—1. Let f € L% (R) satisfy

ZJalp

[f(@)[e > ™" e 7
/ A+ 2™ A(x)dx < oo (5.41)
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and

F (Wl " R@w)P
/ H’y') dy < oo (5.42)

for some R € P,,.

i) If ab> § or (p,q) # (2,2), then f(z) = 0 almost everywhere.

i) If ab =% and (p,q) = (2,2), then f is of the form (5.40) whenever N > #
and r = 2b. Otherwise, f(x) = 0 almost everywhere.

Proof. Since

(2a) (2)

dablz|ly| < " + lyl,

it follows from (5.41) and (5.42) that

F@IFOGIRDP sty
/ / (1+ |z _|_ ly])2N € YA (z)dxdy < oo.

Then (5.39) is satisfied, because 4ab > 1. Therefore, according to the proof of
Theorem 5, we can deduce that

// Al MY (1) (@)1 F (V) WIRW)

(1 + Ja| +[y)*N

(x)dzdy < oo,

and 'V (f) and f are of the forms

2

W (f)(z) = P(z)e™ % and F(f)(y) = Qy)e ",

where s > 0 and P, () are polynomials of the same degree strictly lower than
2N=—md—1 = Therefore, substituting these from, we can deduce that

2
—(Vslyl— zflfl) o(dab— 1)|x\|y||p( )HQ(ZL‘)HR(y)\‘s
/ / 1+ |2] + |y~ A (z)dzdy < oo.

When 4ab > 1, this integral is not finite unless f = 0 almost everywhere. Moreover,
it follows from (5.41) and (5.42) that

Pla)le e
/ 1+|$’ A(x)dx < oo

and

20)9) g
QUy)le Ve s 7| R(y)?
d .
/ T+ )™ y=oe

Hence, one of these integrals is not finite unless (p,q) = (2,2). When 4ab = 1 and
(p,q) = (2,2), the finiteness of above integrals implies that r = 2b and the rest
follows from Theorem 5.
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6 Miyachi’s theorem for the generalized Fourier trans-
form

Theorem 6 Let f be a measurable function on R such that
-1
P q
(Ei) f e L% (R) + LY (R) (6.43)

and

/R log* SN A(f )(£)|d§ < o0, (6.44)

for some constants a,b,\ >0, 1 < p,q < co. Then
i) If ab > i, we have f =0 almost everywhere.
i) If ab =%, we have f = CEy, with |C| < .

d
i) If ab < %, for all 6 € (b,4—1a), the functions of the form f = ZCij(é,.),
§=0
d €N, satisfy (6.43) and (6.44).
To prove this result we need the following lemmas.
Lemma 5 ([16]). Let h be an entire on C function such that
|h(2)] < AeBIB” gng / log™ |h(y)|dy < o, (6.45)
R

for some positive constants A, B. Then h is a constant on C.

Lemma 6 Letr be in [1,00]. We consider a function g in L'y (R). Then there exists
a positive constant C such that:

2
|[e™* tV(Eig)HLT(R) < Cllgllrr, ®)):
where || - || L) is the norm of the usual Lebesgue space L"(R) and a > 0.
Proof. The proof is immediately from Proposition 8.

Lemma 7 Let p,q in [1,00] and f a measurable function on R such that
-1
(Eﬁ> f € L% (R) + L% (R), (6.46)
for some a > 0. Then the function defined on C by
FOON) = [ 1@)8@)4 @) (6.47)

is well defined and entire on C. Moreover there exists a positive constant C' such
that for all £&,m in R we have

2

|7 (f)(& +in)| < Ce'ia. (6.48)
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Proof. The first assertion follows from the hypothesis on the function f and Holder’s
inequality using (6.46) and the derivation theorem under the integral sign. We want
to prove (6.48).

The condition (6.46) implies that the function f belongs to LY, (R). Hence we deduce
from (2.20) that for all £, 7 in R we have

F ()€ +in) = | / WV () (g)eHET dy|

< [ | hwlema.
R
The integral of the second member can also be estimate in the form
2
[ e v (et ay.
R
Indeed from (6.46) there exists u in L) (R) and v in L% (R) such that
f= E% (u+v).
Thus using the Lemma 6 and Hélder’s inequality we obtain
ay? |t —a(y—i)2
¢ V(e ) dy < C(||ullpy &) + [v]lzg ®) < o0

Therefore, the desired result follows.
Proof. of Theorem 6.

We will divide the proof in several cases.
1 st case ab > i.
Consider the function h defined on C by

22

h(z) =etaF (f)(z). (6.49)

This function is entire on C and using (6.48) we obtain:
2

[h(E + im)| < Ce, (6.50)

for all £,m € R. On the other hand we have
2
[ vt iy = [ 1o F ()l
R, R,

by?
=[xt pett oo LEDW,
R

by?
< /log+ ’e 'F(f)(y)|dy+/e(41a_b)y2dy
R A R

because log™ (cd) < log™(c) + d for all ¢,d > 0. Since ab > 1, (6.44) implies that

/Rlog+ |h(y)|dy < oo. (6.51)
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From the relations (6.50) and (6.51), it follows from Lemma 5 that there exists
a constant C' such that

hE+in)=C, §neR.
Thus ,
F(f)(y) = Ce .

Using now the condition (6.44) and that ab > 1, we deduce that C' = 0 and hence
from the injectivity of F (f) we deduce that f = 0.
Second case ab = i.

The same proof as for the the first step give that

y2

F(f)y) = Ce .

Thus (6.44) holds whenever |C| < A. Hence

2
f=Ce i, with|C| <A

Third case ab < i
If f is a given form, then

2

F(Hy) =Qye %

for some @ € P. These functions clearly satisfy the conditions (6.43),(6.44) for all
o € (b, ﬁ) The proof of the Theorem is complete. The following is an immediate
corollary of Theorem 6.

Corollary 2 Let f be a measurable function on R such that
-1
(E%) f e I (R) + LY (R) (6.52)
and
[IF©reras < o, (659
R

for some constants a,b,r >0 and 1 < p,q < oco. Then

i) If ab > i, we have f =0 almost everywhere.

it) If ab < %, then for all § € (b,ﬁ), all the functions of the form f =

d
ZCij(6, ), d €N, satisfy (6.52) and (6.53).
§=0

7 Open Problem

The purpose of the future work is to study the qualitative uncertainty principles for
more generalized Fourier transforms.
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