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Abstract
In this paper, we introduce the new class VCR (g, \, A, B) of ana-
lytic functions with varying arguments in U = {z € C: z < |z|} defined

by convolution and detrmine various properties for functions in it.
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1 Introduction

Let S denote the class of functions of the form
f(z) = z+Zanz”, (1)
n=2

which are analytic in U = {z € C : |2| < 1}. For functions f(z) given by (1)
and g (z) € S given by

g(z) =2+ Z b,2", (2)
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the Hadamard product (or convolution) of f (z) and g (z) is defined by

(f*9)( —z+Zanbz (3)

For A>0, -1<A<B<1,0<B<1, f,ge S and for all z € U, Mostafa
et al. [8], defined the class S(g, A, A, B) such that

(F*9) (=) | : 1+ Az

(1-) A *g) () < e

(4)

where < denotes subordination. For the same values of the above parameters,
let CR (g, A\, A, B) denotes the subclass of S satisfying

14+ Az

(F #9)(2) + Al #9)'(2) < T )
From (4) and (5) we obtain
f(2) € CR(g,\,A,B) < zf'(2) € S(g,\, A, B). (6)

For suitable choices of g( ), A, A and B, we obtain the following subclasses:

(1) Putting g(2) = 1% or b, = 1, in (5), the class CR(1*, A, A, B) reduces
totheclassR()\AB)( 1§A<B§1,0<B§1,)\20)

(seeAoufetal.[3] and [4, wz’thfy =—1]);

(2) Putting g(z) = 1=, A=26—1and B = 1, theclass CR (%, )\, 23 — 1,1)

reduces to the class R(X B)(0< B <1,A>0) (see Altintas [2]).
Also,

(1) Putting g(z) = 2z + Z (”lm” 1)) " (y,1>0,meNy={0,1,2,..}),

the class CR (z+ > (HHAY s 1)> 2" N A, B) reduces to

CR*(y,l,m, N A, B)={f €S : (I, f(2)4+ z(I"(v,1)f(2))" < ﬂﬁi},
(7)

where 1™ (7, 1) is the extended multiplier transformation (see [5]). We note that
I"™(7,0) = DI (see [1]) and I™(1,0) = D" (see [9]).

(2) For g(2) = z + 22 Ty (aq) 2"
(1)1 (ag), 4

(ﬁl)n—l ) (Bs)n—l

(ai>0;i:17“'7q;5j >0,j:1,...,S;QSS+1;Q,SENU), (9)

Ln (1) = (8)
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(), is the Pochhamer symbol defined by

L'(0+k) 1 (k=0)
) =75 :{9(9+1)...(9+k—1) keny - 10

The class CR (g, A, A, B) reduces to the class CR™ ([a1], A, A, B)
(Hy 00) F() 4 Na(Hy (o) F2)) < T, (1)

where H, s (a1) is the Dziok-Srivastava operator (see [6], and [7]).
Definition 1[10]. If f(z) € S, then f(2) € V(0,,) if arg(a,) = 0,, n > 2.
If furthermore there exists a real number 3 such that

0, + (n—1)3 = mmod2m, (12)

then f(z) € V(0,, ). The union of V(0,, 3) taken over all possible sequences
{0,,} and all possible real numbers  is denoted by V.

Note that

(D) V(0, +2nm) =V (0,), nis an integer;

Q) V(r,0) = {f (=) €8: [ () = 2~ > 00"} = T.

Let VCR(g,\, A, B) = CR (g, A, A ,B)NV,

V*CR(y,l,m,\, A, B) = CR*(v,l,m,\, A, B)N'V,

%,s([alh)‘u*’qu) CR™ ([ ] AvAvB)mV

and VR(X, B) = R(\, B) N

We note that:
(1)VOR (&
(2) VOR (£

0,2 —1,1) = C'(a) (0 < a < 1) see [11];
A\ A, B) = VR(X A, B)(see [3]).

1-27

1-27

2 Coefficient estimates

Unless otherwise mentioned, we assume in the reminder of this paper that,
by >0n>2),A>0,-1<A<B<1,0< B<1,g(z) is given by ( 2) and
z e U.

Theorem 1 Suppose that f(z) of the form (1). If
> nll+A(n—1)](L+ B)b,|as| < B - A, (13)
n=2

then f(z) € CR(g,\, A, B).
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Proof. A function f(z) € CR(g,\, A, B) if and only if there exists a
function w, |w(z)| < |z|, such that

(20 ()4 Al 29)' () = T (19
or, equivalently,

B[(f *g)'(2) + Az(f xg)"(2)] — A
Thus, it is sufficient to prove that
|(f #9)'(2) + Az(f % 9)"(2) = 1| = |BI(f * 9)'(2) + Az(f )" (2)] — Al <(01-6)
Indeed, letting |2| = (0 < 7 < 1) we have
|(f % 9)'(2) + Az(f + 9)"(2) = 1| = [BI(f x 9) (=) + A=(f * 9)"(2)] — Al (17)

o0

Z L+ An—1)]apb,z"!

n=2

—(B—A)+B in(l + A(n — 1))anb, 2"

n=2

(18)
< <Zn [1+Xn—1)]b, |an|r™ ™t — (B — A) + BZn(l + A(n — 1))b, |a,| 7’”_1>
n=2 n=2
(19)
<> nl+An=1)](1+4B)b,a,| — (B—A) <0, (20)
n=2
by (13). This completes the proof of Theorem 1.
Theorem 2 The function f(z) € VCR (g, \, A, B) if and only if
> nl+An =11+ B)balan| < (B—A). (21)
n=2

Proof. In view of Theorem 1 we need only to show that each function
f(z) from the class VCR (g, A\, A, B) satisfies the coefficient inequality (21).
Let f(z) € VCR (g, A, A, B). Then, by (15) and (1), we have

i n[l+ An —1)]bpa,z""

n=2

(B=4)+ % B[+ A0~ 1)]byayznt

< 1. (22)
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Since f(z) € VCR (g, A\, A, B), f(2) lies in the class V' (6,,, 3) for some sequence
{0,,} and a real number /3 such that ,,+ (n—1)8 = mmod2r, (n > 2). Setting
2z =re” in the above inequality, we get

o0

= 5 L+ Al — D] gt
n=? <1.  (23)
(B—A)— > B[1+ Xn—1)]b, |a,|r"1eilfnt(n-1)5]
n=2
Since Re{w(z)} < |w(z)| < 1, then
Sn[l+ An—1)]b, |a,| r™ !
Re = <1. (24)
(B—A)— > B[l1+ An—1)]b,|a,|r"!
n=2
Hence -
Y L+ A = DL+ B) by fay|r" ™ < (B~ A), (25)
n=2

which, upon letting r — 17, readily yieds the assertion (15).

Remark 1 We can obtain another proof of Theorem 2, by using (6) and
[10, Theorem2] .

Corollary 1 Suppose that f(z) € VCR (g, \, A, B), then

(B —A4)
! < e oA B, 2 Y (26)
The result is sharp for
_A ,
J@) =2+ 007 A(yiB— ) ()1 a2 2), (27)
3 Distortion theorems
Theorem 3 Let f(z) € VCR(g,\, A, B). Then
(B—4) 2 (B—4) 2
- s S O < g s 2)

provided b, > by(n > 2). The result is sharp.
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Proof. Since
®(n) =n[l+ A(n—1)](1+ B)b,, (29)

is an increasing function of n (n > 2), from Theorem 2, we have

2(1+A)(1+B)b2i|an| Sin[1+>\(n—1)](1+3)bn|an| < (B-A),

(30)
that is
S (B—-A4)
A< : 31
Z;m‘—2u+Aﬂl+BM2 (31
Thus
f(2) = |24+ anz"| < |2l +2*D an (32)
n=2 n=2
(B—4) 2
< .
skt saryaron (33)
Similarly, we get
FE = 1z =Y lanl 2" = [2] = [2* ) lan| (34)
n=2 n=2
(B-A4) 2
> |z| — 35
SV T (35)
Finally the result is sharp for
(B—A4) 0 2
= 2 36
&=t sy pn - (36)

at z = & |z| ez,

Corollary 2 Under the hypotheses of Theorem 3, f(z) is included in a disc
with center at the origin and radius r1 given by

(B—4)

I S N+ B (37)
Theorem 4 . Let f(z) € VCR (g,\, A, B). Then
1o B e — B2 )

1+ N (1+ B)b, 1+ N (1+ B) b

The result is sharp.
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Proof. Similarly n®(n) is an increasing function of n(n > 2), where ®(n)
is defined by (29). In view of Theorem 2, we have

L+ A1+ B)b Y nla,| <> n[l+An—1D](1+B)bylan| < (B—A),
n=2 n=2
(39)
that is
. (B—A)
< . 4
;”'a"‘— (1+B) (1 + \bs (40)
Thus
lf'(2)] = 1+Znanz"’1 <1+ |z[2n\an\ (41)
n=2 n=2
(B—A)
<1 . 42
R Iy “2)
Similarly, we get
F )= 14120 nlan| [2"7 > 1= (2] ) nlal (43)
n=2 n=2
>1o_ (B=4) ER (44)

- (14 B)(1+ \)be
Finally the result is sharp for the function f(z) given by (36).

Corollary 3 Let f(z) € VCR(g,\, A, B). Then f'(z) is included in a disc
with center at the origin and radius ry given by

(B—4)
(1+B)(1+\by

9 =— 1+ (45)

4 Extreme points

Theorem 5 Suppose that f(z) € VCR (g, \, A, B), with arg(a,) = 0,, where
0, + (n— 1) = mmod2w. Let

fi(z) =2 (46)
and (B A)
W=t S A B ) (47)
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Then f(z) is in the class VCR (g, \, A, B) , if and only if it can be expressed
i the form

F) =t (=), (43)

where p, >0 (n>1) and > u, = 1.
n=1

Proof. If f(2) = > p,fn (2) with >~ p,, =1 and u,, > 0, then
n=1

n=1

;n[l +A(n—1)](1+ B) bnn[1 — (r(LB—_1)?(>1 B (49)
Y (B=A)p,=(B=A)(1-p,)<(B-A). (50)

Hence f(z) € VCR(g,\, A, B).
Conversely, let f(z) € VCR(g,\, A, B). Then a,, are given by (26). Set-
ting

Cn[l+A(n—1](1+B)b,

_ n 1
o s a (51)
and
n=2
From Theorem 2, > u,, <1 and so p, > 0. Since u,, f(2) = p,2z + a,z"™, then
n=2
Do tafalz) =24 Y an" = f(2), (53)
n=1 n=2

This completes the proof of Theorem 5.
Remark 1. Putting g(z) = =, A =0, A=2a—-1(0<a<1)and B=1

1-2’
in all the above results, we obtain the results obtained by Srivastava and Owa
[11] ;
Remark 2. Putting g(z) = %5, A = 2a—1(0 < a < 1) and B = 1 in all the
above results, we obtain results obtained by Aoufet al. (see [3] and [4, withy = —1]).
Remark 3. Specializing the parameters \, A, B and a function g(z), in the
above results, we obtain new results for the classes V*CR(vy,l,m; X\, A, B), V, s([a1] ; A\, A, B)

and V R(\, ) defined in the introduction.
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5 Open Problem

The authors suggest studying properties for the class of functions f(z) =
o
2P+ > a,z", satisfying
n=p+1

(f*g)’(z>+A<f*g)”(z> L1+ A
pzr~t T p(p—1)zp7t 14 Bz

(-1<A<B<1,0<B<1l,peN,zel),

(54)
when their coefficients are of varying arguments.
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