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Abstract
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1
1 Introduction

We consider the family of (A, ¢) operators on R :

Tacf(z) = %f(x) n fj((i‘)) f() —2f(—x)

( ) —epf(—x),

where € € R,
A(z) = |z|*B(x), k>0,

B being a positive C*° even function on R, with B(0) = 1, and p > 0.

We suppose in addition that the function A satisfies the following conditions:

i) For all x > 0, A(x) is increasing and xlggOA(x) = 00.
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A’ A’
(z) is decreasing and lim (z)

i) For all L) o,
ii) For all z > 0, A(2) Jm 2p

63

iii) There exists a constant § > 0 such that for all z € [zg,00),z¢ > 0, we have

=20+ e % D(z),

A(z)
where D is a C'°°-function, bounded together with its derivatives.

For
{ A(z) = [z, k>0

€ arbitrary

we have the differential-difference operator

Tef (@) = 5 7(@) + 22 () = F(-0)},

which is refereed to as the Dunkl operator on R (see [11]).
For
A(x) = (sinh |z]|)®(coshz)?* k> K >0,k # 0
p=k+K
e =0,

we have the differential-difference operator

T () = (&) + (koth(z) + K tanh(@)) {7(2) ~ f(~2)},

which is refereed to as the Jacobi-Dunkl operator (see [10, 6]).
For
A(z) = (sinh |z]|) % (cosh )2 [k > K > 0,k # 0
p=k+FK
e =1,

we have the differential-difference operator

Ty f () = %f(ﬂ?) + (k coth(z) + " tanh(x)){f (2) — f(=2)} — pf(-2),

which is refereed to as the Jacobi-Cherednik operator (see [13]).
For € = 0, we have the differential-difference operator

Taof(xz) = Ir

which is refereed to as the Dunkl type operator (see [18, 24]).
For € = 1, we have the differential-difference operator

d Al(z)

Tapf(z) =

(4)
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which is refereed to as the Cherednik type operator (see [19]).

In [5] the authors provides a new harmonic analysis on the real line corresponding
to the differential-difference operators T4 ..

The purpose of the present paper is twofold. On one hand, we want to improve
and generalize many results presented in [4, 16, 17].

On the other hand we want to prove a new characterisation for the spectrum of
the Opdam-Cherednik transform under the generalized potential function.

We note that the subject of the spectral theorems was studied for many other
integral transforms, for examples (cf. [1, 2, 3, 7, 9, 15, 16, 17, 20, 25]).

The remaining part of the paper is organized as follows. In §2 we recall the
main results about the harmonic analysis associated with the family of differential-
difference operators T4 .. The §3 is devoted to characterize the functions in the
generalized Schwartz spaces such that their generalized Fourier transform vanishes
outside a polynomial domain. In §4, we prove new versions of real Paley-Wiener
theorems associated with the generalized Fourier transform. The §5 is devoted to
characterize the support for the Opdam-Cherednik transform of the function in the
Lebesgue space LY (R) for p € [1,2), via the generalized potential function. In §6
we study the generalized tempered distributions with spectral gaps. Finally, in the
last section we prove many versions of Roe’s theorem for T4 ..

2 Preliminaries

This section gives an introduction to the harmonic analysis associated with the
family of operators T4 .. The main reference is [5].

2.1 The eigenfunction of the operator 7).

We consider the operators T4 . given by the relation (1). To present the eigenfunc-
tions ®4.(A,.), A € C, of Ty satisfying the condition ®4.(\,0) = 1, we consider
first the eigenfunction ¢y, A € C, of the second order singular differential operator
L on (0,00)
2 !
p- & Awd
dz? = A(z) dx

The function @y, A € C, is the unique analytic solution of the differential equation

Lu(e) = (V2 + pP)u(a).
{ £(0) = 1,(0) = 0. ()

We denote also by ¢, the even function on R equal to ¢y on [0, 00).
For every A € C, let us denote by ®4 (], .) the unique solution of the eigenvalue
problem
TA,S f(.%' = l)\f(.f), (8)
7(0) = 1.
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It is given for all A € C, by

o () + iz dmgoﬂg( x), if i\ # ep,

Ve eR, ®y.(N\x)= sgn(x
s\ ) 1 2osmale) /A Lif A= iep,

where p2 = \2 + (¢2 — 1)?
For A # —iep, we can write it in the form

i ||
Vo € RPN 0) = 9y a) + sen(o) S [0 (AR

It possesses the following properties:
i) For every z € R, the function A\ — ®4 (A, z) is entire on C.

ii) We assume that € € [—1,1]. There exists a positive constant M such that for
all z € R and for all A € R, with |\| > v1 —&2p

1D\ @) < M1+ |z])(1+ /A2 + p2)e el

iii) For all € R\{0} and A € C, the function ®4 (), x) admits the Laplace type
integral representation

|| )
D\ x) = K (z,y)eVdy, (9)

— ||

where K (z,.) is a continuous function on (—|z|, |z|), with support in [—|z|, |z|].

We proceed as [24], we prove the following:

Proposition 1 We assume that e € [—1,1]. Let p be polynomial of degree m. Then
there exists a positive constant C' such that for all X € R, with || > V1 —&2p and
for all x € R, we have

P (aa)\)%a()\ 2)| < C(L+ DL+ |z el (10)

We finish this subsection by giving another version of Leibnitz formula.

Proposition 2 (/5]). We assume thate € [—1,1]. Let p be polynomial of degree m.
Then there exists a positive constant C' such that for all A € R, and for all x € R,
we have

p()®4e(0,2)] < O+ )L+ faf 220V )
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2.2 Generalized Fourier transform

We denote by
LY (R), 1 < p < oo, the space of measurable functions f on R satisfying

1/p
1w = (/R rf<w>|pA<a:>da:) <oo, if1<p<oo

[fllzee®) = esssuglf(x)|<oo.
e

S(R) the Schwartz space of rapidly decreasing functions on R.
Se(R) (resp. So(R)) the subspace of S(R) consisting of even (resp. odd) functions.
D(R) the space of C*°-functions on R which are of compact support.
2(R), € € [~1,1], the space of C*°-functions on R such that for all m,n € N

G (f) = sup 0Vl (1 g2y X piy) < o
rER dx”

The topology of S2(R) is defined by the semi-norms gy, ,, m,n € N.

S2.(R) (resp. S2,(R)) the subspace of S2(R) consisting of even (resp. odd)
functions.

For f € LY(R), the generalized Fourier transform is defined by

Fro. () = / (@)@ ac(\ —2)A(x)dr, forall A€ C. (12)
R
Proposition 3 (/5]). For A € C and g € LY (R), we have

Fry. (9)(N) = 2FL (ge) (pe) + 2(g0 + iA)FL (S go) (pe) (13)

where J s the integral operator defined by

Jf(a:)—/x f()dt, z R, (14)

ge (Tesp. go,) denotes the even (resp. odd) part of g, and Fi, stands for the Fourier
transform related to the differential operator L, defined on Sgye(R) by

FNW = [ f@er@A@z, rer
o being the eigenfunction of L as defined by (7).

Proposition 4 (/5]). For all f € D(R),

Frl 0@ = [ @), (15)

where
do.(\) = (1--2) Al . AT
: (2 \/)\2 —(1- 52)92|C(\/)\2 —(1=e2)))? R\ (—v1—e2p,v/1—£2p) )

(16)
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with ¢ is a continuous function on (0,00) such that

()| 2 C1s?F as s— o0
Cys®  as s—0,

for some C1,Cy € Ry

Remark 1 1) Fore =1, A(z) = (sinh|z|)?*(coshz)®*', k > k¥ > 0 and k # 0, we

have
Q d)\

where '
2°~AD(k + L)L (iN)

L(3(p+iX)D(3(k — K + 1+iX)’
(sinh |z|)%*(cosh )2, k > K > 0 and k # 0, we have

c(A) = A € C\iN.

2) Fore =0, A(z) =

dA
o \/)\2 - QQ|(:(\//\2 — )2 R\[~o,0] (A)
where ) 1
2P—IAT (ke 4+ YT (i

PE(p+iN)T(5(k— K +1+4))

Proposition 5 (/5]). i) Plancherel formula for Fr, .. For all f,g in S?(R) we
have

/ f(a ) da = / Fr (1€ Fr,(9)(€)do(€). (15)

3 Spectrum theorems of functions for the generalized
Fourier transform

We begin by the following definition.

Definition 1 Let u be a distribution on R and P a polynomial on R with complex
coefficients. Then we let

R(P,u) = sup {|P(y)| : y € suppu} € [0,00],
where by convention R(P,u) =0 if u = 0.

Theorem 1 Let P be a non-constant polynomial. For any function f € S*(R) the
following relation holds

1
i ([P (T2 fl[}a g = RP, Fr () (19)
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For prove this theorem we need the following key propositions.

Proposition 6 (/5/) The generalized Fourier transform Fr, _ is a bijection from
S2(R) to S(R).

Proposition 7 (i) Let f € SX(R) and g a nice function. Then
[ Tact@o-0a@is = [ f@)Tag-0a@dn @0
(ii) For f € S3(R)
Fra. (Tacf) (y) = iyFr, f(y), forally € R. (21)
(iii) For f € S3(R)

Fra. (Dae H)y) = —y*Fr, (Fy), forally €R, (22)

where A 4. is the generalized Laplace operator on R given by

Ve eR, A flz):= Tjef(x) (23)

Proof. Let f € S?(R) and g a nice function, and consider the bracket

First, we have

since ﬁ,((;")) is odd.
Second, we have

LA (F—fg) = Azj((;f))(f(@ —Qf(—w)>g( x)A(w)dx_A<f(x) —2f( “’))g(—x)A’(x)dx
= 3 [ (A@r@-2) - A @ (o))
= 1 [ (r@n@st-0 - Aot )
= %ﬁ(A,(x>f(x)g(95)+A’($)f(az)g(:1:)>dm
- /i A(2)1(0)(a2) +af0) i
B CPRRCETC
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again using that ’:I((;C)) is odd.
Finally,

(~c0f).g) = —co / f(=2)g(—2) A(x)dz

R
= (f,(—€09))
All together, this gives
(Tacf.g) = (F'+35%(f—f)—<cef.9)
= (.9 +9% —3%(9+0) —cog)
= (f,g'+ 3% (9— ) —<c0d)
= <f7 TA,EQ)‘

Assertion (ii) follows by substituting in (20) g by ®4.(},.). Assertion (iii) is imme-
diately from (ii).

Remark 2 The results in this proposition improve [[5], Lemma 3.1 and Lemma
8.10].

Proposition 8 Let P be a polynomial and f € S?(R). Then in the extended positive
real numbers

1
timsup | P (<iTa ) s ) < BOP.Fry (). (24)

Proof. Suppose firstly that R(P, Fr, (f)) = 0. Then Fr, (f) = 0, and hence
from Proposition 6, f = 0. Thus (24) is immediately.

Moreover, the inequality (24), is clear when R(P,Fr,_(f)) = oo. So we can
assume that

0 < R(P, Fr,.(f)) < 0.

Holder’s inequality gives

Hf”%i(R) = /IR(1+x2)1(1+x2)|f(x)|2A (a:)dx < Csup629(1+\/1752)|$|(1+$2)2m|f(x)|2’

zeR
(25)
for m > 1. Thus

HfHL?AR) < CSZ% 69(1+\/1—52)‘$|<1 4 $2)m\f(x)\

Consequently for all n € N, we deduce that

C'sup,cr eo(I+v1i=e)lz| (1+ x2)m|P”(—iTA75)f(a:)]

[P (—=iTae) flligm <
< Csupgeg VIR )| [FLL (P Fr, (N)@)]|
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Using the continuity of .FT_AIE we can show that

n . . dl
|P (—ZTA,a)fHLi(R) < C'sup Z (14 52)1‘@
€R o<1 <M

(P ©Fn, (]| ©6)
with positive constant C' and integer M, independent of n. Using Leibniz’s rule we
deduce that

P (~iTa) fllpp @ < CoM suwp [P,
yesuppFr, _(f)

with C is a constant independent of n. Hence, from the previous inequalities we
obtain

1
limsup [|[P"(=iTae) fll 2 ) < sup |P(y)| = R(P, Fr, . (f))-

n—00 yEsuppFr, _(f)

Proposition 9 Let P be a polynomial. Suppose that P"(—iTa.)f € L4 (R) for all
n € Ng. Then in the extended positive real numbers

1
tim inf || P (~iTa.2) {117 gy = B(P, Fr, . (1): (27)

Proof. Fix §y € supp Fr, . (f). We can assume that [P(&p)| # 0. We will show that

1
liminf [|P*(—iTae) fll 73 @) 2 [P(€0)] — ¢,

for any fixed € > 0 such that 0 < 2e < |P(&)]-
To this end, choose and fix x € D(R) such that (Fr, _(f),x) # 0, and

supp X C {¢ € R: |P(&0)| — & < [P(€)] < |P(&0)| + <.

Forn € N, let x,, (&) = P7™(£)x(&). On the follow we want to estimate ||.7-"77A15 (Xn)||Lf4(R)-
Indeed as the above we have 7

17y Oollzz @y < Csupger e? VI + 2™ Frl (xn) ()]
< CSUPxeR e@(1+\/1—52)\x| (1 + $2)m} [‘7:7:,415 <P—n(£)x) (:C)}

)

with m > 1. Using the continuity of ]-':FAIE we can show that

_ qdir o,
17, Ol < Csup 3 (ngy‘@[lg ©x@], @9

€R o<t j<m

with positive constant C' and integer M, independent of n. Using Leibniz’s rule we
deduce that

||~7:7111’E(Xn)||L?4(R) < cnM(|P(&)| — ).
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As

(Fra. ()0 = (Fra () PHEOXn) = (P Fra . () xn) = (P (=iTae) ) Fry . (xn)).

Hence, from the Holder inequality we obtain

(Fra (D20 < NP (T o) ], 1P el ) < O (P(€0)| €)1 P™(~iTa ) 1] 2.y,

Since [(Fr,.(f),x)| > 0, we deduce that

1
liminf [|P*(—iTae) fll72 gy 2 [P(60)] — &
Thus

1
lim inf [[P™(=iTae) fll 2 ) 2 sup  [P(y)| = R(P, Fr, . (f))-
nree A y€supp Fr, _(f)

Proof of Theorem 1. Putting Proposition 8 and Proposition 9 together, we get
the result.

Definition 2 Let P be a non-constant polynomial, we define the polynomial domain
U, by
Up = {:c eR :|P(x)]| < 1}.

We have the following result.

Corollary 1 Let f € S2(R), € € [-1,1]. The generalized Fourier transform Fr, _(f)
vanishes outside a domain Up, if and only if,

<1 (29)

1
li P"(—iT n
1&8;19\! (=iTae) 1}z @) <

Remark 3 If we take P(y) = —y?, then P(—iTa.) = Aae, and Theorem 1 and
Corollary 1 characterize functions such that the support of their generalized Fourier
transform is [—1, 1].

4 Characterization of the functions which their general-
ized Fourier transform has the support inside or out-
side intervals

Notations. We denote by

S'E(R), e € [—1,1], the space of generalized temperate distributions on R, it is
the dual space of S(R).

E'(R) the space of distributions on R with compact support.
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Definition 3 i) The generalized Fourier transform of a distribution T in S'*(R) is
defined by

(Fra. (7)) = (1, Fr; (9)), forall ¢ € S(R). (30)

i1) The inverse of the generalized Fourier transform of a distribution 7 in £'(R)
is defined by
Vo eR, ‘FT_Al,s (T)(x) = (Tr, Pa (). (31)

From the Proposition 7 it is easy to obtain the following:

Corollary 2 The generalized Fourier transform JFr, _ is a topological isomorphism
from 8" (R) onto S'(R). Moreover, for all 7 € S8*(R), we have

Fro.Taet) = iyFr, (1) (32)

and
Fro (DaeT) = —y*Fr, (7). (33)

Theorem 2 Let u € E(R) NS'*(R), ¢ € [~1,1]. Then the support of Fry . (u) is
contained in the compact V, . = {f eR: ¢ > V1—¢e?pand |P&)| < r} for a

polynomial P and a constant r > 0, if, and only if, for each R > r, there exist
Ngr € Ny and a positive constant C(R) such that

|P™(=iTa ) (u) ()] < C(R)R™(1+ |a|)Nrem o, (34)
for alln € N and x € R.

Proof. Assume that support of Fr, (u) is contained in the compact V... Let
R > r and let n € (0,R —r). We choose x € D(R) such that x = 1 on an open
neighborhood of support of Fr, _(u), and x = 0 outside Vi1, As Fr, . (u) is of
order N, there exists a positive constant C such that for all x € R

P (—iTa ) )@)] = |Fp! (P& Fr,. () @),
= |7 (MOP O Fr, () (@)
(&P (€) Fry, () (€), D4.c(&,2))
[(Fry . ()€, X(E) P (€)@ (€, )
Cswpgs iz, . D (MOP"(©Pac(E)) |

0<j<N

)

IN

Thus from the Leibniz formula (10) we obtain that

VneNy, |[PM(—iTac)(u)(z)] < 01(R)nN(R—g)“(1+|:g|)N+Qe—@\wl < Co(R)R"(1+]a|) V2l

Conversely we assume that we have (34).
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Suppose & € R is fixed and such that |§5] > V1 — £2p, and |P(&)| > R+, for
some 7 > 0. Choose and fix x € D(R) such that

suppy C {5 ER: €] >V1—e2pand |P(&)| > R+ g}
For n € N, we introduce the function x,, defined by x,(§) = P7"(§)x(£). We have

(Fra(w),x) = (Fra.(w), P"(E)xn) = (P () F1s . (1), Xn)
= (P (P (=T ac)u), Xn)
((eeleI(1 +[al) N PP (=iTac)u), o (1 + )N Fp ! ().

Hence, from the Holder inequality we obtain
[(Fra. () )] < e (1) =N P (=iTa e yull o gy lle ™ (L)Y Fr! Ol -

We proceed as in Proposition 9, we prove that

ol - M\ —n
lle™(1 + [eDY Frp Oenlloy @y < C?’LM(R+§) :

Thus

Fra.01 < R (57)"

Hence we deduce (Fr,_(u),x) = 0, which implies that &y ¢ supp Fr,  (u). Thus
support of Fr, (u) is contained in the compact V..

We proceed as the above theorem, we use the same ideas and steps and the
Leibnitz formula (11), we prove the following result.

Theorem 3 Let u € E(R) NS'2(R), ¢ € [—1,1]. Then the support of Fr, (u) is

contained in the compact V.1 := {5 eR:|P(¢) < r} for a polynomial P and a

constant v > 0, if, and only if, for each R > r, there exist Nr € Ny and a positive
constant C(R) such that

|P™(—iTa ) (u) ()] < C(R)R™(1+ [a])Vre—el=Vi=<Dlel, (35)
for alln € N and x € R.
Notations. Let € € [—1,1] and r > 0, we denote by

By = {g €R: €] > V1—e2pand |P(€)| < r}, Spe 1= {g ER: €] > V1—e20and |P(¢)] = 7«}.

Theorem 4 Let u = ug € ER)NS'2(R), and consider the infinite series {u_y fnen
of generalized tempered distributions defined as u_p41 = P(—iTa ¢ )uy, for a polyno-
mial P and for alln € N. Let r > 0. Assume, for all R € (0,r) there exist constants
Ngr € Ny and C(R) > 0, such that

Ve eR, |u_p(z)] < CR)R(1+ |z|)Nre (36)

for alln € N. Then suppFr, _(u) N By.c = .
On the other hand, if suppFr, (u) N By = 0 and suppFr, (u) is compact, then
(56) holds, for all R € (0,7).
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Proof. Assume that we have (36). For a fixed R € (0,r) let n > 0. Choose and fix
X € D(R) such that

suppx  {¢ € R: [¢] = V1~ o and |P(¢)| < R - g}
and put x, = P"(§)x. We have

(Fra(),X) = (Fry. (), P (E)xn) = (P7(€)Fr, (1), xn)
= <-7:TA,s(u—n)aXn>
= (eI + o) Ny ) eI+ )N FE! ().

Hence, from the Holder inequality we obtain
[(Fra (), )] < e (L4 )™M umnl| g @lle™ @ (1 + 2DV FrL )l @)

We proceed as in Proposition 9, we prove that

—olz - M\n
le=@1 (1 + )Yl Ol < CnM (R = )"

Thus R_1
VneN, [(Fr,. (u),x)| < C(R)”M(T3) ‘

Thus we deduce (Fr, . (u),x) = 0, which implies that suppFr, ,(u) N B, = 0.

Assume that suppFr, . (u)NB;.c = 0 and suppFr, . (u) is compact. Let R € (0,7)
and let n € (0,7 — R). Choose x € D(R) such that y = 1 on an open neighborhood
of support of Fr, _(u), and x =0 on VRt e As u = P"(—iTx¢)u_p, we have

@) = |Frl (PO Fr,, () @)]
Fol (MOP O Fr, () @)
(P () Fr () (€), ®ac(& )|

= |(Fra(@)(©) <> "(€)Pac(€,0))]

<0 sp 3D (MOPTOaE D))
l€1>V1—-e20 0<j<N

Thus from the Leibniz formula (10) we obtain that

VneNy, |u_n(z)|< C'1(R)nN(R—i—g)_”(l—i—\x])N+26_Q|x| < Co(R)R™™(1+]a|)NF2eelel,

We proceed as the above theorem, we use the same ideas and steps and the
Leibnitz formula (11), we prove the following result.

Theorem 5 Let u = ug € E(R)NS'2(R), and consider the infinite series {u_p Iney
of generalized tempered distributions defined as u_p41 = P(—iTa¢)un, for a polyno-
mial P and for alln € N. Let r > 0. Assume, for all R € (0,r) there exist constants
Ngr € Ny and C(R) > 0, such that

Vo eR, |u_n(x)| < C(R)RT(L + |z])Nreme-VI==Dlel, (37)
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=

for alln € N. Then suppFr, _(u) N B,
On the other hand, if suppFr, . (u) N
(37) holds, for all R € (0,7).

1=
Br,l

0 and suppFr, . (u) is compact, then

Combining Theorem 2 and Theorem 4 together, we get

Corollary 3 Letu = ug € E(R)NS*(R), e € [-1,1], and consider the infinite series
{un}nez of generalized tempered distributions defined as up41 = P(—iTa¢)uy, for
a polynomial P and for alln € Z. Let R > 0. Then suppFr, . (u) is contained in
SR, if and only if for all n > 0, there ewist constants N, € No and C; > 0, such
that

Ve eR, |un(z)| < CpR (14 n)M1 + |z])Nredll (38)
for alln € Z.
Combining Theorem 3 and Theorem 5 together, we get

Corollary 4 Letu = wug € E(R)QS/E(R), e € [=1,1], and consider the infinite series
{un}tnez of generalized tempered distributions defined as upi1 = P(—iTac)uy, for
a polynomial P and for all n € Z. Let R > 0. Then suppFr, (u) is contained in
Sr1, if and only if for all n > 0, there exist constants N, € No and C, > 0, such
that

Vi € R, fun(@)] < CyRM1+ )1+ faf Vreme VIl (39)
for all n € Z.

Remark 4 Theorem 4 and Corollary 8 are the analogue of the new real Paley-
Wiener theorems for the Fourier transform, proved by Andersen (see [2]).

5 Characterisation for the spectrum of the Opdam-Cherednik
transform on L% (R) via the generalized potential func-
tion

In this section, we assume that ¢ = 1, and A(z) = (sinh|z|)?*(coshz)®*', k > k' >0

and k # 0. In this case the generalized Fourier transform is the Opdam-Cherednik
transform on R.

Definition 4 Let f € S'E(R). The tempered generalized function Ry f is termed the
generalized potential of f if —Aa(Rof) = f, that is

(Rof, Aaep) = —(f, ), forall p € SZ(R).

Theorem 6 Let1 <p < 2and Ry f € L} (R) for alln € No. If0 ¢ supp Fr, . (Rgf)
for alln € N, then

N
S RS Sz z) = 2 (40)

where

o0 :inf{|§] s €€ supp}"TA’E(f)}.
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For prove this theorem we need the following lemmas.

Lemma 1 Ifog > 0, then
supp Fr, . (Rgf) = supp Fr, . (f), n=1,... (41)

Proof. As
(—La)"(Rof) = f
we deduce that
Fro (f) = € Fr, (R3S).

Therefore,
supp Fr, . (f) C supp Fr, . (RSf) C Fry (f)U {0}-

So, to obtain (41), it is enough to use the hypothesis 0 ¢ supp Fr, <R8f).

Lemma 2 If og > 0, then

. otk 1
lim sup [[Ro fl[ 5 ) < =t (42)
Proof. From (41) we have
supp Fr, . <R8f) C R\ (—00, 00). (43)
For any n > 0, n < % we choose an even function h € £(R) satisfying
_ 1t gl =007
ne) = { 0 if & <oo—2n.
Let x be an arbitrary element in S?(R). Then it follow from (43) that
(Bofix) = (Fra (Bof ), Fra.(0)
= <]:TA,5 R(T)lf 7h~/—-.TA,5 (X))
= (RYS, (Fra)H (hFra.00)):
Therefore,
where
_ -1
¢ = (Fr, )7 (WP, (0).
We put

on = (Fro ) (B 7, 0).
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Then ¢, € S?(R) and

’<fa ‘pn>’ = ’<(_AA,5)nR(7)Zf7 90n>|
= |<R3f, (_AA,a)nSOnH
= [(RGf, o)l

Combining (44) and (45), we get

BE1 01 = 1450 = 1 ) (B

MO

77

(45)

(46)

where %}, is the generalized convolution associated with the Jacobi-Cherednik oper-

ator. Therefore, we have

n _1(h(§
1Bl = sup ocsn (Fr 0 (B
[xes2®: Il <1}
_1/h(&
< sup 1zl (Fra ) (i
{xes2®: Ilg <t
< ol Fra) ™ (5582) g -
Hence ) hE) 2
; n £i|n ; -1 n
tm s || 5 1175, gy < 1 sup | (P )~ (i ) 1 oy
We put

W= 09— 2.

Using the Parseval identity we can show that

1 1
g2n )HL?A(R) = u

lim sup ||(Fr

n—oo

A,S)’l(h(é)

Combining (47) and (48), we get

1 1
li RGfl|™ < ——
171;rl>solip H OfHLZ(]R) = (UO _ 277)2

and then (42) by letting n — 0.

Lemma 3 If og > 0, then
1

1
. . n n
St e 2 2

Proof. Without loss of generality we may assume that

o0 = inf {¢ € Ry : € € suppFr, . (f) }.

Mz, @

(47)



78 H. Mejjaoli

Hence, there exists a function x € D(R) such that

suppx C {5 rog—n <|[¢] <o+ 77} and  (Fr,.(f),x) # 0.
Therefore,

0 # |(f. F! ()]

{(~Las) RS Frl (0)]
(RS (~Dae)"Fr! ()]

< R el (~2a) " Frl (Ol g (50)

N lim inf | REF]|7, 0 > ! (51)
1m in P = *
oo 1O ILE (R) 1imjup\I(—AA,E)"fT_j,E(X)HLg,(R)

We proceed as [17], we prove that

1
lim sup H(—AA,E)H'FT:},S (X)||Z‘}4(R) < (o0 +n)*

n—oo

So by (51) we obtain

1
. . n ; >
hnrr_1>1£f ||RofHLg(R) = (o0 +1n)% n>0,
and then (49).
Proof of Theorem 6. We divide our proof into two cases.
Case 1. g9 = 0. We have & € supp]-"TA’E(f). Hence, for any n > 0 there is a
function x € D(R) such that suppx C (—n,n) such that (Fr, _(f),x) # 0. Arguing

as above we obtain

>

1 1
n*

1
B inf IR /1125 gy 2 nE=L ()||7
limsup [|(~Aae)"Fr, (01 )

n—oo
Therefore )
. . n E _
hnnigf HROJCHLZ(R) = o0.

So we always have
1 1
. noes _ 1
A 1S Ty = 2
Case 2. If 0p > 0. Combining (42) and (49), we arrive to (40).

6 Real Paley-Wiener theorems for the generalized Fourier
transform on S’’(R)
Let u € S*(R), ¢ € [~1,1]. We put

Iy, :=inf {7’ € (0,00] :  supp(Fr, . (u)) C [-r, 7’]}
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Theorem 7 Let u € S’(R). Then the support of Fry.(u) is included in [—-M, M],
M >0, if and only if for all R > M we have

lim R_Z”Afmu =0, in S'?(R).

n—oo

Proof. Let u € 8”*(R) and M > 0 such that

lim R>"A% u=0, forall R> M.

n—o0

Let ¢ € D(R) satisfy supp(p) C [-M, M]°. We have to prove that

(Fra.(u), ) = 0.

Let r > M satisfy ¢(z) = 0 for all z € [—r,r] and R € (M,r). Then for all n € N
the function z=2"¢ is in D(R) and we can write

<‘FTA,5 (u)7 (70> = <(_x2)nR_2nfTA,s (U)7 (_1’2)_”R2n§0>7
and by formula (33), we have
(Fra.(w),9) = (Fr, (R>" NG (w)), (=2”) " R"p).

The hypothesis implies that Fr, (R*2”A275(u)) — 0 in §’(R). Moreover from the
Leibniz formula we deduce that (—2?) " R*'¢ — 0 in S(R). So using the Banach-
Steinhaus theorem we prove that

(Fra.(u), ) = 0.

Conversely, let v € &(R) and M > 0 such that suppFr, . (u) C [-M, M]. We
are going to prove that for all R > M

lim R™2"A% .u=0, in SZ(R).

n—oo

Let M < R and choose o € (M, R) and ¥ € D(R) satisfying 1) = 1 on a neighborhood
of [-M, M] and ¢(z) = 0 for all = ¢ [—p, 0]. Then for all ¢ € D(R) we have

<'FTA,5 (U), ()0> = <‘7:TA,5 (u)7 WP%

and then
(Fra (RT2AR L(w), 0) = (Fry (u), (=2?)"R™*" o).
Finally we deduce the result by using the fact that (—22)"R~2"¢)p — 0 in S(R).

Corollary 5 From the previous theorem we obtain

Iy, =inf {R >0: lim R_QnAZ}LEu =0, in SIE(R)}.

n—o0

Let u € S'*(R). We put 7, := sup {r €[0,00):  supp(Fr, (u)) C (-, r)c}.
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Theorem 8 Let u € S'?(R) such that (—=2?) " Fp, . (u) € S'(R) for alln € N.
Let uy, = ]:fAla ((—302)_”]:@\‘8 (u)) Then the support of Fr, (u) is included in
(=M, M)¢, M >0, if and only if for all R < M we have

g%R%m:Qinsﬁw.

Proof. Let u € 8”*(R) and M > 0 such that

lim R*™u, =0, forall R< M.

n—oo

Let ¢ € D(R) satisfy supp(yp) C (=M, M). We want to prove that

<~FTA75 (’LL), ()0> = 0.

Let r € (0, M) such that suppy C (—r,r) and R € (r,M). Then for all n € N the
function 22"y is in D(R) and we can write

(Fra (), 9) = (=) "R Fr, (u), (—2%)"R™"g) = (Fr, . (R*"un), (=2°)"R~"p) .

The hypothesis implies that Fr, _(R*"u,) — 0 in §'(R). Moreover from the Leibniz
formula we deduce that (—22?)"R~?"¢ — 0 in S(R). So using the Banach-Steinhaus
theorem we prove that

<-FTA75 (’U,), ()0> =0.

Conversely, let u € 8'2(R) and M > 0 such that suppFr, . (u) C (=M, M)°. We
are going to prove that for all R < M

lim R, =0, in S’E(R).
n—oo

Let M > R and choose ¢ € (R, M) and ¢ € D(R) satistying ¢(z) = 1 for |z| > @
and ¢ (z) = 0 for all |z| < p. Then for all ¢ € D(R) we have

<]:TA,E (u)v ()0> = <‘7:TA,5 (u)>¢@>>

and then
(Fra. (R'un), @) = (Fr, . (u), (=2%) "R*" ).

Finally we deduce the result by using the fact that (—22)""R*)p — 0 in S(R).

Corollary 6 From the previous theorem we obtain

Yu = Sup {R >0, lim R*™u, =0, in S'?(R)}.
n—oo
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7 Roe’s theorem associated with type family of opera-
tors Ty .

In [21] Roe proved that if a doubly-infinite sequence (f;)jez of functions on
R satisfies % = fiy1 and [fj(z)] < M for all j = 0,£1,£2,... and = € R, then
fo(z) = asin(zx + b) where a and b are real constants.

The purpose of this section is to generalize this theorem for the operators T4 ..

Theorem 9 Suppose P(§) = Zan§” is real-valued and let {f;}°, be a sequence
of complezx-valued functions on ?R so that
Vj€eZ, fiq1=P(—iTac)f;.
(i) Let a > 0, R > 0, and assume that {f;}>, satisfies
|f(@)] < MBI (1 + |]) e, (52)

where (M;)jez satisfies the sublinear growth condition
LMy
lim —= =0. (53)
J—00 ]

Then f = fy + f— where P(—iTa.)f+ = Rfy and P(—iTa.)f- = —Rf_.
If R (or —R) is not in the range of P then fi =0 (or f— =0).
(i1) If we replace (53) with

lim —2 =0, (54)

for all j > 0, then the span of (f;); is finite dimensional. Moreover, fo = fy + f—,
where, for some integer N , (P(=iTa.)— R)N f+ =0 and (P(—iTac)+R)N f- = 0.
Thus fy (or f— ) is a generalized eigenfunction of P(—iTa.) with eigenvalue R (or
—R).

In order to prove Theorem 9 we need the following lemmas:

Lemma 4 Let (fj);ez is be a sequence of functions on R satisfying

fit1 = P(=iTac)fj, (55)
|fi(@)] < MRI(1 + || )07, (56)
and
lim il _ (57)
j—oo (1 + &)l ’

for all e > 0, then

Supp(Fr (fo)) € Spe = {€ € R |¢] = VI - 2pand |P(€)| = R}.
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Proof. First we show that .FTA’E(fO) is supported in

{geR €] > /1 — 20 and | P(€)| < R}.

To do this we need to show that
(Fru.(fo), ) =0

if ¢ € D(R) and supp(¢) { : |P(§)] < R} = (). Since supp(¢) is compact, there
is some 1 < R so that 1G]] (é)\ < r, for all £ € supp(¢). Then

(Fro.(fo),0) = (PIFr, (fo), %)
= (Fr,. (P (=iTa) o) )
(PI(=iTa ) fo, Fr! (7))

Choose an integer m with 2m > 2a 4+ 2. A calculation, using the hypothesis of the
lemma and Cauchy-Schwartz inequality, implies

(Fra(ohell < [ 1P —z'TA€>fo<x>rrf;,;(%)(x)m(x)dx

< CMRI sup,eg [e?71(1 + 22" Fr! (2)()].

Using the continuity of .7-"T_A1€ and the fact that ¢ is supported in {§ eR: | >

V1—=e2p and |P(§)] > R+ 77} for some fixed n > 0, it is not hard to prove that
the right-hand side of this goes to zero as j — oo and so (Fr, _.(fo),¢) = 0. To
complete the proof we need to show that Fr, (fo) is also supported in {5 eR:

€] > V1 —€2p and |P(£)] > R}, which means (Fr, .(fo),¢) = 0 if ¢ is supported
in {5 ER: ] >V1—¢e2pand |P(§)| < R}. Here we use (55) to obtain

(Fra.(fo), &) = (Fru (f-5), P?9)

and the argument proceeds as before.

Lemma 5 We assume that —R is not a value of P(§). There exists an integer N
such that

(P(&) = RN Fr, (fo) = 0. (58)
Proof. Using Lemma 4 and proceeding as in [14], we prove the result.

Lemma 6 (/8]). Let X be a finite dimensional complex vector space, and let A :
X — X be a linear map with eigenvalues A1, ..., A\p. Then X = X1 @ ... @ X,,, where
X; = ker((A— X)) and dimX = N.
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Proof of Theorem 9
We want to prove (i). Inverting the generalized Fourier transform in (58) yields
that
(P(=iTa.) — RNt fy = 0. (59)

This equation implies
span{ fo. f1, fa,-- | = span{ fo, P(=iTac) for s PY (=iTac) fo }.

We shall now show that we can take N = 0 in (59). If not then (P(—iT4.) — R) fo #
0. Let p be the largest positive integer so that (P(—iTa.) — R)"fo # 0. Clearly
p < N. Thus

f = (P(=iTa.) = B fo € span{ fo. fi, o fv |
will satisfy
(P(=iTae) = R)’f =0 and (P(=iTac) — R)f # 0. (60)

Write
f=aofo+...+anfn,

for constants ag, ...,an. Then
Pj(—iTA@)f = aofj + ...+ aNfN+j.

If
Cj = lao|R*M; + ... + an| RV Mjin,

then this and (52) imply
[P (—iTae)f(2)] < CjRI(1+ |]) e e, (61)

By (53) these satisfy the sublinear growth condition

lim & — 0. (62)

Jj—00 i
An induction using (60) implies for j > 2 that
Pl(—iTae)f = R P(=iTae)f — R (j = 1)f = R j(P(=iTas) — R)f + R f.
Thus

(1+’x‘)ae—g|z\+R|f‘(‘T)| )
J

|(P(~iTac)~R)f(2)| < P =iTa TR < C;‘R

JRI j
Letting j — oo and using (62) implies (P(—iT4.) — R)f = 0. But this contradicts
(60). Consequently, N =0 in (59). This completes the proof in the case that —R is
not in the range of P.
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In the case that R is not in the range of P we apply the same argument to
—P(—iT4,) to conclude P(—iTa.)fo = —Rfo.
In the general case, let £ = P*(—iTa.). Then Fp, (£f)(€) = P*(&)Fr,.(f)().
Lfop = fapt1) and P(€) # —R. Thus we can (as before) conclude, for the sequence
(f2p)pez that
Lfo = P*(—iTac) fo = R*fo.

Set f1 = 5(fo+ 5 P(=iTac) fo) and f- = 3(fo — P(=iTac) fo)-
Then f = fy + f-, P(—iTa.)f+ = Rf4 and P(—iT4.)f- = —Rf_. This completes
the proof of (i).

Now we want to prove (ii).
We first prove (ii) under the assumption that P(£) # —R. Using the growth condition
(54) and Lemma 6, we may still conclude that

supp(Fr, . (fo)) C Sre == {f ER: €] >V1—e2pand P(§) = R}.

But then, as before, we can conclude that (59) holds. But this is enough to complete
the proof in this case. A similar argument shows that if P(§) # R, then (P(—iTa )+
RN fy=0.

In the general case we again let £ = P?(—iT4.) and Py = P%. Then Py(¢) # —R
and the span of (fa;); is finite dimensional. The map P(—iT4.) takes the span of
(f25); onto the span of (f2;j41);. Thus X is finite dimensional. Any f € X will have
supp(f) inside the set defined by P({) = +R. From this it is not hard to show the
only possible eigenvalues of P(—iT4 ) restricted to X are R and —R. The result
now follows from the last lemma.

Remark 5 (i) If we take P(y) = —y?, then P(—iTa.) = Aa. and Theorem 9 give
Apefo=—Rfo. This characterizes eigenfunctions f of generalized Laplace operator
A g with polynomial growth in terms of the size of the powers Af%f, —00 < j < 0.

(ii) The previous theorem generalizes and improves the version presented in [4,

16, 17].
Theorem 10 Let € € [—1,1]. Suppose P(§) = Zanfn is a non-constant polyno-

n
mial with complex coefficients. Let {f;}>, be a sequence of complex-valued functions
on R so that

V] S Z, fj+1 = P(_iTA,s)fj~

1) Let a > 0 and let R > 0. Assume that for all n > 0, there exist constants
N € Ny and C > 0, such that

Vo eR, |folz)] < CRY(1+n)"(1+ |z)Ne el (63)
1s satisfied for alln € Z. Then

N &
fo= Z ZC()H])T@ (I)A,a(ga ')7 (64)

AESp.c j=0 €=
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for constants c(\,j) € C and N € N.
2) Let a > 0 and let R > 0 and assume that {f;}°%, satisfies

Ifj(@)] < MR (1 + |z]) e, (65)
where (M;)jez satisfies the subpotential growth condition
My
lim — = 0, (66)
J—r0 ]

for some m > 0.
We have
i) If P'(\,) # 0, for all \, € Sg., then N <m in (64).
P P .

In particular, if m = 1, then

Z Prps  where fr, = c(Ap)Pac(Np, )

APESR@
(i1) If Spe consists of one point \g and m =1 in (66), then
P(—iTaz) fo = P(Xo) fo.

Proof. 1) Assume that {f;}° satisfies (63). Then Corollary 3 implies that the sup-
port of Fr, , (fo) is contained in the finite set Sp.. A standard result in distribution
theory, see e.g., [[22], Theorem 6.25], infers that

Fr,.(fo) = Z Z

AeSR. 0<j<N

for constants ¢()\, j) € C, and some integer N. Here (5% denotes the jth distributional
derivative of the delta function d¢ at &.

The result follows with fy = T:;l <Z/\GSRE ZO<]‘§N c()\,j)ég\j)).
We want to prove 2) (i). For n > 0, we have

() = (Fra . (o), P* (M) F1s . (X))

for any x € S?(R). Fix A\, € Sg. such that P'()\,) # 0 and let N, be the order of
Fr,.(f) at Ap. Choose x € SZ(R) such that Fr,  (x) =1 in a small neighborhood
of Ay, and Fr, _(x) = 0 around the points Vg \{\,}. Then, for n > N,

(FusX) = (Fry(f0). P"OVFr, . (00) = (Docien, ch(/\pangjp))vP”(A)}_TA,E(X»
= c(Ap, Np)n®» PP=Ne (N (P (X)) + ..
plus lower order terms in n. Since |{f,, x)| < CM, R™ for a constant C' > 0, by (65),
we have ¢(\p, Np) = 0 for N, > m by(66).
If we assume that m = 1, then N, = 0 and condition (66) implies that the
condition (39) is satisfied. Thus from the above, Eq. (64) becomes

Z frps  where fr, = c(Ap)Pac(Ap, )

APGSR,g
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for a constant ¢(\p) € C.
We want to prove 2) (ii). Indeed, as in the above and from the assumptions on
{fi}=% we prove that

(P(—iTa.) — P(\o)N T fo = 0. (67)

This equation implies
span{ fo. f1, fao,-. | = span{ fo, P(=iTac) for s PY (<iTac) o }-

We shall now show that we can take N =0 in (67).
If not then (P(—iTa.) — P(Xo))fo # 0. Let p be the largest positive integer so that
(P(—iTae) — P(Xo))P fo # 0. Clearly p < N. Thus

f=(P(=iTaz) — P(No))* ' fo € Span{foafb -~-7fN}
will satisfy
(P(=iTac) — P(M))’f =0 and (P(—iTac) — P(Xo))f #0. (68)

Write
f=aofo+...+anfn,

for constants ag, ...,any. Then
Pj(—iTA@)f =aofj+ ... +anfn4j

If we put
Cj = ‘ao‘ROMj + ...+ |aN\RNMj+N,

then by (65) we obtain
|PI(—iTae)f(2)] < CjRI(1+ |]) e e, (69)

By (66) C; satisfies the sublinear growth condition

lim & — 0. (70)

Jj—00 j
An induction using (68) implies for j > 2 that
PI(=iTac)f = jP(o) " P(=iTac) f=(G=D)PNo) f = jP(h)~ (P(=iTac)—P (X)) f+P (o) f.
Thus

(1t [afyzeeiel 4 ELEL
J

, 1 P R|f(x C;R
(P(—iTa)-POR) (@) < g P (-iTa o)L <

Letting j — oo and using (70) implies (P(—iTa.) — P(Xo))f = 0. But this contra-
dicts (68). Consequently, N =0 in (67). This completes the proof.

We proceed as the above theorem, we use the same ideas and steps and the
Corollary 4, we prove the following result
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Theorem 11 Let ¢ € [—1,1]. Suppose P(§) = Zanfn is a non-constant polyno-

n
mial with complex coefficients. Let { f;j}>, be a sequence of complex-valued functions
on R so that

Vj€Z, [fiy1=P(=iTac)fj

1) Let a > 0 and let R > 0. Assume that for all n > 0, there exist constants
N € Ny and C' > 0, such that

Ve €R, | fa(e)] < CRM(1+ )" (1 + [a)Nemet-VImDl] (71)
1s satisfied for all m € Z. Then
fO - Z ZC()\"Y)T@ :)\(I)A,E(éa‘)7 (72)
)\ESRJ 7=0 |§

for constants c¢(A,j) € C and N € N.
2) Let a > 0 and let R > 0 and assume that {f;}°% satisfies

[fi(@)] < MjRI(1+ |a])e et VImeRlel, (73)

where (M;)jez satisfies the subpotential growth condition
—— =0, (74)

for some m > 0.
We have
(i) If P'(\,) # 0, for all \p € Sg1, then N <m in (72).
In particular, if m =1, then

fo= Z £, where f, = c(X\p)Pac(Np,.)

APESRJ
(it) If Sk consists of one point \g and m =1 in (74), then
P(—iTa¢)fo = P(Xo) fo-

Remark 6 (i) I studied the analogue of the results presented in this paper in the
cadre of the Dunkl transform, Jacobi-Dunkl transform and the Opdam-Cherednik
transform.

(ii) In a forthcoming paper, we study the characterisation for the spectrum of
other generalized Fourier transforms via the generalized potential function.

(ii1) The previous theorem is the analogue for the Theorems 1 and 6 of [2].
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8 Open Problem

I conjecture that the condition 0 ¢ supp Fr, (Rg f) for all n € N in the theorem 6
is not necessary.

Acknowledgements. The author is deeply indebted to the referees for provid-
ing constructive comments and help in improving the contents of this paper. Thanks
also to Professors K. Trimeche and N-B. Andersen for their helps.
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