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Abstract: In this paper we introduce and study new class F™(«, 3,7) of
meromorphic univalent functions defined in U* = {z: 2z € C and 0 < |z| <
1} = U\{0}. We obtain coefficients inequalities, distortion theorems, extreme
points, closure theorems, radius of convexity estimates, and many results for
the modified Hadamard products. Finally, we obtain application involving an
integral transforms for the class F™(«, 3,7).
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1. Introduction

Let X* denote the class of meromorphic functions of the form:

ISEN

==+ ap (a2 0), (1.1)
k=1
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which are analytic in the punctured unit disc U* = {z: 2 € C and 0 < |z| <
1} = U\{0}. Let g(2) € ¥*, be given by

1 o
9(2) = -t ; b2, (1.2)

then the Hadamard product (or convolution) of f(z) and g(z) is given by

(F9)(z) = - + 3 aubis = (g /)(2). (13
k=1
A function f € ¥* is meromorphic starlike of order g (0 < 5 < 1) if
—Re {Z}f(g)} > 6 (z € U). (1.4)

The class of all such functions is denoted by ¥*(5). A function f € ¥* is
meromorphic convex of order 5 (0 < g < 1) if

P //(z)
f'(2)
The class of such functions is denoted by 25 (5). The classes ¥*(/5) and X5 (5) were

introduced and studied by Pommerenke [8], Miller [6], Mogra et al. [7], Cho
[3] and Aouf ([1] and [2]).

—Re{1+ }>B(zEU). (1.5)

For a funcion f(z) € ¥*, Frasin and Darus [5] defined an operator I : ¥* — X*
as follows:

I°f(z) = f(2),

;2
Pf() = (1 () + 2,
and for n € N ={1,2,...}, we have

PRE) = A
_ é+2k"akzk (n € No=NuU{0}, z € U").
k=1
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For0<a<l1, 0<pg <1, %gyg 1 and n € Ny, we denote by F"(«, 3,7)
the subclass of ¥* consisting of functions of the form (1.1) and satisfying the
analytic criterion:

2" f(2) +1

@ - DA () + Gy -] T EET) o
Choosing different Values of B, v and n, we have
(i) F(a,1,1) = {f 62*:Re{—z2(f(z))/}>oz(O§a<1)};
(ii) F*(a, 1,1) = {f ) e X* :Re{—zz([”f(z))/} >a(neNy, 0<a< 1)};

(iil) F" (e, 5, 1) = (a B)

2" (2) +1
22(I"f(2)) 4+ (2a—1)

:{f(z)ez*:

<B(neNy, 0<a<l, 0<B§1,z€U*)}.

1 2. Coefficient estimates

Unless otherwise mentioned, we assume throughout this paper that 0 < a <
1, 0<pg <1, %gvgl,neNoandzeU*.

Theorem 1. The function f(z) € F"(a, §,7) if and only if

D KL+ 28y — B)ar < 287(1 — a). (2.1)

k=1

Proof. Suppose (2.1) holds, so

21 F(2) + 1] = B2y = D) + (207 - 1)

= Z kn+1akzk+1 —8 27(0( . 1) + Z kn—i—lakzk-i-l
k=1 k=1
Z n+1 /B {27(1 _ Of) . Z kn+1(2’7 _ 1)ak,,,,k+1}
k=1 k=1

= Z EN L+ 26y = Blar™ = 287(1 — ).
k=1

Since the above inequality holds for all r, 0 < r < 1, letting r — 17, we have

(e 9]

D R 1428y — B)ay — 2B8v(1 - @) <0,

k=1
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by (2.1). Hence f(z) € F™"(«, 5,7).

Conversely, suppose that f(z) is in the class F™(«, 3,7). Then

P f(2)) +1
(2y = 1D22(I"f(2)) + (207 — 1)

00
Z kn+1ak2k+1

= < B.
29(1 — ) = >kt (2y — 1)agzkt!
k=1
Using the fact that Re(z) < |z]| for all z, we have
S f(2) +

(2y = 1)z2(I"f(z )) (2047—1)
Z gy i
< Re el <B(zeU22 (1)
29(1 — ) = > k"t (2y — 1)agzk+!

If we choose z to be real so that 22(I" f(z))" is real. Upon clearing the denom-
inator in (2.2) and letting z — 1~ through positive values, we obtain

(o)

D E 1+ 28y — B)ar < 28v(1 — ).

k=1
This completes the proof of Theorem 1.

Corollary 1. Let the function f(z) defined by (1.1) be in the class F"(a, 3, ). Then
26y — o)

kE>1
nE s g 2
with equality for the function
1 267(1 — ) k
= — 2-3
AR T 22
Putting 8 =~ =1 and n = 0 in Theorem 1, we have
Corollary 2. The function f(z) € F°(a) (0 < a < 1) if and only if
Z kap < (1 — ) (2.4)

with equality for the function
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3. Distortion theorems

Theorem 2. Let the function f(z) € F™(«, 8,7), then for 0 < |z| =r < 1, we

have
1 28y(1—-q) 1 269(1 — @)
P e SIS T s e

with equality for the function

_ L, 26 —a) |
f(z)_z+(1+2ﬁfy—ﬁ)' (3.2)

Proof. It is easy to see from Theorem 1 that

(1+28y — 5Zak<2k”+11+257 B)a

k=1
<269(1 - a).
Then
= 267(1 - a)
2o (1+26y—0) (3:3)

k=1

Making use of (3.3), we have

F(2)]

v

1 o
Eh >
k=1

1 28y(1-a)
SRR R ey i 2

and
1 o
f(2)] < B +12>
k=1

1 28y(1-aq)
(1+28y-p)

which proves the assertion (3.1). The proof is completed.

r,3.5 (3)

Theorem 3. Let the function f(z) € F™(«, 3,7), then for 0 < |z| =r < 1, we

o L_200=a) oyt 200-a)
2 Mv2sy—p) - N TR T W esy - By

with equality for the function f(z) given by (3.2).

(3.6)
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Proof. From Theorem 1 and (3.3), we have

o0

267(1 — a)
kz 1428y - 8) 37

The remaining part of the proof is similar to the proof of Theorem 2 so, we
omit the details.

4. Closure theorems

Let the functions f;(z) be defined, for j =1,2,....,m, by
1 "
)=+ > ap;2* (ar; > 0). (4.1)
Theorem 4. Let f;(z) € F"(a, 3,7) (j = 1,2, ....,m). Then the function h(z),

3] =

NI>—‘

is in F"™(a, 5,7).
Proof. Since f;(z) € F™*(a,5,7) (j = 1,2, ....,m), it follows from Theorem 1,

that
D K1 +28y — Bar; < 287(1 — a),
k=1
for every j = 1,2, ....,m. Hence
St (1S,
k=1 M= !

= — Z (Z k(1 + 28y — ﬁ)am) <28v(1 - a).

jl k=1

From Theorem 1, it follows that h(z) € F™(«, 3,7). This completes the proof.

Theorem 5. The class F"(a, 3, 7) is closed under convex linear combinations.
Proof. Let f;(z) (j = 1,2) defined by (4.1) be in the class F"(«, 3,7). Then

it is sufficient to show that

h(z) = nfi(z) + (1 =n)fa(2) (0 < < 1), (4.3)
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is in the class F"(a, 3, 7). Since

1 oo
M) = 4 Dl + (1= maga)2*,
k=1

then, we have from Theorem 1 that

Z K1+ 28y — B)[naks + (1 — n)ag,2]

k=1
< 2Byl —a)+2B8v(1 —n)(l — )
- 267(1 - Oé)7
so, h(z) € F™(a, B,7).
Theorem 6. Let 0 < o < 1, then
F™a, B,7) € F"(0,8,1) = F"(0, B)
where
11+ 81 —«a)

(1+28y-=8)
Proof. Let f(z) € F"(a, f3,7), then

= k(L + 287 — B)

Qg S 1.
c~  28y(1-aq)
We need to find the value of o such that
0 kn+1
1+5), .
26(1 - o)

k=1
In view of (4.6) and (4.7) we have

R4 5) KL+ 267 — B)
28(1-0) = 2B7(1—aq)

That is (1 B)(l )
Y1+ B)(1 - a
R G T vy

which completes the proof of Theorem 6.

25

(4.4)

(4.7)
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Theorem 7. Let fo(z) = ! and
2

26v(1 — a) k
P+ 257 — 5)2 (k>1). (4.8)

Then f(z) is in the class F"(a, 3,7) if and only if can be expressed in the form

f(2) =pZ0 b fi(2), (4.9)

fe(2) = % +

where p, > 0 and 22 u, = 1.
Proof . Assume that

) = Eomfi(2)
L. 2 -a)

- k410 4
z A= k(14207 - 5>ukz @

Then it follows that

—  287(1—aq) K" (1 + 28y = B)
2 k(1 26y — B)F T 2891 - a)

:Zukzl—uogl.
k=1
which implies that f(z) € F™(a, §,7).

Conversely, assume that the function f(z) defined by (1.1) be in the class F™(«, 3, 7).

Then
o < 26y(1-a)
kntt(1+ 28y — B)
Setting iy )
ErTi (14 28y —
T e e
and
po=1—321 tg »

we can see that f(z) can be expressed in the form (4.9). This completes the
proof of Theorem 7.

Corollary 2. The extreme points of the class F™(«, 3,7) are the functions
1

fo(z) = — and
z

fu(2) = é + knfﬁ”f%?_ B)Zk (k>1). (4.11)
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5. Integral operators

27

Theorem 8. Let the functions f(z) € F"(«, 3,7). Then the integral operator

Fu(2) = cju’ f(uz)du (0 <u < 1; ¢>0),

is in the class F°((), where
2Byl o)
(14287 = pB)(c+2)

The result is sharp for the function f(z) given by (3.2).
Proof. Let f(z) € F°(¢), then

&=

F.(2) = cou® f(uz)du
 — c &

In view of Corollary 2, it is sufficient to show that

Since f(z) € F™(«, 8,7), then
= k(14 287 - B)
L (l—a) =t
From (5.4) and (5.5), we have
ke _E(1+287-9)
(k+c+1)(1-¢) — 28v(1—a)
Then 26ve(l )
ve(l —
f=1- k(14 268y — B)(c+ k+1)
Since
Y (k) = 2Bve(l — )

is an increasing function of k (k > 1), we obtain

B 2Bvc(1 — «)
(1+28y=B)(c+2)

and hence the proof of Theorem 8 is completed.

§<Y(1) =

k(4287 - B)c+ k+1)

(5.1)

(5.2)
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6. Radii of convexity

Theorem 9. Let the function f(z) € F"(«, 3,7). Then f(z) is meromorphi-
cally convex of order 0 (0 <6 < 1)in 0 < |z| < r, where

k(14 28~y — B)(1 — 8) 7
28v(k+2—96)(1 - a)
The result is sharp.
Proof. We must show that
2f" ()
24+ — <1—6 for 0<|z| <, 6.2
e o 02
where 7 is given by (6.1). Indeed we find from (1.1) that
" 0o k+1
o4 L0 < Eablh e D
f(2) 1 -2 kag |2
Thus ")
2f (z
24 20 <y,
A8
if
~k(k+2-96
> %5)@;67““1 <1 (6.3)
k=1

But by using Theorem 1, (6.3) will be true if

k(k+2— 5)rk+1 < k(1 + 28y — B)
1-0 - 26v(1 — «)

Then
B"(1+ 287 = B)(1 = 6) | =
r= { 2m<k+2—6><1—a>}

This completes the proof of Theorem 9.

(k> 1).

7. Modified Hadamard products

For f;(z) (j = 1,2) defined by (4.1), the modified Hadamard product of
fi(z) and fo(z) is defined by

(Fro 1)) = - + Y anaanaz® = (o % H)(2) (7.1)
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Theorem 10. Let f;(z) € F"(a, 5,7) (j = 1,2). Then (fixf2)(2) € F™(¢, 5,7), where

B 267(1 — a)®
p=1-— (Tt (7.2)

The result is sharp for the functions f;(z) (j = 1,2) given by
1 28y(1-q)
2 (1+267-p)

Proof. Using the techinque for Schild and Silverman [9], we need to find the
largest ¢ such that

fi(z) = 2 (1 =1,2). (7.3)

B (1 + 25y — B)
—~  268y(1-9)

Since fj(z) € F™(«, 8,7) (j = 1,2), we readily see that

Ap.10k.2 S 1. (74)

K1+ 287 - B)

ap1 <1, 7.5
2 o) T e
and )
B (1 + 25y — B)
apo < 1. 7.6
S TR o
By the Cauchy Schwarz inequality we have
BN (1+25y — B)
<1 .
2i—a) VS 0

k=1
Thus it is sufficient to show that

n+1 - _— B
: 2<51’Y_+(_12f7¢) 6)%’1%’2 = - 2<51;(—12fl) J V12, (7.8)

or equilvalently, that

ag,10k2 < 8 : g (7.9)

Connecting with (7.7), it is sufficient to prove that
2Wy(1-a) _ (1-9)

PR+ 25—~ (1=a) (710
It follows from (7.10) that
6 <1 26701 — o) (7.11)

k(14 26y - B)
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Now defining the function E(k) by

2871 — a)?

Bl =1~ i 25y By

(7.12)

We see that E(k) is an increasing function of k (k > 1). Therefore, we conclude

that

26y(1 — @)’
(1+28y-78)
which evidently completes the proof of Theorem 10.

¢p<E)=1- (7.13)

Using arguments similar to those in the proof of Theorem 10, we obtain the
following theorem.
Theorem 11. Let fi(z) € F™(«, 8,7). Suppose also that f(z) € F"(¢, 8,7). Then

(f1* f2)(2) € F™((, B,v) where

267(1 - a)(1 - ¢)
(14287 -8) Ty

The result is sharp for the functions f;(z) (j = 1,2) given by

1, 200 -a)
hz)= -+ Ti25 -5 (7.15)

(=1

and

L 26y(1—9)

P& = Tras - )

2 (7.16)
Theorem 12. Let f;(z) € F™(c,8,7) (j = 1,2). Then

[e.9]

1
h(z) =~ + > (aiy +a},)z" (7.17)
k=1

belong to the class F" (e, 3, 7), where

L A - )?
c=1= Giag =g (7.18)

The result is sharp for the functions f;(z) (j = 1,2) defined by (7.3).
Proof . By using Theorem 1, we obtain

K1+ 26y — 6)\ < (1 25y—B) |
{ 267(1 — a) } s < {kzl 26v(1 - a) ak’l} =

Y

NE

B
Il

1

(7.19)
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and

00 n 2 0o n 2
Z{ k “(1+257—ﬁ)} 2, < {Z k +1(1+2ﬁv—6)%2} -1
k=1

26~v(1 — ) —~  28y(1-a) -
(7.20)
It follow from (7.19) and (7.20) that
=1 [ K14 28y - B) }2
= (ai,+ai,) <1 (7.21)
; 2 { 26~(1 — ) R
Therefore, we need to find the largest € such that
n-+1 1 ) o 1 n+1 1 2 _ 2
2687(1—¢) 2 267(1 - a)
that is ( .
48v(1 — «
<1- , 7.23
T T R 26y - ) (723)
since ( ¢
46v(1 — «
Gk)=1- , 7.24
N T () 72y
is an increasing function of k£ (k > 1), we obtain
4py(1 — @)?
e<Gl)=1— ———"—, 7.25
S ) 72
and hence the proof of Theorem 12 is completed.
Putting n = 0 in Theorem 12 we obtain the following corollary:
1,2). Then

Corollary 3. Let the functions f;(z) € FO(a, 8,7) = Z,(a, 8,7) (j =
the function h(z) defined by (7.17) belong to the class F" (e, ,6’ 7) = Y,(e, B,7), where

APyl —a)?
R Tt (7.26)

The result is sharp for the functions f;(z) (j = 1,2) defined by (7.3).

Remark 1. The corollary 3 corrects the result obtained by Cho et al. [4,
Theorem 5, with p = 1].

Corollary 4. If fi(z) = = —|— S ag12® € F”(mﬁ, 7), and fo(2) = %_1_
S agz® with 0 < app < 1 k > 1 then (f; * fo)(2) € F™(«, 5,7).
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8. Open Problem
The authors suggest to study the properties of the same class

2f(2)+1
Bz2f"(z)+ [B+ (A - B)(1 — a)]

< .
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