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1. Introduction

Let S,(n) denote the class of functions of the form:

flz) =2+ Z ar?® (p,n € N={1,2,3,..}), (1.1)

k=p+n
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which are analytic and p—valent in the open unit disc U = {z : z € C and
|z] < 1}. Let T),(n) denote the subclass of S,(n) of the form:

f(z) = 2P — Z arz®(ar > 0). (1.2)

k=p+n
We note that T,,(1) = T,,.

For each f(z) € Sp(n), we have

f(m)(z) =d(p,m)zP"" + E d(k, m)akzk_m, (1.3)
where ! (i—=1)..(i—j+1) (j#0)
Coa 2! e —=1).t =g+ J )

Aouf [1] introduced and studied the class T)'(a, 3) consisting of functions
f(z) € S,(n) which satisfies:

& p
&i)—i-p—Qoz

zP

where 0 < /<1, 0<a<p peNandzeU.

< B, (1.5)

Let S,(p,q; @, B) be the subclass of S,(n) consisting of functions f(z) of the
form (1.1), and satisfying the analytic criterion:

flatD(z) D
f(q+1)(z) —|—p 9 < ﬁ (Z € U)7 (16)

d(p—1,q)zP—1~1

where 0 < <1, 0<a<p, peN, g€ Ny=NU{0} and p > q.

Further, let

T, (p, ¢, B) = S"(p. s, B) N Ty (). (L.7)
We note that for suitable choices of n, p, ¢, « and 3, we obtain the following
subclasses:
(i) T (p, 0; o, B) = Fy (e, B) (Aouf [1]);
(i) T7(1,0; a, B) = P* (v, B) (Gupta and Jain [2]);
(ili) 75 (p, 0; o, 1) = F(1, ) (Lee et al .[3]).

Also, we note that:

oo (o : f(z)
Tr(p,q;a, 1) =T, (p,q;0) = {f € Ty(n) : Re ((5(p— 1,q)zp‘11) >a, 0< « <p}.
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2. Coefficient inequalities

Unless otherwise mentioned, we assume throughout this paper that 0 < § <
I, 0<a<pneN, ¢geNy, p>qgandi(i,j) (i > j) is defined by (1.4).

Theorem 1. A function f(z) of the form (1.2) is in the class T (p, ¢; o, 5) if
and only if

repink (14 B)o(k —1,q)ar, < 2B(p — a)d(p — 1,9). (2.1)
Proof. Assume that the inequality (2.1) holds true, then
|Fa(2) = d(p — 1, q)p=" 4|

5‘fq+1 )+o(p—1,9)(p— 20421"’1‘
= !k:pmkd(lﬂ—l q)apz" 1" 1}
_5 ‘2 - 04)5(]7 -1 Q>Zp -t +k—p+n k5(k - 17 q)&kzqu7p|
< kp+n (1+ﬁ) ( _17Q)ak_25( )5(p_17Q)§0'

Hence, by the maximum modulus theorem, f(2) € T:¥(p, ¢; o, B).

Conversely, assume that f(z) € T (p, q; @, 5). Thus
FUD(z) =d(p —1,q)p2" 0!
FT () + 00— La)(p — 20)7 77

k:p—l—n(k - p)é(k - 17 Q)akzk_q_l
2(p—a)d(p —1,q)zp=a7t 42 KO(k — 1, q)agzh—17P

< 0.

Since Re(z) < |z| for all z, we have

o (k= p)d(k — 1, q)apzt-e!
k= p+n( p) ( q)akz _ <ﬁ (22)
2(p—a)d(p —1,q)zP—a= 1 430 ko(k —1,q)apzk—a—p

Re

=p+n

Flatb(z)
5(p—1,q)zP—~ T
clearing the denominator in (2.2) and letting z — 1~ through real values, we

obtain the desired result. This completes the proof of Theorem 1.

Choose values of z on the real axis so that is real. Then, upon

Corollary 1. Let the function f(z) defined by (1.2) be in the class T (p, ¢; «, ).

Then
< 28— a)é(p—1,9)
ap >
k(1+B)o(k —1,q)
The result is sharp for the function

28(p—a)d(p—1,q) ,
K14 Aot —T,q) ° FEnFpopneN. (24

(k>n+p, p, n€N). (2.3)

£le) =2 =
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3. Distortion theorems

Theorem 2. Let the function f(z) defined by (1.2) be in the class T (p, ¢; «, 3).
Then for |z| =7 < 1, we have

(5@’ m) 26(p — @)d(p — 1,¢)0(p + n, m)rn> p-m

(1+8)d(p+n,qg+1)

<) <

28(p — a)d(p — 1,9)d(p + n,m) ) _
) n\ p—m
((p,m)—i— 0+ 8)5ptngtl) ) r
The result is sharp for the function f(z) given by
26(p —)d(p ~1,4) i
L+ B)dp+nqg+1)"

Proof. In view of Theorem 1, we have

(3.1)

J(z) = 2P — (3.2)

SOo—p-i—n (1 + B)a(k o 17 Q>ak < 25(}7 - Oé)é(p - 17 Q)a (33)
that is,

oo

28(p — a)é(p—1,q)
D e (ESFPE—wt (3:4)

k=p+n
From (1.3) and (3.4), we have

v

f(2)] = S, m)r? T =P TTS (p 4y m)R k

2B(p —a)d(p—1,q)

(1+8)d(p+mn,qg+1)
Blp—a)d(p—1,9)d(p+n,m) .\ , .

(““m’ 0+ 560 +ma D) T)r

3.5 (1)

A%

S(p, m)rP=™ — PP (p 4 nym)

and

| F(2)]

IN

(5<pa m)rp_m + Tp+n_m5<p +n, m)zo:p-&-nak

p—m p+n—m Zﬁ(p _ Oé)(S(p _ 1a q)

R ()
( )6( -1 Q) <p+n7m) n p—m

(““m** (5 550+ g + 1) T)T |

3.6 (2)

IN
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This completes the proof of Theorem 2.

Putting m = 0 in Theorem 2, we have the following corollary.
Corollary 2. Let the function f(z) defined by (1.2) be in the class T*(p, ¢; a, ). Then
for |z2| =7 < 1, we have

~ 28(p—a)i(p—1L.q) ,]

F@l = 0+ Aptngrn) |7 (3.7)
and
[ 25(]?—04)5(]?— 17(1) n- P
lf(2)] < _1+(1+B)5(p+n,q+1)r_r (3.8)

The result is sharp.

Putting m = 1 in Theorem 2, we have the following corollary.
Corollary 3. Let the function f(z) defined by (1.2) be in the class T (p, ¢; a, ).
Then for |z| =7 < 1, we have

: [ 28(p—a)d(p—1.9) L] .
|f(2)] = _]9— (1—|—6)5(p+n—1,q)r P (3.9)

and i
28(p—a)d(p—1,q9) ,

If'(2) < |p+ (1+B8)5(p+n— 1,C])T |

The result is sharp.
Remark 1. Putting ¢ = 0 and n = 1 in Corollaries 2 and 3, we obtain the
result obtained by Aouf [3, Theorem 2]

4. Radii of starlikeness and convexity

Theorem 3. Let the function f(z) defined by (1.2) be in the class T (p, ¢; «, 5).
Then f(z) is p-valent close-to-convex of order n (0 < n < p) in |z| < ry, where

P — inf { (1+B)o(k, g+ 1)(p—n)

26(p—a)d(p—1,q) } (k>n+p, p, n€N). (4.1)

The result is sharp, the extremal function given by (2.4).
Proof. We must show that

f'(2)

zp—1

p' <p-—n for |z| <y, (4.2)
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where r; is given by (4.1). Indeed we find from (1.2) that

/ o0
B
k=n-+p
Thus P2
z
po —p‘ <p-—n,
if
e’} k e
Z — Jag 2| < L (4.3)
kpin \P T

But by using Theorem 1, (4.3) will be true if

L Zk—p k(1+5)6(k_17Q)
(p— n) A= (%(p— a)i(p — m)) '
(L+ )5(k - La)p—n) |7
< { S et -
The result follows easily from (4.4).

Then

Theorem 4. Let the function f(z) defined by (1.2) be in the class T (p, ¢; «, 5).
Then f(z) is p-valent starlike of order n (0 <1 < p) in |z| < rg, where

1

_ oy ROk —Lq)(p—n) | P
Tz_k2n£p{2ﬁ(p—a)5(p—LQ)(k—n)} ' (4.5)

The result is sharp, the extremal function given by (2.4).
Proof. We must show that

2f'(2)

—p|<p—n for |z[ <, 4.6

where 75 is given by (4.5). Indeed we find from the definition of (1.2) that

() ‘ _ Bapk = a2

f(2) Tl
Thus ()

—Pl=P—1
EaE

if

pyc

) a |z|"P < 1. (4.7)
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But by using Theorem 1, (4.7) will be true if

() = (ot 1)

Then

Zﬁ(p—a)5(p—1,q)(k—n)} k2ntp pnel). 48

The result follows easily from (4.8).

Corollary 4. Let the function f(z) defined by (1.2) be in the class T}/ (p, ¢; o, B3).
Then f(z) is in p-valent convex of order n (0 <7 < p) in |z| < r3, where

1

p(L+B)o(k —1,q)(p —n)

rg = inf { }k_p . (4.9)
kzntp ( 28(p — a)o(p —1,9)(k —n)

The result is sharp, with the extremal function given by (2.4).

5. Closure theorems

Body Math Theorem 5. Let p; > 0 for j = 1,2,...,m and 7., u; < 1. If the
functions

Body Math f;(z) defined by

Body Math

fiz) =22 = ) a2 (e =05 j=1,2,..,m), (5.1)

k=p+n

are in the class T(p, ¢; o, ) for every j = 1,2, ..., m, then the function
f(z) defined by

f)=2"= > ( ,ujak,j> 2, (5.2)

k=p+n

is also in the class T (p, q; @, ).
Proof. Since f;(2) is in the class T (p, ¢; @, B), then by Theorem 1 that

i“;ernk(l + 5)5<k - 17 Q)ak,j < 25(]} - O{)é(p - 17 Q) (53)
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for every j = 1,2, ...,m. Hence

k p+n <1+B -1 q (Zﬂ]ak])
= ZNJ hepink(1+ B)0(k — )akj)
< lpank(L+ B)o(k —L@mw§:w=ﬂﬁw—aﬁ@—lﬂl

From Theorem 1, it follows that f(z) € T*(p, q; @, 5). This completes the proof
of Theorem 5.

Corollary 5. The class T*(p, q; o, 3) is closed under conveq linear combina-

tion.
Proof. Let the function f;(z) (j = 1,2) be given by (5.1) be in the class
T*(p,q; , B). Tt is sufficient to show that the function f(z) defined by

f(2) = pfi(z) + (1 = p) fa2)

is in the class T*(p, ¢; v, B). But , taking m = 2, ¢; = u, ¢a = 1 — p in Theorem
5, we have the corollary.

Theorem 6. Let f,,,_1(2) = 2? and

%@—aﬁ@—wak
k(1+B8)o(k—1,q)

Then f(z) is in the class T*(p, ¢; a, B) if and only if it can be expressed in the
form

fr(z) = 2P — >n+p. (5.4)

FE) = >0 mfi(2), (5.5)
k=p+n—1
where p, > 0 and 32, qp = 1.
Proof. Assume that
f) = ) mh(2)
k=p+n—1
— 28(p—)i(p—1q)
P __
T A R Ak - L) T

5.6 (3)
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Then it follows that

oo ( k(1+B)o(k—1,q) ) (25(19— )d(p —1,q) 4 )
b=rtn \ 28(p — a)o(p — Lq) ) \ k(L + B)o(k —1,9) ~ '™
< e = (1 = ppgn—1) < L.

Hence by Theorem 1, we have f(z) € T (p, q; , 3).

Conversely, assume that the function f(z) defined by (1.2) belongs to the
class T(p, ¢; o, ). Then

0 < 280 —a)d(p—1,9)
"= k(14 B)o(k —1,q)

Setting
T 28(p—a)i(p—1,q) "

where
_ [e'e]
Ppin—1 =1 =110tk -

We can see that f(z) can be expressed in the form (5.5). This completes the
proof of Theorem 6.

Corollary 6. The extreme points of the class T}/ (p, ¢; v, ) are the functions
fp(2z) = 2P and

. 28(p—)dlp—1,9) 4
MO =T s g P

6. Modified Hadamard products

Let the functions f;(z) (j = 1,2) defined by (5.1). The modified Hadamard
product of fi(z) and fy(z) is defined by

(i f2)(z) = 2" = Z ak,lakz,QZk = (f2% f1)(2). (6.1)

k=p+n

Theorem 7. Let the functions f;(z) (j = 1,2) defined by (5.1) be in the class
T3 (p:q; o, B). Then (fi + f2)(2) € T;(p, ¢;7, 5), where

2B(p — )*0(p —1,q)

P I B in-Lg <N 6.2)

7:]9—(
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The result is sharp for the function f;(z) (j = 1,2) defined by

26(1? - Oé)(S(p - 17 Q) Zp—i—n‘

i) =2 = A Bt - 1.0

(6.3)

Proof. Employing the technique used earlier by Schild and Silverman [7], we
need to find the largest v such that

Ap.10k2 S 1. (64)

i k(1+B)o(k—1,q)

W 280 =7)d(p = 1,9)

Since f;(z) € T} (p,q; v, B) (j = 1,2), we readily see that

fzku+ﬁww—L@

agy <1, (6.5)
k=p+n 2B8(p—a)d(p—1,9)
and
= k(14 B)3(k —1,q)
Z agz < 1. (6.6)
k=p+n 2B(p — a)d(p —1,9)
By the Cauchy Schwarz inequality we have
= k(1 +B)d(k—1,q)
G102 < L 6.7
kzgp;m QB(P—a)é(p_l,q)\/m_ (6.7)

Thus it is sufficient to show that

k1+p8) o k(14 P)
26(p—7) 1 = 26(p — )

or equivalently, that

Vakiage (k> p+n), (6.8)

3(k2p+n) (6.9)

p —
Vg 102 < EP —
Hence, in light of the inequality (6.9), it is sufficient to prove that

2B8(p — a)d(p—1,q)
E(1+6)d(k—1,q)

(p—")
(p—a)

< (k>p+n). (6.10)

It follows from (6.10) that

2B(p — a)*6(p—1,q)

K1+ B)o(k—Lq) (6.11)

Y<p-—
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Now defining the function G(k) by

2B(p — a)*d(p — 1,9
k(14 B)0(k—1,q)

G(k) =p— (6.12)

We see that G(k) is an increasing function of k (k > p + n). Therefore, we
conclude that

2B(p — a)?*d(p —1,q)
(p+n)(1+B)p+n—14q)

¥<Gp+n)=p— (6.13)

which evidently completes the proof of Theorem 7.

Putting f = 1 in Theorem 7, we obtain the following corollary.
Corollary 7. Let the functions f;(z) (j = 1, 2) defined by (1.2) be in the class
Ty (p,q; ). Then (f1 * f2)(2) € T, (p,¢;7), where

(p—a)*(p—1,9
p+n)d(p+n—1,q)

The result is sharp.

Corollary 8. For fi(z) and f2(z) as in Theorem 7, the function

h(z) =z— Z NGTRY T

k=2

belongs to the class T*(p, ¢; o, ).
This result follows from the Cauchy-Schwarz inequality (6.7). It is sharp for
the same functions as in Theorem 7.

Theorem 8. Let the functions f; (2) (j = 1, 2) defined by (5.1) be in the class
T*(p,q; , B). Then the function

e}

h(z) =2 — Z (aj, +azs) 2° (6.14)

k=p+n

belongs to the class T(p, ¢; ¢, B), where

46(p — @)*6(p — 1,q)

c=p- (n+p)(1+B8)o(n+p—1,q)

(6.15)

The result is sharp for the functions f; () (j = 1,2) defined by (6.3).
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Proof. By virtue of Theorem 1, we obtain

i [1{;(1+5)5(k—1,q))]2 ) <[§: k(1+ B)o(k —1,q) M] <1

= 28— —Tg)] T | 2 2B — )i Lg) |
(6.16)
and
> [ KL+ )~ 1,0) } , [ ke mst-10) 1
k;n {25(19 “a)p—Lg)| 2= L;n 28— a)d(p— 1,92 =
(6.17)
It follows from (6.16) and (6.17) that
L[ RI+B)SE-1,9)1", 5
k:zp;n 2 [25(1’) —a)i(p—1, CI)} (1 i) <1 (6:18)
Therefore, we need to find the largest ¢ such that
2
26(p—Q)olp—1,9) — 2 [28(p—a)d(p—1,9)
that is, that ,
4p(p — a)*o(p — 1, 9)
ST R A —Ta) (6:20)
e 15— 0)olp — 1.9
o ABlp—a)*(p—1,q
PO =P 0 itk — L) 020
is an increasing function of k (k > p + n), we readily have
C<Dlptn) —p- 48(p — a)*(p — 1,q) (6.22)

(n+p)(1+B)o(n+p—1,q)°

and Theorem & follows at once.

7. Definitions and Applications of Generalized
Fractional Calculus

We recall some definitions which will be used in this section.
Let oF(a, b;¢; z) be the (Gaussian) hypergeometric function defined by

2F1(a7 b; c; Z) :Zozo
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where (z € U;a,b,c € C, ¢ #0,—1,-2,...) and

I(A+n) {1 0 -0,

Mo = "507 T VMM DO +2 (A 4n—1)  if neN,

We note that o Fj(a,b;c; 1) converges for Re(c —a —b) > 0 and is related to
Gamma functions by

I'(e)l'(c —a—b)

2Filabiel) = 5= e =)

Definition 1.1 ([3],[6] and [8]). Assume that 0 < A < 1 and u, n €
R. Then, in terms of the Gaussian hypergeometric function 5 F}, the generalized
fractional derivative operator for a function f(z) € A(p), is defined by

d [ 2+ [
ﬁf”’@%—waéjjyé(%—O”ﬂ@ﬂﬂu+%l—ml—kl—§MC

0<A<1), (7.1)

where f(z) is an analytic function in a simply-connected region of the complex
z—plane containing the origin with the order f(z) = O(|z|°), 2z — 0 when
e > max {0, u—n} —1 and the multiplicity of (z — ()~ is removed by requiring
log(z — ¢) to be real when z — ¢ > 0.

Definition 1.2 [3] (see also [6],[8],[10]). Assume that A > 0 and u,n €
R. Then, in terms of the Gaussian hypergeometric function o F}, the generalized
fractional integral operator for a function f(z) € A(p), is defined by

| = QaRi A —mx 1= Sae, (12

A7 200,
L2 f(2) =

where f(z) is an analytic function in a simply-connected region of the complex
z—plane containing the origin with the order f(z) = O(|z|°) 2z — 0 when
e > max{0, u—n} —1 and the multiplicity of (z—(¢)*~! is removed by requiring
log(z — ¢) to be real when z — ¢ > 0.

We note that,

RMPE(z) = DIMf(2) (A >0),
oM Pf(z) = DM(2) (0<A> 1

z

where D}(\ € R) is the fractional operator considered by Owa [5] and (subse-
quently) by Srivastava and Owa [9]. Furthermore, in terms of Gamma func-
tions, Definitions land 2 readily yield
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Lemma 1. (Srivastava et al .[10]). The generalized fractional integral and

the generalized fractional derivative of a power function are given by

Po—p+n+DIp+1) |
T(p—p+D0(p+A+u+1)
(/\ > 0; p> max {07M—77}_1)7

)‘7%777? P p—M
I5. "z

and

Lo—p+n+ DI+ |
Tp—p+ TP —Atput 1)
(0 < A<1; p>max {0,u—n}—1).

P—H

With the aid of this Lemma, we prove

Theorem 9. Let the function f(z) defined by (1.1) be in the class 7' (p, q; «v, 3).

Then we have

Pp—p+n+1I(p+1)

A ,m,P p—it
’JO,z (Z)‘ Tp—p+ (=t it 1) |z|P7H*.7.3
{ B 28(p—a)d(p—1,9)(p+ Dulp —p+ 1+ 1)
' (p+n)1+B)d(p+n—1,¢)(p—p+1ulp—=A+n+1),
and
’ﬁ%m)@w Hp—u+n+UF@+1)|dwu
o Pp—p+Dlp—A+pu+1) ’
{ 28(p—a)d(p—1,9)(p+ )u(p—p+n+ 1),
' (p+n)1+B)0(p+n—1,¢)(p—p+1ulp=A+n+1),
7.4

for z € Up; 0 < A < 1; max {p,p—n,A—n} <2;7(A—n) =3\

_JU (1 <1),
UO‘{IU\{O} (1> 1).

The result is sharp.
Proof. Let
Fp—p+DT(p—A+pn+1)

F - 1 gAHnP
) Tp—p+nt D(p+1) 0 )

S Tl DN At UL DT 1)
= - ) Pp—p+n+1)Cp+ Ik —p+ Ik =X +n+1)

k=p+n

7.5

akzk.

(6)

(

(4)

1},

1},

5)
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Then
= 2P — Z k)agz", (7.6)
_p+n
where
Fp—p+)I'p—A+p+)I'E+1D)(k—p+n+1
w1 T )Tk + DI ) a0y

CTp—p+n+ )+ )k —p+ D0k —-X+n+1)
Since W(k) is an decreasing function of k (k € N), then

(p+Dnlp—p+n+1),
(p—p+1n@—A+n+1)

Also, according to Theorem 1, we have
Then

0<U(k)<U(p+n)=

(7.7)

3 28(p — a)d(p—1,q)
k:,;nakg (p+n)1+p)o(p+n—1,q) (7.8)

From (7.6) and (7.7), we have

[F)| 2 [ = Wp+n) [ ) a (7.9)

k=p+n

In view of (7.8) and (7.9), we have

_ (L p A DI Atut D) s
Pl = ‘F@—M+W+UHP+U Sz )
27 — 2B8(p—a)d(p—1,¢)(p+L)ulp—p+n+1), o
- (p+n)(A+B)5(p+n—1,0)p—p+Dup—A+n+ 1), ’
and
Po—p+ DI A+u+D) o oapms
F2) ‘ Mo —prntOp+1) 0 1)

2P 26(p = )o(p =1, 9)(p+ Dn(p =+ 1+ 1)n o
P+n)(1+0)0p+n=19)p—p+aulp=A+n+1)n '

which proves the inequalities of Theorem 9. Further equalities are attained for
the function

TS =

I'(p—p+n+1I(p+1)
F'p—p+D(p—A+p+1)
.{1_ 28(p—a)d(p—1,9)(p+ ulp —p+n+1)n z}

(p+n)(1+B)p+n—1Lag)p—p+Lulp—A+n+1), |

21710 (7)
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or the function f(z) given by(3.2).

Using arguments similiar to those in the proof of Theorem 9, we obtain the
following theorem.

Theorem 10. Let the function f(z) defined by (1.1) be in the class T*(p, ¢; o, ).
Then we have

L(p—p+n+1)(p+1)

A p p—

B = -t Dt rtpary o T (®)
{L_ 28(p—a)d(p—1,9)(p+ Du(p —p+ 1+ 1)s H}
' p+n)1+B)0p+n—-1,0)p—p+Dup+A+n+1)n " J’

and

1y ()| L= ptnt DU D ) pen 7 g (9)

Tp—p+DI(p+A+p+1)

{1 26(p—a)d(p—1,9)(p+ ulp —p+n+ 1), M}
' (p+n)1+B)(p+n—1,¢9)p—p+Dulp+A+n+1),

ffor z € Up, A > 0; max {p, p —n, =X —n} < 2; y(A+n) <3\,

JU s,
UO‘{IU\{O} (1> 1),

The result is sharp for the function f(z) given by (3.2).

Remark 2.
(1) Putting g = A = n = 0 in Theorem 10, we obtain the result of Corollary 2;
(2) Putting ¢ = 0 and n = 1 in our results, we obtain the results obtained by

Aouf [1].

8. Open Problem

The authors suggest to study the properties of the same class T)*(p, ¢; o, ) b
replacing f by (f * g).
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