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Abstract

The main purpose of this paper is to further investigate the sub-
class T'S! (a, 3,v) by applying the differential subordination theorem.
Also obtained are subordination results on a convex function and an
incomplete beta function. Furthermore, we discussed certain subor-
dination results for the function that belongs to the class T'S! (a, 3,7)
with a Cauchy-Euler differential equation.
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1 Introduction

Let A be the class of functions of the form
f(2) :z+2anz” (1)
n=2

which are analytic in the unit disk U = {z : |z| < 1} and normalized by

f(0)=f(0)-1=0.

Also let S be the subclass of A consisting of univalent functions and K
denotes the class of convex functions such that

Zf//(z)
f'(z)
Furthermore, we denote T" as the subclass of S whose elements can be expressed

in the form

K:{fGA:Re —i—1>0,z€U}.

fz)=2=) lag|z" (2)
n=2
introduced and studied by Silverman [1].

In 2010, Murugusundaramorthy and Magesh [2] introduced and studied the
class of functions f(z) defined by (2) satisfying the following conditions:

1 (z(HL[o1]f(2)) 1 (H}([ea]f(2)
nefied (i o) (i )| sev
for -1 <a < 1,8 >0, and 7 is a non-zero complex.
This class is denoted by T'S! (a, 3,7).
We note that -
H [ f(2) == 2+ Z Ia,z", (4)
n=2
and
r, — (@)n—1-, (Q)n1 1 (5)

(ﬁl)nfl ] (Bm)nfl (TL - 1)' .
For this class, the authors obtained some geometric properties such as co-

efficient estimates, extreme points, the radii of close-to-convexity, starlikeness,
convexity and neighbourhood results (for details see, [2]).

In this paper, motivated by the techniques in [3], we further investigate the
class T'S! (v, 8,7) by applying the subordination differetial theorem.
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2 Preliminaries and Definitions

We state some basic results which are relevant to our main results and also
give certain fundamental definitions.

Definition 1: Let f(z) and g(z) be analytic in U, where f(z) is as given
in (1) and ¢(z) is defined as

2 =24 by (6)

The function f(z) is subordinate to g(z) (written as f < ¢g) if there exists a
function ¢(z) analytic (not necessarily univalent)in U and satisfying ¢(0) =
0, |p(2)] < 1 such that f(z) = g(p(2)) for z € U.

Definition 2: (Hadamard product or convolution)
Given two functions f(z) and g(z) where f(z) is as defined in (1) and g(z) is
given by (6), then the Hadamard product (or convolution) f * g of f(z) and
g(z) is defined by

(F*0)(z -z+2anbz 7)
The function (f % g)(z) is also analytic in U.

Definition 3: (Subordinating factor sequence)
A sequence {c,}2°; of complex numbers is said to be a subordinating factor
sequence if whenever f(z) of the form (1) is analytic, univalent and convex in
U, the subordination is given by

Zancnz” < f(2),z€Ua; = 1. ()
n=1

Theorem 1: [4]
The sequence {b,}22, is a subordinating factor sequence if and only if

Re{1+220n2”}>0,z€U. (9)
n=1

Theorem 2: [5]
Let 0<a<ec If ¢c>2ora+ c> 3, then the function

o

hacz—z+zccbnlnz€U) (10)

belongs to the class K of convex functions.
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In [2], Murugusundaramorthy and Magesh proved the necessary and suffi-
cient condition for functions f € T' to be in the class T'S («a, 3,7)

which is equivalent to the following Theorem:

Theorem 3: [2]
A function f € T is in the class T'S! (a, 3,7) if and only if

o0

D oln+ 1= 8) = (@ = Alan| < (1 =a) + (1= 5), (1)

n=2

where —1 < a < 1,5 > 0,7 € C{0} and I, is as defined in (5).

Theorem 4: [6] If the function f(z) and g(z) are analytic in U with
g(2) < f(2), then for p > 0 and z = re??, (0 < r < 1), we have

/0 |f(2)pdo < / " lg(2)[Pdo (12)

3 Main Results

3.1 CERTAIN SUBORDINATION PROPERTIES OF
THE CLASS T'S! (o, 8,7)

We begin with the following theorem: Theorem 5:
Let f € TS (a, 3,7), then

s ) < 9l (13)
and
i TN g)re)Pao »
<2 [lotrear
where
A=[@+hDA-8) - (@B,
_and

B=[1-a)+h1-p),
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forp>0,0<|z|=r<1,and g € K.
The constant factor

A [(2+ DA =) — (a— BT

204+ B)  2[2+ )0 =8) = (=Pl +[(1 =) + [7[(1 = §)]

in the subordination result (13) cannot be replaced by a larger one.
Moreover the result is sharp for the function

folz) =2z — %(Az — B,22>. (15)
ProofLet f(z) € TS! (a, 3,7), then

A A > N
m(f*g)(z):m(z—i-;anbnz > (16)

where g(z) = > 7, b,2" € K.
By Theorem 1, it is sufficient to show that

00 A .

4 (17)
= Red 1 L 42" >0,
Re{ +;(A—|—B)a z }>0 zeU
inorder that the subordination (13) should hold true.
Thus it implies that the sequence
(i),
(A + B) n=1
is a subordinating factor sequence, with a; = 1.
Now,
- A
1 n
ref i+ 3 (o)}
A 1 .
_R€{1+ <m>a12+A+BZAanZ } (18)
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Since ¥(n) = [(n+]v])(1—5)—(a—pB)|T'y, (n = 2,3, ...) is an increasing function
of n,500 < A <(n), (n=2,3,...) where ¢(n) = [(n+]7])(1—B)— (= B)]Ty;
we have

=D [(n+hDA=8) = (a=B)lalan| <(1—a)+|(1-5) =B

The inequality (14) follows from (13) and Theorem 4.
In order to prove the sharpness of the constant factor

A 2[2+ YDA = B) —(a =PI

204+ B)  [2+1NA=8)—(a=Bl+[1—a)+ (1 -p))

we consider the function fo(2) € T'S! (o, 3,7) given by (15).
Thus from (13), we have

A

mfo(z) = L’ (z€U) (20)

1—=2

by taking g(z) = 1Tzz =z+y 0, 2"

Moreover, it can easily be verified for the function fy(z) given by (15) that

Mm{Reﬁfo(z)} _ —%, (z € D). (21)

This shows that the constant

A _ [(2+ )1 = B) — (a = B)]Ty
A+B  [2+ 1A =p) = (a=Bl+[1—a)+ (1 -p5)]
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is the best possible. This completes the proof of Theorem 5.

Corollary 6
Let f(z) € TS («, 3,7) and

Flz)=z+%,", EZ;:_I a,z" where (f * h(a,c;2))(z) = F(z) then
A+ B(f * h(a,c;2))(2) < 2h(a,c;2). (22)
and e n
Ref(z) > _< A ) (23)

where h(a,c; z) is as defined in (10)

Proof.
Using Theorem 5, we have that

ooa
1
h(a,c;z) +E I 2" € K,

Since 0 <a<c,c>2ora+c>3.
Now, by taking g(z) = h(a,c;z) = z+ Y-, 2" in theorem 1, respectively, the
result (22) and (23) are obtained.

Corollary 6
Let f(2) € TS! (o, 3,7) in U and p > 0,0 < |z| = r < 1, then for function
ge K

41,
A (frg)2) < 2002 1)
and
AL /%I(f J(re®) b < 2 /2ﬂ|< 10) g (25)
* g)(re < g(re :
3+ 4, 0 0
Proof.

By taking v = —1,a = —1 and § = 0 in Theorem 5, Corollary 6 is obtained.

Remark 3.1. For v = +i,a = —1 and = 0 in Theorem 5 we obtain the
result in Corollary 6.

Corollary 7
Let f(z) € T'S',(0,0,44) in U and p > 0,0 < |z| = r < 1, then for function
ge K
3,

243

(f * g)(z) < 2g(2) (26)
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and
3,

2430,

A”Kﬁwxm%mwszlwmvéWMa (27)

3.2 OTHER SUBORDINATION PROPERTIES OF THE
CLASS TS. (a, ,v) WITH FIXED EQUATION

Our next results in this section are on the functions in the class T'S! («, 8,7)
which are associated with the following non-homogeneous Cauchy-Euler dif-
ferential

2 d%q

dgq
bl R 1)z— 1
Fost (1 + )zdz+u(u+ )q

=(u+D)(p+2)z+ (n+2)(n+3)) e

n=2

for q(z) € T, f(2) € TS, (a, B,7), p+1>0,p € R.

Remark 3.2. Equation (28) corrects the one in [3]

O. Altintas, et al. [7] had earlier used Cauchy-Euler differential equation
to study the distortion inequalities and neighbourhood problems of the other
class of functions.

Theorem 8:Let the function ¢(z) = z+ )7, ¢,2" be in T and satisfy the
equation (28) with f(z) € T'S! (a, B,7), then

A(p+3)
B(p+1)+ (n+3

)A(q *g)(2) < 29(2) (29)

and

A(p+3)
Bp+1)+(p+3

2T 27
| araenpio <2 [ lgetipds (30)
)JA Jo 0
for function g € K,0 < |z] =7 < 1,p > 0. and ¢(2) as defined earlier.

ProofSuppose g(z) =z + > -, b,2" € K, then

At 3) _ Ap+3) ST
f%u+w+%n+®A“*”“”‘mAm+3»+Bw+4ﬂ(z+Z;m%z)
SN V2% S VTS
T2A(u+3)+B(u+1)]" " 2MA(u+3)+ B(u+ 1)) nCn2",

n=2
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By Theorem 1, it is sufficient to show that

(32)

z € U inorder that the subordination (29) should hold true.
Thus it implies that the sequence

{ A(p +3) C}w
[A(p+3) + B(u+1)] "

n=1

is a subordinating factor sequence, with a; = 1.

Now,

&{1+Z;( M+3i:$u UD%#?

- Re{l ! ([Aw +égﬂ++§2u ¥ 1>1>‘“z

A+ 3)
TG 13) Bt 1) §:¢ Jen? }

Al +3) Al +
G B s T g

Because L(z) satisfies the differential equation with the f(z) € T'S! («a, 3,7),
S0

(1 +1)(p+2)
(n+p)(n+p+1)

Cp = -
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Following (33), we have

>1— A(p+3) .
~ [Ap+3)+ B(p+1)]

(n+3) - (p+ 1) (e +2) .
G B D) 25 e

Ap +3)

A 1 Bt 1)

(1 +3) > +2) (34)
 [A(u+3) + B(u+ 1)] z; )Ianlr

A(p +3)

1—

[Mu+$+3m+nf

(n+1)
_ A n
[A(u+3)+ B(p+ 1) Z [anfr”

Since ¢ (n) = [(n + |v|)(1 = ) — (o = B)]Ty, (n = 2,3, ...) is an increasing
function of n, so 0 < A <1(n), (n =2,3,...) where ¥(n) = [(n+|7])(1 = 5) —
(o — B)|T,..

Following (34)we have

_ Al +3) . (n+1) SN
>Re{1 [A(i+3) + B(p+ 1)] [A(M+3)+B(“+1)];¢( )] }

>1_(Aw+3»+m+1m1—®++w1—m0r
(k+ D1 =)+ 7|1 = B)] + Alp + 3)
=1—7r>0since0<r<l.

which thus establishes (32) and consequently establish (29).
Note that by (11)

o

Zw Nanl =D [(n+ (1= B8) = (a=B)Talan| < (1-a)+4|(1-5) = B

n=2

The inequality (30) follows from (13) and Theorem 4.
Corollary 9
Let q(2) = Y07, c,2™ € T satisfy (28) with f(2) = 2+ o, anz™ € TS (a, B,7)

e F(2) = 24 52, (0,
n—1
then
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A(+3)+ (1 + D1 — ) + (1 = AIF(2) < 2h(a, c; 2)(36)and

Alp+3)+ (p+ 1[0 =) + 4|1 = )]

where h(a,c; z) is as defined in (10) with 0 < a < ¢,c > 2 or a+ ¢ > 3 and
|z| =r<1,p>0.

Proof
Since 0 < a < ¢,c> 2 or a+ ¢ > 3, using Theorem 5, we have that

(37)

- (a)n—l
h(a,c;z) =z + 2" e K.
(a¢;2) ; O
Taking ¢(z) = h(a,c;2) = z + Y-, 2" in theorem 8, respectively, the results
(36) and (37) are obtained.
By taking 5 = 0,7 = £i, in Theorem 8 we have the following:

Corollary 10
Let the function ¢(z) = z+Y -, ¢, 2" satisfy (28) with f(z) = 2+~ , a,2" €
TS! (a,0, i), then for g € K

(b +3)38—a)l
(b +1)(2—a)+ (p+3)3 - )l

(g*g)(2) <2g9(2),2 €U (38)
and

(1 +3)38 —a)l
(b4 12 =a)+ (p+3)(

21 2m
| Nasaepan <2 [ gret)pas
(39)
By taking « = —1,+ = =+, in Theorem 8 we have the following:

Corollary 11
Let q(z) satisfy (28) with f(z) = z + >, a,2" € T'S! (a,0,+i), then for
geEK

2(p+3)(2 - A)I'

D2 - B 1ot 2B, 1 FIE) <2z U (40)

and

2(p+3)(2—p)ry
(n+1)(2—8)+2(n+3)(

s [ Masorepar<e [ |g<re”>r:jle).
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4

Open Problem

Some of the results obtained in this paper (e.g. Theorem 8 and the Corollaries
arisen from it) may be extended further.
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