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Abstract

The objective of the present paper is to obtain quasi-Hadamard
products of some families of uniformly starlike and convex func-
tions with negative coefficients in the unit disc. Our results gen-
eralize results studied earlier.
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1 Introduction

Let A; denote the class of the functions of the from
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which are analytic in the open unit disc U ={z : |z| < 1} . We note that A; =
A. For a function f (z) € Aj;, let

D°f(z) = f(2),
D'f(z) = Df(2) =zf(2),
D'f(z) = D(D"'f(2))

=z+ Z k"apz®, (n € Ng = NU{0}). (1.2)

The differential operator D™ was introduced by Salagean [13].

With the help of the differential operator D™, for 0 < a < 1,0 < A <1,
f>0,n¢€Nyand m € N, let S;(n,m, A, a, ) denote the subclass of A;
consisting of functions f (z) of the form (1.1) and satisfying the condition

R (UL O O @) ),
(1 =A) D f(z) + AD™mf (2)

(L=Nz (D"f (2)) + Az (D" f (2))
S G e
The operator D" was studied by Sekine [14], (see also [8] and [6]). Denote
by Tj the subclass of A; consisting of functions of the form

—1

,z €. (1.3)

f(z):Z—Zakzk (ap >0,k>j+1;j e N). (1.4)

k=j+1
Further, we define the class Q; (m, n, A, a, 8) by
Q] (mana )\,OQB) = Sj (m,n,/\,a,ﬁ) N 7"]

Specializing the parameters «, 5, A\,n and m, one can obtain many subclasses
studied earlier by various authors ex. see ([1], 2], [3], [4], [5], [7], [9], [10], [12]
and [15]).

Let fo(2) (¢ =1,2,...,h) be given by

fe(z) =2 — Z ape?®  (ape>0). (1.5)

Then the quasi-Hadamard product (or convolution) of these functions is de-
fined by (see Kuang et al. [10] and Owa [11])

(fixfoxooxfn)(z) =2~ Z (glillaw)zk.
k=j+1

In this paper we obtain the quasi-Hadamard product results for functions in
the class Q; (m,n, \, «, B) .
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2 Quasi-Hadamard products

Theorem 1. Let the function f(z) be defined by (1.4). Then f(z) €
Q; (m,n, \, v, B) if and only if

STERLHANET = D] [E(1+8) = (a+B)ap < 1—a. (2.1)
k=j+1
Proof. Assume that (2.1) holds.Then we must show that

5'(1 — Nz (D'f (2)) + Az (D" f (2))
(L=A) D f () + AD™mf (2)

_1‘_

(L= Nz (D"f () + A= (D™ f ()
Re{ (1N D"f (2) + AD™ i (2) 1}

We have
5 ' (1=Nz (D"f (2)) + Az (D™ f (2))
(L=X)D"f(z) + AD™m f (2)
re{UN (D G0 )

_1'_

(1 =A) D f(2) + AD™mf (2)

(14+8) > K [L+AE" = 1)] (k= 1) apzh—!

k=j+1

1— > k14 (k™ —1) A agzkt

k=j+1

<

(1+5) > E'[1+AE"=1D](k—1)ag
< A <l-a.
1— > k14 (k™ —1))Nay
k=j+1
Hence, f(2) € Q; (m,n, A\, o, ).
Conversely, let f (z) € Q; (m,n, A, o, §). Then we have

L— > BT 14 (B™ = 1) A ag2™!
k=j+1

Re = —
I— > k14 (k™ —1)Nagzk?

k=j+1

Vv
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kil B TL 4 A (k™ — 1] (k — 1) apzb—!
ﬁ =]

1— > kn[1+4 (k™ —1)Aagzk!
k=j+1

Letting z — 1~ along the real axis, we obtain the desired inequality by (2.1).
This completes the proof of Theorem 1.

Theorem 2. If fy(2) € Q; (m,n, A\, ayp,B) for each ¢ = 1,2,...,h, then
(fix fox..x fn)(2) € Qj(m,n,\,J,B), where

§0+6) 11 (1-a)

0=1- - - (2.3)
G+ EDIFAG D)™ =D T [(+1) (14+8) = (e +B)]—Tle=1 (1—az)
The result is sharp for the functions
1-— Q i1
fo(2) = 2—— , , AT (0=1,2,....,h).
= T G UG e - )
Proof. For h = 1, we have that 6 = ay. For h = 2, Theorem 1 gives
= k" [k (1 - 1+ (k™ —1) A
- 1 —a
k=j+1

Note that, from (2.5), we have

i k”[1+>\(km—1)]\/12[ ([k(lw)_(o‘”ﬁ”)ak,gg (0=1,2).

- =1 1—ay
k=j+1
(2.6)
To prove the case when h = 2, we have to fined the largest § such that
sk [+ A (k 1)1]%1 =0+ <1 @)
k=j+1

or, such that

k(1 +5) -0+ 5)

= \/mé\/zlillck(lﬂLﬁ)—(azﬂL@)]

1—Ozg

) (k>j5+1).
(2.8)
Further, by using (2.6), we need to find the largest ¢ such that

—(6 n m 2 —\@ ]
RO < kL4 A (R = 1) T (W) (k>j+1), (29)
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which is equivalent to

K (AR )] 1L [k(18) (ot )l —k(1+8) 1T (1) +6 11 (1-ar)

B AR )] 1L [k(148) (o) - T (1-ax)

or, equivalently, that

(k= 1)(1+6) T (1- )

§<1— 5 5 (2.10)
k[l + A(km — 1)]£1;[1 k(14 8)— (u+B)] — 41;11 (1— )
Defining the function ¥ (k) by
2
(k=1)(1+5) I (1-a)
U(k)=1- : = - (k>j+1),
ke[l + A(k™ = D]y [k (14 8) — (ar + B8)] — Moy (1 — ) 1)
2.11
we see that W(k) > 0 for k£ > j + 1. This implies that
i(148) T (1-a
S<U(j+1)=1- S e (2.12)

)P A+ =] T [GH1)(148)— (e +8)]— 1T (1-a)

Therefore, the result is true for h = 2. Next, suppose that the result is true
for any positive integer h. Then we have

(fl *f2 * .. *fh*chrl) (2) € Qj (mana )‘7775)7

where
Y=1-{j(1+8)(1-0)(1—an)}
LG MG+ =D G 1+ 8) + (1 = )] [F(A1+B)+(1—ani1)]—=(1-0) (1 — ani1)}

(2.13)
where § is given by (2.3). It follows from (2.13) that
h+1
g (1+5) (1= ap)
y=1- =1 .
h+1 h+1
G+ 1M1+ MG+ D7 = DP TG+ 8)+ (1— )] = 1L (1)
(2.14)

Thus, the result is true for h + 1. Therefore, by using the mathematical
induction, we conclude that the result is true for any positive integer h.
Finally, taking the functions f;(z) given by (2.4), we see that

h
_ 11—« +1

— j+1
= z— B2,
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where
h

1— Qy
o (<j+ DL+ A G+ D" =D+ 5) + (1 —am) |
Thus, we know that

By =

[e.9]

E*[L+ A" = D] [k(1+8)—(6+5)]
kz;l 1-9 b
UG+ =D+ 8) + (1 —9)]
1—96 '

h 1-— Qly
' {Zﬂl ((j A+ AG+D =D A+ 8) + (1 - ae)]>} -
Consequently, the result is sharp for the functions f; (z) given by (2.4) .
Putting h =2,a; = a, in Theorem 2, we have the following corollary
Corollary 1. If f;(z) € Q; (m,n,\, o, ) (¢ = 1,2), be defined by (1.5).
Then (f1 * f2) (2) € Qj (m,n, A, 0, 5), where

J1+8)(1—a)

S T T AU D - DG ) (4B — (@t AP - o
The result is sharp for the functions .
— (1-a) Lt (g —
&= o G o - e a—a)” 2
(2.16)

Remark 1. Putting h = 2 and m = 1 in Corollary 1 , we obtain the
following corollary which corrects the result obtained by Shanmugam et al.
[15, Theorem 5.1]

Corollary 2. Let the functions f; (z) (¢ = 1,2) defined by (1.5) be in the

class Qj (1777'7 )\705’6) . Then (fl * f2) (Z) S Qj (an >\a776) ) where

j(1+8)1 - a)?
FHDMI+DA+B) = (a+P)PA +1) - (1 —a)*
The result is sharp.

Putting «ay = a(f = 1,2,....,h), in Theorem 2 we have the following
corollary.

Corollary 3. If fi(2) € Q;j (m,n, A\, o, 5) (¢ = 1,2,....,h), then (f1 * fo *
vk fr) (2) € Q) (m,n, A, 0, B), where

j+p)(1-a)

(G + DD+ NG+ 1)m = D[ (14 8) + (1= )] = (1—a)"
(2.18)

yo1- : (2.17)

§=1-
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The result is sharp for the functions

l-a J+1 oy
S e VU | 3 Y (s e ) N ey sy A R LN
(2.19)

Putting j =1, in Theorem 2 we have the following corollary.

Corollary 4. If f,(2) € Qi (m,n, A\, ap, B) (¢ = 1,2, ....,h), then (f; % fo*
vk fr)(2) € Qq (myn, A, 6, 3), where

(1+6) 11 (1—ay)
§=1— — - . (2.20)
20014 A2 = D2 + 8 —ap) = TT(1— )
=1 =

The result is sharp for the functions

1—045

fo(2) =2 — SN[ Ozg>Z2 ((=1,2,...h). (221

Putting A = 0, in Theorem 2 we have the following corollary.

Corollary 5. If fy(2) € Q; (m,n,0,ap, ) (¢ =1,2,...,h), then (f; * fox*
.k fn) (2) € Q; (m,n,d, ), where

j(1+ ﬂ)ﬁl (1 —ar)
§=1- = . (2.22)

G+ 10T [ (14 8)+ (1 - )] — 1T (1 - )

The result is sharp for the functions

1— (67 i1
fo(2) =2 — — _ Z2TH=1,2,...,h). 2.23
N S R e A B
Putting A =1, in Theorem 2 we have the following corollary.
Corollary 6. If f,(2) € Q;(m,n,1,04,8) = Q;(m,n + 1, ap, B)({ =
1,2,...,h), then (f1 % fox...* f) (2) € Q; (m,n+ 1,0, ), where

JL+8) T (1-ay)
§=1— =l (t=1,2,...h).

h h
(G + DeEmE=D I (1+8) + (1 — )] = T1 (1 = ay)
(2.24)
The result is sharp for the functions
1-— .
fr(z)=2— e A (0=1,2,.,h). (2.25)

G+ (1 +B) + (1 — a)]
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Theorem 3. Let f;(2) € Q; (m,n, X\, a, ) (¢ = 1,...,h). Then (fy * fo *
e X fh) (Z) € Qj (m7 n, )\705777) ) where

G+ D™D 14 MG+ )™ — DPF LG+ Be) + (1— a)]

= P (o= (1))
(2.26)
the result is sharp for the functions f, (2) (¢ = 1,2,...., h) given by
— gy 1-a Gt (p —
o) = Gy A G -G+ B (=] = 222,7..)..,71»

Putting 6, = (¢ = 1,2, ..., h) in Theorem 3, we get the following corollary.
Corollary 7. Let f, € Q; (m,n, A\, o, 5) (( =1,...;h). Then (f1 * fo* ... %
fh) (’Z) S Q] (m7 T, )\7 «, 77) ) where
G+ D" MG+ )" = D+ B) + (o))

n= =) +[(a—=(F+1)].

The result is sharp for the functions f, (2) (¢ = 1,2, ..., h) given by (2.19).
Theorem 4. Let f;(2) € Q; (m,n, A\, ay, ) (¢ =1, ..., h) and suppose that

F(z)=2z2- f: (Z a274> Fo(t>1,2€U). (2.28)

k=j+1 \¢=1

Then F € Q; (m,n, A, v, ), where

— 1 hj(1—c)" (1+) = mj
= G - G+ ) (B @ B —h(1=a) <O‘ = i lad )
(2.29)

and
ROV AE™ = DI R+ B) — (a+ B)) 2
h(l—a) (k+B(k—1)).
The result is sharp for the functions f,(¢ = 1,2,...,h) given by (2.4).
Proof. Sines f;(2) € Q; (m,n, A\, ap, 5), in view of (2.1), we obtain

i [k;nuﬂ(km—l)] k(1+5) = (o + )

1—064

] (Y] < 1 (@ = 1, ,h)

k=j+1
By virtue of the Cauchy-Schwarz inequality, we get
o [E LA™ = DI [E(+B) = (e + B,
Z 1 Uhe =

k=j+1
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(fj b L+ A Gk — 1) [k<1+6>—<ae+ﬁ>JW>t§1, 2.30)

- I —ay
k=j+1

It follows from (2.30) that

[e'e} h n mo__ — (Y t
5 GZ(k 1+ A (k 1)1]%t+ﬁ) ( z+5)1) a;ﬁz) <1

k=j+1 (=1

By setting

o= lr&lgh{ag},

therefore, to prove our result we need to fined the largest ~;, such that

- - h
Z k1 + A (k —1)1]%§}11+/8)—(%+5)] (ZC&,@) <1,

k=j+1 =1

that is that
AN = D]+ 8) — (ot B)] _
L= B
1 (k:”[lJr)\(km—l)] [k(1+5>—(ae+6)])t
h 1—ay

which leads to
h(l—ap)' (k—1)(1+p8)

- i—1 t*
k=D L+ A (k™ = D] [k(1+ 8) — (ar + B)]F — b (1 — )
Now let

En=D 14+ A (k™ — D" M R(L+8) — (a+B)f —h(l—a)

Since G(k) is an increasing function of (k € N), we readily have

Qi) =1 hi(1-a)!(145)
=GO+ 1) = 1~ GGy -0 G A AT A—ar

we can see that 0 < v, < 1. The result is sharp for the functions f; (z) (¢ =
1,2,...,h) given by (2.4). The proof of Theorem 4 is thus completed.

Putting t = 2 and oy = a (£ =1,2,...,h) in Theorem 4, we obtain the
following result.
Corollary 8. Let f, € Q;(m,n,\ o, 8) (¢ =1,2,...,h) and suppose that

F(z)=2z-— Z (Z ai!) F (zeU). (2.31)

k=j+1 \¢=1
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Then F(z) € Q; (m,n, A\, v, 5), where

hj(1—a)’ (14 5)
G+ I+AG+Dm=D[(G+ DA +8) — (a+B))2—h(l—a)?

Y= 1—

and
G+D"A+AG+D)" =D+ +8) = (a+p)) >

h(l—a)?[(j+1)+ Bj.

The result is sharp for the functions f; (2) (¢ = 1,2, ..., h) given by (2.4).
By similarly applying the method of proof of Theorem 4, we easily get the
following Theorem 5.

Theorem 5. Let f, € Q; (m,n, A\, a, B¢) (¢ =1,...,h) and the function F’
be defined by (2.29). Then F € Q; (m,n, A, o, dp,) , where

G+ IR+ MG+ D)™ = DIV[G+ 1)+ B) — (a+ B)]f :
Bo= : hj(l—a)(t—l)] Fla=j=1

(9= min ().

1<6<h
and
G+D)" ARG+ =D PG A+ = (aB))" = hj(j+1—a)(1—a) ).
The result is sharp for the functions f; (2) (¢ = 1,2, ..., h) given by (2.4).

Taking ¢t =2 and 5, = f(£ = 1,2, ..., h) in Theorem 5, we get the following
result.

Corollary 9. Let f, € Q;j(m,n,\ «a,3) (¢ =1,...,h) and the function
F be defined by (2.31). Then F' € Q; (m,n, A\, v, 05) , where

G+D"L+ MG+ D™ = DG+ DA+ B) = (e + B

5 pu—
" hj(l - o)

+(a—j—1),
and

GHD"IHMG+D)" = DG+ (A+8) — (a+B)* > h(k—1)(j+1—a)(1-a).
The result is sharp for the functions f; (2) (¢ = 1,2, ..., h) given by (2.4).

Finally, we derive some quasi-Hadamard product results for f, (2) € Q; (m,n, A, o, B)
and Js (Z> S Qj (m7 n, )\7 Q, 5) :
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Theorem 6. Let the functions fy(z) (¢ = 1,...,h) defined by (1.4) be in
the class Q; (m,n, A\, oy, B) (¢ =1, ..., h) and let the functions g, (=) defined by

gs(2)=2— > " (e >0,k>j+1;j€N), (2.32)

be in the class Q; (m,n, A, o, 5) (s = 1,...,t). Then

(fis faxoox froxgr*xgax..xg)(2) € Qj(myn, N\, B),
where

V=1- (A T (1 —a) (11— a)).

LG+ NG I B0 40— )

s=1

s=

B+ e = I 0-a) fia-a)f  33)

The result is sharp for the functions f, (2) (¢ = 1,2, ..., h) given by (2.5). and
the functions g, (z) given by

9: (2) = 2 ~ TG R . = L2t (234)
Proof. From Theorem 2 we note that, if f(z) € Q;(m,n,\,d,5) and
g (Z) € Q] (m7n7 Aaﬂaﬁ) ) then (f * g) (’Z) € Q] (mana A7w7ﬁ) ) where

Pp=1-{j(1+5)1-0)1—-p}

LG+ I+AMGHD)™ =D A+ 8) + (1 = )] [ (1 + B)+(1—p)]—(1 - 5() (1—)u)}-
2.35

Since Theorem 2 leads to fi* fax...x f, € Q; (m,n, A, 6, B), where § is defined

by (2.3) and gy * g2 * ... * g5 € Q; (m,n, A\, u, B) , with

J(148)

(1—as)

[j==p3

[

p=1- (2.36)

1
(G4 (48)— (s +B))- 1T (1-ats)

[§=E3

GHD DA+ - D) !

s=1

Then, we have (fy % fo * ... % [, * g1 * go % ...... * gi) (2) € Q; (m,n, A\, 2, ), where
1 is given by (2.33), this completes the proof of Theorem 6.

Letting ap = (¢ = 1,2, ..., h) and a;, = a(s = 1,2, ..., t) in Theorem 6, we
obtain the following corollary.

Corollary 10. Let the functions f,(2) (¢ = 1,...,h) defined by (1.4) be
in the class Q; (m,n, A\, a, ) (¢ =1,...,h) and let the functions g (z) defined
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by (2.32) be in the class Q; (m,n, A, o, B) . Then we have fi x fo* ... % fj, x g *
go* % g € Q; (m,m, \, 0, ), where

1 J(1+8) (1—a)h+t
V= G O G - (e (2.37)

The result is sharp for the functions f,(z) given by (2.5) and the functions
gs (2) given by

_ 1-a. 1
95 (2) = 2 = GrpEaGID - OFEA A S (5= 121).

Letting h =t = 2 in Colloary 10, we obtain the following corollary.

Corollary 11. Let the functions f,(2) (¢ = 1,2) defined by (1.4) be in
the class Q; (m,n, A, o, B) and let the functions g5 (2) (s = 1,2) defined by
(2.32) be in the class Q; (m,n, A, a, 3) . Then we have (f; % fo* g1 * g2) (2) €
Qj (m,n, A, ¢, B), where

jA+p)1—a)

vt G+ +XNG+D)"=DPHA+8)+1—a)]' — (1 —a)*

The result is sharp.

3 Open Problem

The authors suggest to study the properties of the same class Q; (m,n, A, o, 8)
by replacing of f by (f * g).
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