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1 Introduction

Let S denote the class of functions of the form:

F(2) = 2 425 apt (L1)

that are analytic and univalent in the open unit disk U = {z: |z| < 1}. Let
f(2) € S be given by (1.1) and g(z) € S be given by

g9(z) = 2432, b 2" (1.2)



Properties of Certain Class of Uniformly Starlike and Convex Functions ... 63

then the Hadamard product (or convolution) (f * ¢)(z) of f (2) and g(z) is
defined (as usual) by

(f % 9)(2) = 2 +725 anbrz™ = (9% f)(2). (1.3)
Following Goodman ([6] and [7]), Regnning ([13] and [14]) introduced and
studied the following subclasses:
(i) A function f(z) of the form (1.1) is said to be in the class S,(a, 8) of
uniformly §—starlike functions of order « if it satisfies the condition:

2f(2) } 2f ()
Re{ = 7T
where —1 < a <1 and 8 > 0.

(ii) A function f(z) of the form (1.1) is said to be in the class UCV (a, B)
of uniformly S—convex functions of order « if it satisfies the condition:

- 1‘ (z € U), (1.4)

2f'(2) 2f'(2)
Re {1 + —=— ) } ) ' (z e U), (1.5)
where —1 < a <1 and 8 > 0.
It follows from (1.4) and (1.5) that
f(z) eUCV(a,B) <= 2f(2) € S,y(a, B). (1.6)

In [2] Aouf et al. defined the class S, (f, g; o, ) as follows:

. For -1 <a<1,0<y<1andp >0,let S,(f, g;c, B) be the subclass
of S consisting of functions f(z) of the form (1.1) and functions g(z) of the
form (1.2) with b, > 0(k > 2) and satisfying the analytic criterion:

A () 4P (F29) ()
R{(1—7)(f*g)(2)+72(f*g)'(2) }

f*g (2) +722(f *9)" (2)
Y) (f *9)(2) +v2(f * 9)'(2)

>5‘ —1{(z € U). (1.7)

Let T" denote the subclass of S consisting of functions of the form:

f(2) =2 =52, a2” (ar, >0) . (1.8)
Further, we define the class 7S, (f, g; o, 8) b

S’Y(fagva7ﬁ):S’Y(fvgvaa6>mT (19)
We note that:

(i) TSo(f, 1) = TS%a, 1) and T'Sy(f

(1—z);a’ ’ "(1—2)
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TS (f, a i ) ,1)=UCV(a) (-1 <a<1) (see Bharati et al. [4]);
(i) TS, (f, —— =2 ;0,8) =UCT(5) (B > 0) (see Subramanian et al. [21]);
(iii) T'So(f, z+k2()k1 Fa,8) =UCV (,f) (-1 <a<1,8>0,c#

(€)1
0, —1,—2,...) (see Murugusundaramoorthy and Magesh [9, 10]);

(1) TSolf, 2 +52 k"2 0, 8) = S (n,0,8) (-1 < a < 1,8 > 0,n € Ny =
NuU{0},N={1,2,...})(see Rosy and Murugusundaramoorthy [16]
and mostafa [8]);

k+X—1

(v) T'So(f, z +72, \ o, 8)=D(a,5,\) (-1 <a<1,8>0,

A > —1) (see Shams et al. [18]);
(vi) TSo(f, 2+, [1+ Mk —1)]" 2%, 8) =TSy (n, o, 8) (-1 < a < 1,
f>0,A>0,neNy) (see Aouf and Mostafa [3]);
D) T, (f 2+ Egk_lz’“; a,f) =TS (v,a.f) (~l<sa<l, 320,
k-1

(vi
0<~y<1,¢c#0,—-1,-2,..) (see Murugusundaramoorthy et al. [11]);
(v
1

iii) T'S (f z 4+ QFk(al)z a,p) =UH(q,s,, ,a)(see Ahuja et al.
|), where

(a1)g—1.--(ag)p—1 1
(B1)k-1...(Bs)e—1 (k—1)!

(; >0,i=1,..,¢; ; >0, j=1,...,8; ¢<s+1; ¢, s €Ny).
(x)T'S,(f, 2 4525 k"2F; a, B) =TS, (n,a, B) (n € Ny)(see Aouf et al. [2]).

Fk(al) =

(1.10)

Also we obtain the following new subclasses as follows:
(1) TS’Y(f7 < +ZO:2 Q Uk(al)zk; «, B) = UWq,s((ala A1)7 e ﬁ) O[)

(Wlan, Aif(2)) + 922 (Wlon, AiJf(2))" a}
(1 =) Wlaw, A} f(2)) + vz(Wlaw, Ai]f(2))

s(Wlan, Ailf () + 722 (Won, A1l f(2))"
(1 =) Wlar, A} (2)) +v2(Wlaw, Ai]f(2))

fer: Re{

> 3 ‘ 1| (z € U)
(1.11)
where Way, Aq] is the Wright generalized hypergeometric function (see Wright

[22]) and 2 is given by

’

Q= (LyT(en) " (G T(8) (1.12)
and oy (1) is defined by

F(ag + Ai(n—1))..I(ay + Ay(n — 1))
(n— IS + Bi(n—1))..T(Bs + Bs(n — 1))’

o (1) =

(1.13)
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(o, Ay...aq, Ay and By, By...0s, By , ¢, s € N) are positive real parameters.
(11) TS’Y(f”Z—i_IziZ <%+(Zkil)> Zk;Oé7ﬁ) = TSl,)\(me%O@ﬁ)

AImNDFR) + 22U DFE) a}
)I

) (1.14)

- ﬂ‘ (ImADf(R) + I ADf(2)" 1‘
(1 =)™ A Df(2)) + (™A D f(2))

—1<a<,0<y<1, >0, A>0, m, l €Ny, zel,
where I™(\, 1) is the Catas operator (see Catas et al. [5]).

To prove our main results, we need the following lemma.

[2]. A necessary and sufficient condition for the function f(z) of the form
(1.8) to be in the class T'S,(f, g ;a,0) ) (1 <a<1 0<y<1landf >0)is
that:

e [R(L+B) — (a+ B)[L+ (k= Dbrar < 1 -« (1.15)
2 Modified Hadamard products

Let the functions f;(z) be defined for j = 1,2, ...m by

fi(z) =z =22y any 2 (ag; > 0). (2.1)
The modified Hadamard product of f;(z) and fs(2) is defined by
(fr* fo)(2) = 2 =g any ana 2° = (fox fi)(2) (2.2)

. Let the functions f;(2)(j = 1,2) defined by (2.1) be in the class 'S, (f, g ; &, ). Then

(frx fo)(2) € TS,(f,9;¢,B), where
(1+8)(1—-a)

=1- . 2.3
P e B - (o 2
The result is sharp for functions f;(z) (j = 1,2) given by
1 -« .
fi(z) =2z — ( ) 2 (j=1,2). (2.4)

(2—a+p)(1+ )by
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Proof. Employing the technique used earlier by Schild and Silverman [17],

we need to find the largest real parameter ¢ such that

o KL+ B) = (p+ B)J[L+y(k—1)]by
= (1-¢)

Since fi(z) € T'S,(f,9 ;a,8) (j = 1,2), we readily see that

o k(L4 8) = (a+B)][1 +~(k = 1)]b
k=2 (1—a)

ar1 a2 S 1. (25)

ap, <1 (2.6)

and
o k(14 B) = (a+ B)|[1 +y(k —1)]by
k=2 (1-a)

By the Cauchy-Schwarz inequality we have

zﬁ[“1+5*‘ﬁjf@ﬁ*V%‘*”@¢@;g;gL .

Qg2 S 1. (27)

Thus it sufficient to show that
[k(1+B) — (04 B)[1+ (k= 1)]be

( gp) Ak,10k2 2.9 (1)
< kA +5) - (0E1+_52)[1 + (k- )]bkm
or, equivalently, that
(1—9)[k(1+8) — (a+P)]
VOt = T )R+ 5)— (o4 ) 210

Hence, in the light of the inequality (2.8), it is sufficient to prove that

(1-a) < U=¢) kA +5) ~(a+F)]
[F(L+8) = (a+B)] [L+~(k=Dlbp = (1—a) [K(1+ ) = (¢ + 5)](2 )
It follows from (2.11) that |
o < 1— (k_l)(1+5><1_a)2 (2.12)

[F(1+8) = (a+ B)PL+ (k= Dor — (1 — a)?

Now defining the function G(k) by
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(k-1 +8)1—a)?
[E(1+ ) = (a+ B)P[L+ (k= Db — (1 — a)*

We see that G(k) is increasing function of k(k > 2). Therefore, we conclude

Glk) =1—

(2.13)

that,

(1+8)1 - )
2—a+ 021 +7)b— (1 —«)?
and hence the proof of Theorem ?7 is completed.

. Let the function fi(z) defined by (2.1) be in the class T'S,(f, g ; o, ).

o <G(2) =1-

(2.14)

Suppose also that the function f»(z) defined by (2.1) be in the class T'S,(f, g ; 9, B).
Then (f * f2)() € TS, (£, ; p, B), where

(1+/)0 -a)d-9)

N IR [ e (e e M
The result is sharp for functions f;(z) (j = 1,2) given by
. ) 2
fi(z) == G_at 0T b z (2.16)
and
. (1-9) 2
RO = s ma e
Proof. We need to find the largest real parameter p such that
w0 [k(1+8) — (p(i_ﬁi)])[l + (k- 1)]b,€%1ak72 -1 (218)
Since fi(z) € T'S,(f, g ; a, ), we readily see that
ML S ORI S
(I-a) ’
and fo(z) € T'S,(f, 9 ;9,5) , we readily see that
R B G [ T )

h=2 (1-9)
By the Cauchy-Schwarz inequality we have

o [EQ+B) = (a+B)2 k(1 + B) — (6 + B)]2[1 +(k — 1)] by
2.21
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Thus it sufficient to show that

[k(1+B) = (p+ B)][1 + y(k — 1)]by

(1 — p) ak,lak,22.22 (2)
k(1 + B) — (a+ B)]2 [k(1+8) — (6 + B)]2[1 + v(k — 1)]b
= VI—av/1-=96 Vk1k

or, equivalently, that

(L= k(L +5) — (a +8)]? [k(1+5) — (6 + B

Va1 aga < (2.23)
V1—oav1=4[k(l1+8)—(p+B)]
Hence, in the light of the inequality (2.21), it is sufficient to prove that
Vi—avizo 2.24 (3)

k(1 + B) — (a+ B)]2 [k(1+ 8) — (6 + B)]2[1+v(k — 1)]b

(1—p) [K(1+8) = (a+B)2 k(1+8) — 6+ B)]2
VI—aVvI-3[k(1+B)—(p+B)] '

It follows from (2.24) that

<

p<1— (k=11 + )1 —a)(l—0)
= kA+B) = (a+BEL+B) = (6 +B)[L+v(k—1)b — (1 - ?%(215; 5

Now defining the function M (k) by

(k=D + 51 = )1 =9

M) = T B = (a ¥ AR T 5) = 6+ B + 70k — Do = ((12—260)4)(1 -9

We see that M (k) is increasing function of k(k > 2). Therefore, we conclude

that

(1+5)0 - a)d-9)

p <M2) =1~ 2—a+p)2-06+8)1+7)by—(1—a)(l—95)

(2.27)
and hence the proof of Theorem 77 is completed.
. Let the functions f;(2)(j = 1, 2,3) defined by (2.1) be in the class

TS, (f,g;a,8).Then (f1x fax f3)(z) € TS,(f,g;7,05), where

1+8)1-a)
2—a+ B8P +7)%; — (1 —a)*

(2.28)

T=1-
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The result is best possible for functions f;(2)(j = 1,2, 3) given by (2.4) .

Proof. Form Theorem ??, we have (fi*f2)(2) € T'S,(f, g ;¢, B), where ¢ is
given by (2.3). Now, using Theorem ??, we get (fi*foxf3)(2) € T'S,(f,9;7,5),
where

o (1+8)(1-a) (1= )(k— 1)
= TR B) — (at DR+ B) — (o AL+ 0k — Db — (1 - a)(1— )

Now defining the function S(k) by

(1+5)0 —-a)d - ¢)(k-1)

[k(1+8) = (a+ Bk +8) — (¢ + B +v(k — Db — (1 —a)(1 — )
(2.29)

We see that S(k) is increasing function of k(k > 2). Therefore, we conclude

S(k) = 1—

that

L (1+8)(1 —a)(1 - p)
r=5@) =1 2=-a+B)2=-¢p+/)1+7)b— (1-a)(l-¢)

substituting from (2.3), we have

(2.30)

(1+8)1-a)
2—a+8PA+7)%; - (1 —-a)

T=1-

and hence the proof of Theorem 7?7 is completed.
. Let the functions f;(z)(j = 1,2) defined by (2.1) be in the class T'S,(f, g ; @, ). Then

the function
h(z)=2 2, (aﬁ,l + ai,z)zk (2.31)
belongs to the class T'S,(f,g ;(, 5), where
2(14+p)(1 — a)?
2= at 0P+ )b 21— ap
The result is sharp for functions f;(2)(j = 1,2) defined by (2.4).

Proof. By using Lemma ?7?, we obtain

- { k(14 8) — (a+ B)][1 +y(k — 1)]bx }2a
k=2 (1—a)

C=1- (2.32)

TN

7]“

w kA48 — (@D +yk=1b
< {H e %1} <1, (2.33)
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and

o {[M1+m—&wwmu+v%—anff

k=2 (1 . Oé) k,2

<

{oo k(1 +5) — (a+ B)][1 +y(k —1)]bx }2
k=2 (1 — O./) k,2

It follows from (2.33) and (2.34) that

SRY TR BT ESTLES A PR P

Therefore, we need to find the largest ¢ such that

(L +8) = (€ + AL +y(k = Db

a=0 2.36 (4)
1f [k(1+8) = (@ + B[ +y(k = 1)]bs ) *
= 2{ (i-a) }’
that is
o 21+ B)(k = 1)(1 — a)? 037)

[E(L+B) = (e + B)P[L+y(k = 1)Jbr — 2(1 — @)
Now defining the function H (k) by

201+ B)(k—1)(1 — a)?
k(1 +8) = (a+ B)P[1 +~v(k = 1)]br — 2(1 — )

H(k)=1- (2.38)

We see that H(k) is increasing function of k(k > 2).Therefore, we conclude

that
201+ 8)(1 — a)?

2—a+ AP+ )b — 20— a)
and hence the proof of Theorem ?7 is completed .

Putting v = 0 and by = [1 + Ak — 1)]" (A > 0,k > 2,n € Ny) in
Theorems 7?7, 7?7 and 7?7, respectively, we obtain the results obtained by Aouf
and Mostafa [3, Theorems 8, 9 and 10, respectively].

C<H@2) =1-

(2.39)

3 Properties associated with generalized frac-
tional calculus operators
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In terms of the Gaussian hypergeometric function:

Zk
b iz = s )

(z € U;o,u,veCuo+#0,-1,-2,...),

where(and in what follows) (6); denotes that Pochhammer symbol defined in
terms of Gamma functions, by

CT(O+k) 1 (k = 0)

) = =Ty { 00+ 1)..(0+k—1) (k=N).

The generalized fractional calculus operators Ij7,"" and Jj*" are defined
below (cf., eg., [12] and [20]).

[Generalized Fractional Integral Operators|. The generalized fractional in-
tegral of order p is defined, for function f(z), by

Iy f(z) = ZF(HN)VO(Z — O o R (A v =y 1 — g)f(é)d ¢ 863

(g > 0; e>maz{0,v —p}—1),

where f(z)is an analytic function in a simply -connected region of the z—plane
containing the origin, and the multiplicity of (z—()*~! is removed by requiring
log(z — (¢)to be real when (z — ¢) > 0, provided further that

f(z) = O(|2")(z = 0). (3.3)

[Generalized Fractional Derivative Operators|. The generalized fractional
derivative of order y is defined, for function f(z), by

o 120 = O v — 1 =1 — 1= £) f(O)d ¢}

B =9 (0<p<1);
LT f(2) (m<p<n+1l;neN)
(3.4)

e > max{0,7 —n} —1),

where f(z) is constrained, and the multiplicity of (z — ¢)*~! is removed, as in
Definition 7?7 , and € is given by the order estimate (3.3) .
It follows from Definition ?? and Definition 77 that

Iz " f(z) = DM f(2) (n>0), (3.5)

and
Joi"f(2) = DEf(z) (0< p<l), (3.6)
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where D#(u € R) is the fractional operator considered by Owa [12] and (sub-
sequently) by Srivastava and Owa [19]. Furthermore, in terms of Gamma
function, Definition ?? and Definition ?7 readily yield.

[20]. The generalized fractional integral and the generalized fractional
derivative of a power function are given by

Iél,l/,nzp _ F(p + 1)F(p —v+ n + 1) SPV3 T (7)
- Tp—vr)lptptntl)

(g > 0;0p>max{0,v—n}—1),

and

JO,LL,Z/,T]Zp _ P(p + 1)F(p —v+ n + 1) ~P7V3 8 (8)
” Flp—v+DI(p—p+n+1)

p<1l; p >max{0,v —n}—1).

=
IN

. Let the function f(z) defined by (1.8) be in the class T'S,(f, g ;a, ).
Then

I'2—-v+mn) ‘2|1V{1_ 21 —a)(2—v+n) |Z‘}
T2 T @t i) @ at AT ) -2t
< |z ()] 3.9 (9)
r'2—v+n) 1y 2(1—a)(2—v+mn)
S e orerarm {1+(2—a+ﬂ)(1+’y)bz(2—V)(2+u+77) 'Z'}

(z € Upsp > 0ymax{v,v —n,—p—n} <259(u+n) < 3u)
and
r2—v+n) ||1_,,{1_ 21— a)T(2—v+p) |z|}
L2-v)I'2—-p+n) 2—a+B)(1+7)b(2—-v)2—p+n)
< | f(2)] 3100
I'2—v+n) 1-v 201 —a)T(2—v+p)
S O e {1 O [ TS e Gy ‘Z'}

(2 € Up;0 < p < limax{v,v—n,u—n}t <2y(u—mn) > 3u),

where ( )
U vr<l1
U“‘{uxm} w>1). (3-11)
Each of these results is sharp for the function f(z)defined by
1—
flz)=2z— a 22 (z € U). (3.12)

(2—a+ ) (1+7)b
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Proof. First of all, since the function f(z) defined by (1.8) is in the class
TS,(f,g;a,B), we can apply Lemma ?7? to deduce that

o l—«
h=20k (2—a+B)(L+7)by

(3.13)

Next, making use of the assertion (3.7) of Lemma ??, we find from (1.8) that

T2~ )2+ + 1)
r'2—-v+n)

F(z) = z”]é"’;’" (2) = 2 =32, O(k)ag2", (3.14)

where, for convenience,

(De(2 =v+n)k-1
(2 = V)e-1(24 1+ Nk

O(k) = (ke N\{1}). (3.15)

The function O(k) defined by(3.15) can easily be seen to be non-increasing

under the parametric constraints stated already with (3.9), we thus have
22—-v+n)

D<Ok) SO = G st (ke N\{1}).  (3.16)

Now the assertion (3.9) of Theorem ?? would follow readily from (3.13) and
(3.16).

The assertion (3.10) of Theorem ?7? can be proved similarly by noting from
(3.8) that

T'(2—)(2—p+n)

G(z) = T@— 0t I f(2) = 2 =32, U(k)ar2", (3.17)
where
0 < w%%:@f%fi;i2:%lam (11)
< w(o) = Ao (k€ N\(1})

2-v)2—-p+n)

where the parametric constraints stated already with (3.10).

Finally, by observing that the equalities in each of the constraints (3.9) and
(3.10) are attained by the function f(z) given by (3.12), we complete the proof
of Theorem ?77?.

In view of the relationships (3.5) and (3.6), by setting v = —p and v = p
In our constraints
(3.9) and (3.10), respectively, we obtain
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. Let the function f(z) defined by (1.8) in the class 7'S,(f, ¢ ; o, §). Then

||

IR PO 2(1 -~ a) . \
F(2+M){1 (2 - +5)(1+7)b2(2+u)”} D27 f(2)] 319
(
)

Eli 2(1 - ) |
F<2+u){ +(2—a+6(1+7)b2(2+ﬂ)|z|} (€ Usp>0).

The result is sharp for the function f(z) given by (3.12).
. Let the function f(z) defined by (1.8) in the class T'S,(f, g ; @, 3). Then

(2 —p) ‘2|} < |D£f(z)3.20

(

)
2| 2(1 — a) . w
F(2_M>{1+(2—a+ﬁ)(1+’}/)b2(2—,u,)| ‘} (zeU;0<p<1).

The result is sharp for the function f(z) given by (3.12).

. Puttingy=0and by = [1+ ANk —1)]" (A >0,k > 2,n € Ny)in Theorem
77?7, and Corollaries 7?7, 77, respectively, we obtain the results obtained by Aouf
and Mostafa [3, Theorem 11, and Corollaries 5,6, respectively].

. Specializing the parameters v, «, /3, and function g(z) in our results, we
obtain new results associated to the subclasses mentioned in the introduction.

4 Open problem

The authors suggest to study the properties of the class S;‘( f,g;a, 8) when
the functions f(z) and g(z) are p-valent functions.
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