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Abstract

In this note, the authors introduce two new subclasses Ssg%(u)
and ng%(,u) of analytic functions in the open uint disk U. The
subclasses are obtained by making use of combinations of gener-
alized differential operator with iterations of the Owa-Srivastava
operator for normalized analytic functions. Characterization and
other properties such as inclusion theorems, distortion bounds, ex-
treme points, convexr linear combination, integral means inequal-
ities and Fekete-Szego problems for the above mentioned classes

are obtained.
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1 Introduction and Definitions

Let H(U) be the class of functions analytic in U and H[a, n| be the subclass
of H(U) consisting of functions of the form:

f)=a+a2"+ap 12"+ (z€0). (1)
Let A be the subclass of H(U) consisting of functions of the form

fz) =2+ a2" (2€D), (2)
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which satisfy the following usual normalized condition:

F(0) = F(O)—1=0.

Let S denote the class of all functions in A which are univalent in U. A
function f € A is said to be starlike of order ( if it satisfies the inequality

%{Z]{(S)} > ¢ (zel), (3)

for some 0 < ¢ < 1. We denote by §*((), the class of such functions. Further,
a function f € A is said to be convex of order ( if it satisfies

21" (2)
9%{1+ 8 }>§ (z € 1), (4)
for some 0 < ¢ < 1 and it is denoted by K(¢). In view of Alexander’s transform
f(z) € K(() <= zf'(z) € §*(¢) (for detail, see [13]). In particular, the class
§*(0) = 8* and K(0) = K are familiar classes of starlike and convex functions
in U respectively.

For the function f € A given by (2), the operator Q2 : A — A is defined
by

QD f(2) =2+ Z F(?(j; _11_)5(3 ;))\>anz” (o< A< 1;2€U). (5

Note that
LI = ), QUG =20 and 9 = [ fen

The operator €2 is popularly known as the Owa-Srivastava operator in litera-
ture (see, e.g., [9, 10]).

We observe that Q) f provides an analytic expression for the fractional deriva-
tive of order A (0 < A < 1) and fractional integral of order A (—oo < A < 0)
for functions of a complex variable, defined by Owa and Srivastava [11] and
Srivastava and Owa [16].

Definition 1.1 For f € A, the operator Q™ A — A s defined by

QM f(z) = f(2)
QM f(z) = Qf(2)

and for m=2,3,4,---;2€U
QMM f(z) = Q2 (I f(2))

= z+4+ 22 [N; +DI2-A) a,z"  (6)

(n+1-X)
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Definition 1.2 (see [12]) For f € A given by (2), the generalized differen-
tial operator Dlgz,ﬁm,é : A — A is defined by

O,Bnaf(z) = f(»)
Dypnsl(2) = [1=n—=0)(B—a)f(z)+ (n—0)(B—a)zf'(2)

= 24+ [1=0)(B—a)(n—1)+1az",

ny,ﬁ,n,éf(z) = Daﬁné( Z,_Bl,n,éf<z))

= S0 (B a)n— 1) + a2 (7)

(>0, >0,n1>0,5>0,n>06, >a, keNy:=NU{0}).

Thus, for the function f € A given by (2), we introduce the operator QZ%;” 5

A — A as the combination of the operators QM and Dg,ﬁ,n,é'
That is for z € U,

i%?af() = ng,m) Zﬁnéf()

— z—i—Z[ (n+ DI =) m[(n—5)(5—a)(n—1)—1—1}’“%2”

n—i—l—)\)

The operator QZZ? s generalizes several previously studied familiar opera-
tors. The following are some of the interesting particular cases:

e For £ = 0 and m = 1, the operator Qa,ﬁna = Q2 is the familiar Owa-
Srivastava operator [1 1],

o form=a=09=0,n= =1, the operator Q’S:i’ﬁo = S* is the popular
Salagean operator [14];

e for m = 0, A = 0 and o = 0, the operator me; = Dj s, has been
studied by Darus and Ibrahim [2];

o form =a =09 =0,n =1, the operator Qw 10 = DZ has been studied
by Al-Oboudi [1].

Using the generalized operator Qi;}’: s, we introduce the new classes of analytic
functions as follows:

(8)
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Definition 1.3 Let f(z) € A. Then f(z) is in the class Sig;n(;(u) if and

only if
2 (@)

Qi f(2)

>p (0<u<l;z€). (9)

Definition 1.4 Let f(z) € A. Then f(2) is in the class ng;na( ) if and

only if ,
{+(emre)}
R k)xm
{obymsr)}

Note that for m = k = 0, the classes defined by (9) and (10) reduces to the
class of starlike function and convex function order p respectively.
The object of the present paper is to study characterization properties, dis-
tortion bounds, extreme points, linear combination and Fekete-Szgo inequali-
. kA, kA
ties for the classes 8,757 5(1) and C5's (1)

>pu (0<u<1;z€l). (10)

2 Characterization properties

In this section we study the characterization properties for function f(z) € A
given by (2) belong to the classes Skﬁn(s(u) and Cig;né( ) by obtaining the
coefficient bounds.

Theorem 2.1 Let the function f(z) of the form (2) be in the class A. If

> tn—p) [P EE Ty 5) (3 apin— 1)+ 1l < (1) (11)

for some (0 < p < 1), then f(z) € kg%(,u). The result (11) is sharp.

Proof. Suppose that (11) holds true for (0 < p < 1). Since

1=z Y (- [P 55— i — 1)+ 11

s Fn+1-—

v

S [F D - (5 - = 1)+ 1Pl

n=2

- Yo [FERE] - 05 - @) - 1+ 1P

n=2
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then this implies that

L 3oy n SR [ — 8)(8 — a)(n — 1) + 1]Fa|

m > L.
L 3, [SRCN ™ (5 — 6)(8 — o) (n — 1) + 1H|a|

So we conclude that

k A,m

2 (@it ()

“57: >p (0<u<1;z€).

a 8,1, 6f( )
Thus, £(z) € S475 (1),
The assertion (11) is sharp for the extremal function given by

oo 1 .
f(z)=z+ Z i K 2",

= (n— p) [FEE ) () — 5)(8 - a)(n — 1) + 1
The proof of Theorem 2.1 is completed.
Corollary 2.2 Let the hypothesis of Theorem 2.1 be satisfied. Then
1—p
(n = p) [FEEEC] " (7~ 6)(8 — ) — 1) + 1

Corollary 2.3 Let the hypothesis of Theorem 2.1 be satisfied. Then for
uw=m=Fk=0, we have

lan| < v n>2).

1
la,| < - (VY n>2).

In the similar manner we can derive the following result for the class C* g s (1)-

We choose to omit the detail.
Theorem 2.4 Let the function f(z) € A be given by (2). If

ot [N ) 5)5-a) (=141l < (1) (12

n=2
for some (0 < p < 1), then f(z) € ngzlé( ). The result (12) is sharp.
Corollary 2.5 Let the hypothesis of Theorem 2.4 be satisfied. Then
1—p
n(n — ) | SRR (- 9)(8 - a)(n — 1) + 1)

Corollary 2.6 Let the hypothesis of Theorem 2.4 be satisfied. Then for
uw=m=Fk=0, we have

1
la,| < = = (V n>2).
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3 Inclusion theorems

In this section we discuss the inclusion theorems for the class Ss’g:%(,u) and

Cig%(u). The proof is straight forward and follows from Theorem 2.1 and

Theorem 2.4. We only mention the statement.
Theorem 3.1 Let 0 < pu; < ps < 1. Then
kA, kA,
S, /3?5(#1) 2 Sa,ﬁ,Z?zs(M)
Theorem 3.2 Let 0 < pu; < ps < 1. Then

kA, kN,
Ca,ﬁgé(ﬂl) = Ca,ﬁ,?,&(ﬁ@)'

4 Distortion bounds

A distortion property for the function f € A in the class Ssg;né(u) and

k,\,m
Ca,Bn5

Theorem 4.1 Let the hypothesis of Theorem 2.1 be satisfied. Then for
z€Uand 0 < pu <1, we have

(u) are considered in the following theorems.

L—p kAm g
2] = ﬂ!zlz < 1Qu5nsf (2] <[] + |Z!2 (13)
Proof. By virtue of (11) of Theorem 2.1, we have

(2= ) iy [SEEN] [ - 8)(8 — a)(n — 1) + 1]¥]asl

< Sl — ) M) - 0)(8 - a)(n — 1) + 1¥al
<1-—pu

Therefore, we have

00 Cn+1TE2-XN)1" -y
nz:{ C(n+1-)\) } [(77_5)(6_04)(”—1)+1]k|an|Sﬂ_ (14)

It follows from (8) that
]Q’;%’;a >1

—a)(n — 1)+ 1]¥|a,||2]"

IN

+1)
|Z|+zn 2[ nn+1 /\

< Jel+ T2, [N ] —a)(n = 1) + 1Flan] |22
e |zr2 (15)
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Further,

mstal] 2 1= 3 [Pt = 55— ahta— 1)+ el
> =3 (MR 10006 - o= 1) 4P
N e (16)

by application of (14). Therefore, the assertion (13) follows from (15) and
(16). The proof of Theorem 4.1 is thus completed.

The proof of the following theorem can be derived in the same line to that
of Theorem 4.1. We use the hypothesis of Theorem 2.4 instead of Theorem
2.1. We mention here only the statement and choose to omit the detail

Theorem 4.2 Let the hypothesis of Theorem 2.4 be satisfied. Then for
z€Uand 0 < p <1, we have

1 - 2 | okAm L—p
— < P 1.2
21 = gy o1 < 10kES () < ol gl
Theorem 4.3 Let the hypothesis of Theorem 2.1 be satisfied. Then
(1—pE-N" (1—pE-—N"
|2|- <[f)l < Jz[+ plzl

2m(2 = p)(n—0)(B—a)+ 1]k 7 2m(2 = p)[(n = 6)(8 — a) +1]
(17)

Proof. By application of Theorem 2.1, we have
2 — ) el = 8)(8 — @) + 1F 2, fal

< - ) SRS 10 - )8 - a)n = 1)+ 1|l
S 1 — M

which implies

& (1— w2 )
21l S S T i - = T T

n=2

Therefore, we have

(o @]
A =lz4+)  an2"|
n=2
oo
< e+ lanl|z?
n=2

(1 w2 A"
SEY e G - T 1

plel” (18)
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Again,

@)= 12l =) laallf?
n=2

2m(2 = w)l(n = 0)(8 —a) + 1]
The assertion (17) follows from (18) and (19). This complete the proof of

Theorem 4.3.
Using same technique we can get the following result.

> |2 =

Theorem 4.4 Let the hypothesis of Theorem 2.4 be satisfied. Then

T(n+1)T2—MN)]"
OOl s Y P v

[(n—06)(B—a)(n—1)+1]" > 1 and 0<pu<l

implies
. (- pE-—N" s
T R ([ A

212 — )0 —0)(B—a) + 1

5 Extreme points

The determination of the extreme point of a family F of univalent functions
enable us to solve many extremal problems for F.

Theorem 5.1 Let f1(z) =z and

fu(2) = 2+ (,i e 2" (Y n>2;e,] =1).
(n = ) [BEEE2] " [0 = 6)(8 - a)(n — 1) + 1]

Then the hypothesis of Theorem 2.1 is satisfied if and only if f(z) can be
expressed in the form as f(z) = > 0" Ay fa(2z) where N, >0 and "7 | A, = 1.

Proof. Let f(z) = > 0" Aufu(2), Ap > 0,n > 1 with > >° A, = 1. Then
we have

F2) = D Aaka(2)

00 1— .
= )\12+Z)\n z+ ( 1 2"
n=2

(n— p) [ R e (= 6)(8 — a)(n — 1) + 1]¢
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- - (1 — pen
= A2 + A — Z"
Z; Z; (n— ) [FERE2] " (0 — 0)(8 - a)(n — 1) + 1]F
- (1 B ,LL)En n
= z+ An — z".
2 (n— ) [FEEEET] T 0= )8 = a)(n = 1) + 1]

Now

> [N EREED = (5 — i — 1+ 11

(1 — :u)en/\n
(n— p) |G ] [ = (8 = @) (n = 1)+ 1

ZEZG—MMnZUf#UEZM:41—W(E:M_AJ

n=1

— (=1 =Xx)<(1—p) (M >0),

which is the condition (11) for f(z) = > 7 Ay fu(2).
Conversely, let the hypothesis of Theorem 2.1 be satisfied. Hence by Corollary
2.2 we have

jan| < a-p (¥n > 2).
(n =) [ SRS (0= )8 — @) (n— 1) + 1
Put
-0 [ (- )6 - ) — 1)+ 1 -
" (L= e R
and .
AM=1-) A
Then .

F(2) = Anfal2).

Corollary 5.2 Let the hypothesis of Theorem 2.1 be satisfied. Then the

extreme points of 82’/5\’:76(,&) are the functions fi(z) = z and

g_“)e" 2" (n=2,3,---
(n— ) | MG (= 9)(8 = ) (n = 1) + 1)

falz) =2+
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Proceeding in the same technique as Theorem 5.1, we get the following result
for the class Cig%(u)

Theorem 5.3 Let f1(z) = z and

(1 - ,u)en o
n(n — ) [FHEEER] " [(n - 6)(8 - a)(n — 1) + 1JF

fulz2) =2+

Then the hypothesis of Theorem 2.4 is satisfied if and only if it can be expressed
in the form as f(z) = > 0" Mfn(2z) where Ay, >0 and Y7 A, = 1.

Corollary 5.4 Let the hypothesis of Theorem 2.4 1is satisfied. The extreme

points of 622?5(:“) are the function fi(z) = z and

(1_lu)€n prg
n(n— ) [FEEEER] " [(n = 0)(8 - a)(n — 1) + 1JF
(n=2,3,-, e = 1).

fn(z) =z+

6 Convex linear combination

Theorem 6.1 Let the functions f(z) given by (2) and g € A defined by

[e.e]

g(z) =z + Z b 2"

n=2

be satisfied the condition of Theorem 2.1. Then the function h(z) defined by

h(z)=(1=Df(z) +1lg(z) =2+ > c2" (20)

where

cn=(1-la,+1b, (0<1<1)

is in the class Sig%(u)

Proof. Suppose that each of the functions f and g satisfy the condition of
Theorem 2.1. To show h(z) is in the class Sﬁ:g:;’fé(u), by virtue of Theorem 2.1
it is sufficient to show

< T(n+ DIE - A"
Z(”_“)[ T(n+1-\)

(0= 8)(8 = a)(n — 1) + 1]*[ea] < (1 = p).
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Now

> (=) [N g 615 - ) = 1)+ 1P

n=2

= St [FRETEN g — 55— ) 1)+ 1101~ i + )

<=3 0= [ MRS 0= 90— )= 1)+ 11
#Y (=) | PR ETEE - )6 - @) - 1)+ 11

n=2

<SA=0A—=p)+11—p)
= (1 —p),

The proof of Theorem 6.1 is thus completed.

Remark 6.2 Using same technique as in Theorem 6.1 and making use of
Theorem 2.4 one can shown that Ci’fg\’?a(ﬂ) is a convex set.

7 Integral Means Inequalities

For any two functions f and g analytic in U, f is said to be subordinate to
g in U, denoted by f < g if there exists an analytic function w defined in
U satisfying w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)) (= € U).
In particular, if the function g is univalent in U, the above subordination is
equivalent to f(0) = g(0) and f(U) C g(U) (see [8]).

In order to prove our result, we need the following lemma.

Lemma 7.1 (see [7]) If f and g are any two functions, analytic in U with
f =g, then for £ >0 and z =re? (0 <r < 1),

2 2m
| 1r@ras < [ gtk (21)
0 0
Theorem 7.2 Let the condition of Theorem 2.1 be satisfied and f, is given
by
(1 — pén
fnZ:Z+ Zna n:273a"'7€n:17
( ) w(A7u7a7/8777757k7n) ( | | )
where

T(n+1)2-MN)]"

Tty | (=@ —a)n-1)+1"

7/)()&#70475,77757197”) = <n_ILL)
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If there exists an analytic function w(z) given by

Ao, B, 6.k,
) = L2 B AR 52 )
then for z =re? and 0 < r < 1,
[T ueenran < [Tineenta o, )
0 0

Proof. For f(z) =2+ > ", a,2", (23) is equivalent to prove that
¢ 3
1—
(L= men 2" de.

21 0 21
1+ a, 2"t do < /
/0v nz_; 0 ¢(A7Maa7ﬁ>na57 kvn)

By Lemma 7.1, it is sufficient to show that

1+

1+ a,z" <1+ 1
nZZ; 1/}<>\7:u7057ﬁ77],(5,k,n)
By setting
N - (1 - :u)en _1
]. + anzn 1 e 1+ wlz n 7
; 1/)()\,,u,a,ﬁ77]’57k7n)[ ()]
we get

A 8, k,n) —
[W(Z)]n_l — ?/1( 7/11(71047_?1;;]67”7 7n) Zanz”—l,

Clearly, w(0) = 0. By application of Theorem 2.1, we have

n=2

n— D WINe" o,k,n
(It = [Lhmesabhn s g onot|

A u,o08,m,0,k, _
O dln) §70 g, [|2]" !

2] < 1.

IA A

This complete the proof of Theorem 7.2.
In the same manner we can prove the integral means inequalities for the
functional class C7} s (1L)-

Theorem 7.3 Let the hypothesis of Theorem 2.4 be satisfied. Define the
function g, by

(1 —pen
n(2) =2+ 2" (n=2,3,---,|e,| = 1),
9+(2) SO B k) ol =)
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where
['(n+ 1)I(2
I'n+1-—

60 1 5.6 k) = ) | 2 =06 - wm-n e

If there exists an analytic function wy(z) given by

[e.e]

n— ¢A7l’b7a7/67n757k7n n—
(! = AR BORI) 2 24
n n=2
then for z =re® and 0 <r < 1,
2 ) 27 )
| reenras < [ laeenas (¢ > o) (25)
0 0

8 Fekete-Szego Problems

It is well-known ([3]) that for f € S and given by (2), the sharp inequality
lag — a3| < 1 holds. Fekete and Szegd [4] obtained sharp upper bounds for
lag — va3| for f € S when p is real. Thus the determination of sharp upper
bounds for the nonlinear functional |as — va3| for any compact family F of
functions in A is popularly known as the Fekete-Szego problem for F . For a
brief history of the Fekete-Szegd problem see([15]).

In this section we determine the sharp upper bound for |ay| for the classes
Sig?d(u) and Cﬁg%(u) Moreover, we calculate the Fekete-Szego |az — va3|
functional for the above mentioned classes. For this we need the following
preliminary.

Let P be the family of all functions p analytic in U for which R(p(z)) >
0, p(0) =1 and

p(z)=1+ecz+ e+ +--- (2e). (26)

Lemma 8.1 (see/5, 6]) Let the function p € P be given by the series (26).
Then for any complex number L,

o2 — | < 2max{1, |20 — 1]} 1)
and the result is sharp for the functions given by

1+ 22
p(z) = 1_.2

B 1+ 2

pe) == (z€D). (28)

Theorem 8.2 Let the function f given by (2) be in the class Ssgznd(u)

Then
(I—p-=N"

el S T o)) 1 1T 2
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and for any complex number v,

max{l,

The result is sharp.

CERCE
a5 = veal < G = E = T

(RN~ (8= ) + 1
b2 ’”(1 13— Ayl = 0)(3 = a>+112'f)’}' (30)

Proof. Since f € Ssg%( ), hence by Definition 1.3 we have
k)\m
i ,ffff( ))]>u 0<p<1;zel). (31)

The expression (31) is equwalent to

Qs (2)) = (1= wp(2) + W QL5 (2), (32)

for some p € P. Equating coefficients of 2% and 23 on both sides of (32) we
obtain @ am

= —_ 1— 33

T ()[R B A %)

(2= NB=N" (A-p) 2

+ (1= wpil, 34

6m2(n—08)(8—a)+ 1]k 2 [p2 + (1 — p)pi] (34)
Using well-known inequality |p,| < 2 for all n € N, it follows from (33) that

=2 1[(77 0)(B — ) + 1"
This proves the assertion (29).
Further for v € C, we have

and

as —

o [2=NE=N" (A-p) 2
Cl:a—VCLZ_Gm[Q n—=0)(f—a)+1]F 2 [p2 — spil, (35)
where
P B VR R R N

1= 20— 0)(F ) + 1
An application of Lemma 8.1 to (35) gives
o0 vt < L2=NE=NI"
PP TR0 - 0)(B - o) + 1]
[(2-MNB-=N)" B
TR —o@ - P

(62— A2y = 8)(B — )+ 1
2010 (1= vt S g 1) |}

- (1 — p) max{1, |2s — 1]}

max{l,
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This is precisely the assertion (30).
Equality is attained for the functions given by

(Q];%?&f(z)) ] _ 1+ (1 —2pu)22

)

[ ﬁ%%f (2) 122
and
[( Z%Z%f(d)] 1+ (-2
Qs (2) 1-2
respectively.
Corollary 8.3 Let the assumption of Theorem 8.2 holds. Then for p =0,
we have
2=
ol € 3 = T £ T
and for any complex number mu,
2=XN)B-=N]"

@2 )
95 = V03] < G =) (=) + I

1+2<1—v2§:(12<;f§5[<( >)((56 a>) ]]k’“)‘}'

max{l,

In the similar manner we can prove the following result for the class C=7 a5 (1)

Theorem 8.4 Let the function f given by (2) be in the class ck 5,]5(;0

Then
|CL2| < (1_u)(2_>\)m
= 27— 0)(F—a) + 1F

and for any complex number v,
2[2- B =A™
=Vl S GmpG =@ =a)
6" (2 - N)™2(n — 0)(B — a) +1]*
200 (2 ) )

max{l,

The result is sharp.
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Corollary 8.5 Let the assumption of Theorem 8.4 holds. Then for p =0,
we have
2"
|a2| = 5m K
2m[(n = 0)(8 — a) +1]

and for any complex number v,

max{l,

9 Open Problem

RPN CE (R
2—6m+1[2<n 96—

L2 (2o B 1)

laz —

)

_l’_
_ O)( )
(R CEmEaTE

Using another differential operator, define the other classes of analytic func-
tions using the Definitions 1.3 and 1.4. For the defined classes find various
properties such as inclusion theorems, distortion theorems, closure theorems,
raddi of starlikeness, convexity and close-to-convex of functions belonging to
these classes.
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