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1 Introduction

In this paper, we consider the first-order singular differential-difference op-
erator on R

df | A) (fx) = f(=2)

V=g ()
where !
Ale) = o B@), a> -3,

B being a positive C'™ even function on R. We suppose in addition that

i) For all z > 0, A(z) is increasing and lim A(z) = oo.
T—00

A A
2) is decreasing and lim (z)

A(x) Ay — =0

ii) For all z > 0,
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iii) There exists a constant § > 0 such that for all x € [xg,00), 29 > 0, we
have

A'(x)
A(z)

where D is a C'*°-function, bounded together with its derivatives.

=2p+ e D(x),

The generalized Fourier transform is defined for a suitable function f on R
by

Fuf(A) = / F(2)@r(—2) A(z)dz

where ®, is the solution of the differential-difference equation

Au = idu,
u(0) = 1.
For
: 20-+1 26+1 —1 —1
A(x) = (sinh |z])** ™ (coshz)*"™ a > > - #* 5

we regain the differential-difference operator

Af(z) = % f(@)+ (20 + 1) coth(z) + (26 + 1) tanh(x) ) (f(2) — f(~2)).

which is referred to as the Jacobi-Dunkl operator (see [4, 8]). In this case, the
generalized Fourier transform F, coincides with the Jacobi-Dunkl transform.
For A(z) = |z[***!) a > —1/2, we regain the differential-difference operator

b= L (1) 0L SC2)

which is referred to as the Dunkl operator of index ov+ 1/2 associated with the
reflection group Z, on R. Such operators have been introduced by Dunkl in
connection with a generalization of the classical theory of spherical harmonics
(see [9] and the references therein). In this case, the generalized Fourier trans-
form F, coincides with the Dunkl transform of index « + 1/2 associated with
the reflection group Zs on R.

Motivated by the treatment in the Euclidean setting of the Paley-Wiener
and Roe’s theorems, we will derive in this paper new real Paley-Wiener theo-
rems for the generalized Fourier transform, on the Lebesgue space L?(R) and
on the generalized tempered distribution space S’5(R). Study the generalized
tempered distributions with the spectral gaps. Finally we prove the Roe’s
theorem in the context of the Dunkl type operator. We note that the real
Paley-Wiener theorems has been studied by many authors for various Fourier
transforms, for examples (cf. [1, 7, 12, 21]) and others.
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The contents of the paper is as follows. In §2 we recall some basic results
about the harmonic analysis associated with the Dunkl type operator on the
real line which we need in the sequel. The §3 is devoted to study the L2
Paley-Wiener theorems for the generalized Fourier transform on the generalized
Schwartz space of functions. In §4 we prove new versions of real Paley-Wiener
theorems associated with the generalized Fourier transform. In §5 we prove the
Roe’s theorem for the Dunkl type operator on R. Finally, in the last section
we study the generalized tempered distributions with spectral gaps.

2 Preliminaries

This section gives an introduction to the harmonic analysis associated with
the Dunkl type operator. The main references are [15, 20].
Notation. We denote by

E(R) the space of C*-functions on R.

S(R) the Schwartz space of rapidly decreasing functions on R.

S.(R) (resp. S,(R)) the subspace of S(R) consisting of even (resp. odd)
functions.

D(R) the space of C*°-functions on R which are of compact support.

2.1 The eigenfunctions of the Dunkl type operator on
the real line

To study the eigenfunctions of A, we consider first those of the second-order
singular differential operator on R defined by
& N Al(x) d
Cdx? Alx) do’
Our basic reference about L will be the paper [19] from which we recall the
following result.

L

Lemma 1 (i) For each A € C the differential equation
Lu=—(\+o0Hu, u(0)=1, (1)

admits a unique C'*° solution on R, denoted pj.
(ii) For every x € R, the function A — @y is analytic.
(111) For every x € R,

e~ < go(z) < 1. (2)

(iv) There is a positive constant C' such that for all A € C, x € R and
n € Ny, we have
dn

| oA@)] < O] elTmN =0 . 3
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Remark 1 If A(z) = (sinh|z[)?**!(coshz)® ! a > 8 > 2L a # 3L, then
the differential operator L reduced to the so-called Jacobi opemtor. The eigen-
function @y is the Jacobi function of index (a, B) given by

@A@zdwap+M%1p—Mﬁa+1p{mm@»% ()

5
where F is the hypergeometric function o Fy of Gauss.

Proposition 1 For each A € C the differential-difference equation
Au=idu, wu(0)=1, (5)

admits a unique C* solution on R, denoted ®) given by

o i@~ mme ap®) AF0
Py (z) = (6)
| if A =0,

The following estimate for the eigenfunction ®,(x) shall be useful.
Proposition 2 Let ¢ > 0. There exist positive constant C such that for all

r € R and A € R, with |\| > o and n € Ny, we have

IW%( )| < C(L+ AL+ Ja])ree . (7)

2.2 The generalized Fourier transform

Notations We denote by
L% (R), 1 < p < oo, the space of measurable functions f on R satisfying

p
||fHLg(R) = (/!f )|PA(x dx) <oo, ifl1<p<oo

[fllze® = 6338u£|f z)| < 0.
FAS

S2(R), the space of C*°-functions on R such that for all m,n € N

mn

(1) 2= sup(eosh 2)2(1+ 4" | ()] < oo,
z€R X

The topology of S#(R) is defined by the semi-norms g, m, m,n € N.
S?(R) (resp. S%(R)) the subspace of S*(R) consisting of even (resp. odd)
functions.
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Definition 1 The generalized Fourier transform of a function f € L4(R) is
defined by

Falf)N) = /Rf(x)i),\(—a:)A(x)dx, forall A € R. (8)

Remarks 1 (i) From (2) we see that S*(R) C S(R).
(ii) The generalized Schwartz space S *(R) is invariant under the differential-
difference operator A.

(111) Due to our assumptions on the function A there is a positive constant

C' such that
ceXl if 0>0

Ve RJ A(l’) < { C|x|2o¢+1 Zf 0= 0 (9)

(iv) The generalized Fourier transform Fy is well defined on S*(R).
(v) For all f € D(R), we have

VAeC, Fa(rf)A) = ®x(=2)Fa(f)(N). (10)

Proposition 3 For all f € S*(R) the decomposition

FafA) = 2 FL(f) (VA2 = @) = 20 FLJ (fo) (VA = @?), (11)

where J is the integral operator defined by
i@ = [ sod. ver (12)
and Fy stands for the Fourier transform related to the differential operator L,
defined on S*(R) by
+oo

FL(HA) = i f@)ea(x)A(z)de, A eR,

@y being the eigenfunction of L as defined by (1).

We shall need the following properties.
Proposition 4 (Transmutation formula)

(i) Let f € S*(R) and g a nice function. Then
[ M@a0a@is = [ f@rgnA@a. a3)

(ii) For f € S?(R)
Fa(Af) (y) =iyFaf(y), yeR. (14)
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(iii) For f € S*(R)
Fa(Baf)ly) ==y Fa(f)ly), forally € R, (15)
where /\ 4 is the generalized Laplace operator on R given by

D fla) =N f(2). (16)

Notation. We denote by
LP(R,), 1 < p < oo, the space of measurable functions f on R, satisfying

= ([ ver fﬁp)ww, 1< p <o

e
) = esssup |f(z)] <

I€R+

where ¢(s) is a continuous function on (0, c0) such that

¢ V() ~ Ky $%T2, as s — o0, (17)
_ ko s as s—0 ifp>0
1 2 9
() {kg s2tl as s =0 ifo=0 (18)

for some ky, ks, and k3 € C.
LP(R), 1 < p < o0, the space of measurable functions f on R satisfying

1/p
1l = (/ \f(x)|”dV(x)> coo, if1<p<os

Ifllzge@ = esssup|f(x)] < oo,
xe

where dv is the measure given by

A
1R\ (—p.0)dA,
4/ N = @le(y R —g)pp e

dv()) = (19)

with 1g\(—e,) is the characteristic function of R\(—o, o).

Theorem 1 For all f € D(R), we have

- / FA(F)N)@a(@)dv(N), (20)

where dv is given by (19).
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Theorem 2 Let f € LY(R) such that Fx(f) belongs to LL(R) then we have
the following inversion formula

flz) = /}RFA(f)()\)Q))\(x)dl/()\) a.e.x € R.

Theorem 3 (Plancherel formula)
(i) For all f € S*(R), we have

/R (@) PA()dr = / Fuf VPN, (21)

where dv is the measure given by (19).

(ii) The generalized Fourier transform Fy extends uniquely to a unitary iso-
morphism from L4 (R) onto L2(R).

3 Paley-Wiener theorems of functions for the
generalized Fourier transform

We begin by the Paley-Wiener theorem for the generalized Fourier transform
on the generalized Schwartz space of functions.

Proposition 5 The generalized Fourier transform Fa is a bijection from S*(R)

to S(R).

Proof. By [19] we know that the transform F, is bijective from S?(R) onto
S.(R). Hence it suffices in view of (11) to show that the map f — AFL(J(f))
is bijective from S%(R) onto S,(R). But this is immediate. First, because the
operator J is one-to-one from S?(R) onto S.(R). Next, since the map f — \f
is one-to-one from S.(R) onto S,(R).
Notations. We denote by

S’ 2(]R) the space of generalized temperate distributions on R, it is the dual
space of S*(R).

E'(R) the space of distributions on R with compact support.

Definition 2 i) The generalized Fourier transform of a distribution T in 8’ *(R)
1s defined by

(Fa(7),0) = (1, Fy'(¢)), forall ¢ € S(R). (22)

ii) The inverse of the generalized Fourier transform of a distribution T in

E'(R) is defined by
VoreR, Frr)@) = (L onm 8(2)). (23)
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From above it is easy to obtain the following.

Corollary 1 The generalized Fourier transform Fy is a topological isomor-
phism from 8" (R) onto S'(R). Moreover, for all T € §'*(R), we have

Fa(AT) = dyFa(r). (24)
and
Fa(Dat) = —y*Fal7). (25)
We consider f in L (R). We define the distribution 7; in S”*(R) by

(Tr ) = / (@) o@A(z)de, ¢ € SX(R),

Notations. We denote by

L% .(R) the space of functions in L% (R) with compact support.

H2(C) the space of entire functions f on C of exponential type such that
fir belongs to L2(R).

Theorem 4 The generalized Fourier transform Fy is bijective from LQA’C(R)
onto Hp2(C).

Proof. i) We consider the function f on C given by

VzeC, f(z) = /g(x)q)z(—x)A(x)dx, (26)

R

with g € L% .(R). By derivation under the integral sign and by using the
inequality (7), we deduce that the function f is entire on C and of exponential
type. On the other hand the relation (26) can also be written in the form

VyeR, f(y) = Falg)(y)

Thus from Theorem 3 the function fir belongs to LZ(R). Hence f € H2(C).
ii) Reciprocally let ¢ be in H2(C). From [20] there exists S € £'(R) with
support in [—a, a], such that

VA ER, P(A) = (Sa, PA(—2)). (27)

On the other hand as g belongs to L2(R), then from Theorem 3 there exists
h € L%(R) such that

Y = Fa(h). (28)
Thus from (27), for all ¢ € D(R) we have

/R TP Wdry) = (S, / D, () Fa (@) (W) dv(y)).
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Thus using Theorem 2 we deduce that

/R ST (@ W)dv(y) = (S, 0). (29)

On the other hand (28) implies

/?/) )Fale)(y) /FA Fale)(w)dv(y).

But from Theorem 3 we deduce that

[FWeFE@DwG = [ beawd = T, 60
Thus the relations (29),(30) imply
S="T.

This relation shows that the support h is compact. Then h € L7 (R).

In the following 7; will be denoted by f.

Definition 3 i) We define the support of g € L2(R) and we denote it by
supp g, the smallest closed set, outside which the function g vanishes almost
everywhere.

ii) We denote by
R, := sup |\,

AEsuppg

the radius of the support of g.
Remark 2 It is clear that Ry is finite if and only if, g has compact support.

Notations. We denote by
L2 (R) the space of functions in L7(R) with compact support.

L?/,C,R(R> = {9 € Li,c(R) Ry = R}, for R > 0.
Dg(R) := {g €eDR): R, = R}, for R > 0.

Definition 4 We define the Paley-Wiener spaces PW?*(R) and PW3(R) as
follows
i) PW?2(R) is the space of functions f € E(R) satisfying
a) A% f e LA(R )forallnEN.
b) R = llm [| A

2” < 0.

ii) PW2(R) := {fePWZ(R):RfA:R}.
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The real L2-Paley-Wiener theorem for the generalized Fourier transform
can be formulated as follows

Theorem 5 The generalized Fourier transform Fy is a bijection
i) From PWE(R) onto L7 . p(R).
i) From PW?(R) onto L (R).

Proof. Let g € PW?(R). Then from (25) the function
Fa(DG9)(€) = (1)"*"Fa(9)(€) € LL(R), VneN.
On the other hand from Theorem 3 we deduce that
in in
lim {/54"|]-" Pdv(e )} ~ lim {/ Ang )dx}
n—oo
= R 4 < oo.

Moreover, by a simple calculations, it is easy to see that F,(g) has compact
support with
A
Rz, = R,

Conversely let f € L} z(R). Then £"f(§) € L,(R) for any n € N, and
Fi'(f) belongs to E(R). On the other hand from Theorem 3 we have

7gg{AJA%foNmﬁM@M}& :,g&{/f%u |du>}

Thus Fi'(f) € PW2(R).
ii) We deduce the result from the i).

Definition 5 Let u be a distribution on R and P a polynomial. Then we let
R(P,u) = sup {|P(y)| VRS suppu} € [0, 0],

where by convention R(P,u) =0 if u = 0.

We will now study the real L?-Paley-Wiener theorem for the generalized Fourier
transform, for which we need the following key propositions.

Proposition 6 Let P be a polynomial and f € S*(R). Then in the extended
positive real numbers

L sup | P* (i)l ) < RIPFa(£). (31)

n—o0
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Proof. Suppose firstly that R(P, Fa(f)) = 0. Then Fx(f) = 0, and hence
from Proposition 5, f = 0. Thus (31) is immediately.
Moreover, the inequality (31), is clear when R(P, Fa(f)) = co. So we can
assume that
0 < R(P,Fa(f)) < 0o

Holder’s inequality gives

11 = [ (+22) 7 (140%) (@) PA (2)dn < Cup P11+ (o)
R xe
(32)
for m > 1. Thus

12 ) < C'Slelg A (1 +a%)" | f(x)].

Consequently for all n € N, we deduce that

1P (=iM)flliz e S CSupsen e¥l(1+a2)™ | P(—id) f (a)
< Csup,eg el(1+ )| [FH(PUOFN@)] |

Using the continuity of F,! we can show that

P n©)

[P (—iA) ]2 @) < C'sup Z (14 &% el

SRy j<m

;o (33)

with positive constants C' and integer M, independent of n. Using Leibniz’s
rule we deduce that

1P (=i flla@ < Cn™  sup  [P(y)["™",

yEsuppFa(f)

with C' is a constant independent of n. Hence, from the previous inequalities
we obtain

limsup ||P"(~iA)f|[}2 oy < sup [P(y)| = R(P,Fal))).

n—00 yEsuppFa(f)

Proposition 7 Let P be a polynomial. Suppose that P*(—i\)f € L4(R) for
allm € Ng. Then in the extended positive real numbers

lim inf || P"(~iA) f][}2 g > R(P, Fa(f)). (34)

Proof. Fix & € supp Fo(f). We can assume that |P(&)| # 0. We will show
that

1
lim inf || P"(—=iA) |72 ) > [P ()] — e,
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for any fixed € > 0 such that 0 < 2e < |P(&)].
To this end, choose and fix x € D(R) such that (Fa(f),x) # 0, and

suppy € {€ €R: [P(&)| — = < [P(§)] < |P(&o)| +¢ .

For n € N, let Xn(f) = P7(&)x(£). On the follow we want to estimate
|| Fx (Xn)H 2R . Indeed as above we have

175 <xn>um) < Csup,eq etl(1+ 22| F () (@)
< Csup,eg el(1+a)"|[FH(P(E) (@)] |

with m > 1. Using the continuity of ;' we can show that

) i d
||'FA1(X7L)||L?4(R) < Csup Z (14 |—

Ro<ij<m

o] ©9)

with positive constants C' and integer M, independent of n. Using Leibniz’s
rule we deduce that

||fX1(Xn)|‘L?4(R) < OnM(|P(&)| —e)™.

Then, since

(Falf),x) = (Falf), P*(E)xn)
— (P
(Fa

(E)FA(S)s xn)
= (P"(= %A)f) n)
= ((P*(=iA)f), Fy ' (xn))-

Hence, from the Hoélder inequality we obtain

[(FA 0 < CIPM (=i flle, |1 Fx " Ocn) g,y
< CnM(IP(&)] — &) 1P (—if) flly -

Since |[(Fa(f), x)| > 0, we deduce that
lim inf ||P"(=iA) ][} @) > [P ()] — e
Thus
1
liminf ||P"(—iA)fl|}y @ = sup  [P(y)| = R(P, Fa(f)).

yEsupp FA(f)

Combining Proposition 6 and Proposition 7 together, we get

Theorem 6 Let P be a non-constant polynomial. For any function f € S?*(R)
the following relation holds

T (| P (=iA)f][7 ) = R(P, Fa()): (36)
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Definition 6 Let P be a non-constant polynomial, we define the polynomial
domain U, by

U, := {x eR :|P(z)| < 1}.
We have the following result.

Corollary 2 Let f € S%(R). The generalized Fourier transform Fa(f) van-
ishes outside a domain Up, if and only if,

1
lim sup HP”(—z'A)fHEi(R) <1. (37)

n—oo

Remark 3 If we take P(y) = —y?, then P(—iA) = A4, and Theorem 6 and
Corollary 2 characterize functions such that the support of their generalized
Fourier transform is [—1,1].

4 Characterization of the functions whose gen-
eralized Fourier transform has support in
antipodal points

Theorem 7 Let u € E(R) NS’ ?(R). Then the support of Fa(u) is contained
i the compact V, = {5 eR: P < r} for a polynomial P and a constant

r > 0, if, and only if, for each R > r, there exist Np € Ny and a positive
constant C(R) such that

| P (—il) (u)(x)] < C(R)R™(1 + [a])Vre o, (38)
for alln € N and x € R.

Proof. Assume that support of F,(u) is contained in the compact V. Let
R > r and let € € (0,R — 7). We choose x € D(R) such that y = 1 on an
open neighborhood of support of Fj(u), and x = 0 outside V<. As Fa(u) is
of order N, there exists a positive constant C' such that for all x € R

[P (—iA) () ()| |
= ]:Xl A(u) :1:)‘

= Ix <5>P"<> < b())|
= [(Falu)(©), <> (&)@ (x))|
< Cswps, > [P/ (XOP"©0e(@)) |

0<j<N

Fi (P )(m
(€),
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Thus from the Leibniz formula (7) we obtain that

Vn €Ny, [P"(—il)(u)(x) Ci(R)nN(R — M1+ || )N +2eelel

<
< Cy(R)R"(1 + |a|)N+2e2l

Conversely we assume that we have (38).
Suppose & € R is fixed and such that |P(&)| > R + ¢, for some ¢ > 0.

Choose and fix y € D(R) such that suppy C {5 eER:|P)| >R+ %}

For n € N, we introduce the function y,, defined by x, (&) = P~"(£)x(&).
We have

(Falw),x) = (Fa(w), PYExn) = (PMEFa(w), xu)
(Fa(Pr(=iN)u), o)
((eo1(1+ fal) N Pr(=in)u), e8I (1 + o] )Y F (x0)-

Hence, from the Holder inequality we obtain
[(Falw), )] < e (1| )= PP (=i [ gy e (L)Y Fit Ocn) o, vy
We proceed as in Proposition 7, we prove that

—olz — €\-n
[l 1+ DY P el < CrM(R+2)7"

Thus

(a1 < Crn ()"

Hence we deduce (Fy(u), x) = 0, which implies that & ¢ supp Fa(u).

Thus support of Fa(u) is contained in the compact V.

Notations. Let r > 0, we denote by
B, = {g eR:|P(E)] < 7“}, S, = {g eR:|P(E)| = r}.

Theorem 8 Let u = uy € E(R) NS’ 2(R), and consider the infinite series
{u_n}nen of generalized tempered distributions defined as u_n,1 = P(—i\)uy,,
for a polynomial P and for alln € N. Let r > 0. Assume, for all R € (0,7)
there exist constants Nr € Ny and C(R) > 0, such that

VzeR, |u_n(z)] <C(R)R(1+ |z|)Nre2l, (39)

for allm € N. Then suppFu(u) N B, = ().
On the other hand, if suppFa(u) N B, = 0 and suppFu(u) is compact, then
(39) holds, for all R € (0,r).
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Proof. Assume that suppFa(u) N B, = () and suppFa(u) is compact. Let
R € (0,7) and let € € (0,7 — R). Choose x € D(R) such that y = 1 on an open
neighborhood of support of Fj(u), and x =0 on Vris. As u= P"(—iA)u_y,
we have

un(@)] = |[F2 (P (€ Faw)) (@)
= | Fa (X(OP(€)Fa(w)

= [X(OPT(E)Falu)(€
= [{(Fa(u) (&), x()P7"(

< Copgs, Do D/ (MOP(©0e(o))].

0<j<N

A

Thus from the Leibniz formula (7) we obtain that

Vn €Ny, |u_n(z)] Ci(R)n™ (R+ £)™"(1 + |z])N*t2e el

<
< Co(R)R™™(1 + |x|)N+2e—elel,

Assume that we have (39). For a fixed R € (0,7) let € > 0. Choose and fix
X € D(R) such that

supp © {¢ R |P(§)| < R—Z},

and put x, = P"(§)x. We have

(Fa(u),x) = (Falu), PT(E)xn) = (PTM(E) Fal(u), xn)
= (Falun), xn)

(e 4 o) ™un ), e2el(1 + [V FR ().
Hence, from the Holder inequality we obtain
[(Falw) )] < eI L+ o)™l @lle @ (L + [2)Y Fr Ol @)-
We proceed as in Proposition 7, we prove that

—ol|x — En
™1+ DY F el < CnM(R = 2"

Thus

R— %)n
7 :
Thus we deduce (Fp(u),x) = 0, which implies that suppF(u) N B, = 0.

VneN, [(Faw))| < C@nM(

Combining Theorem 7 and Theorem 8 together, we get



32 H. Mejjaoli

Corollary 3 Let u = ug € E(R) NS'?(R), and consider the infinite series
{tun}nez of generalized tempered distributions defined as u,41 = P(—iM)u,, for
a polynomial P and for alln € Z. Let R > 0. Then suppFa(u) is contained
in Sg, if and only if for all ¢ > 0, there exist constants N. € Ny and C. > 0,
such that

Ve eR, |u,(z)] < C.RY(14 €)™ (1 + |z])Nee2l (40)
for alln € 7Z.

Remark 4 (i) The previous corollary, gives a characterization of the functions
whose generalized Fourier transform has support at the endpoints.

(i1) We note that the results of this section generalize and improve the
version presented in [13, 14].

5 Roe’s theorem associated with Dunkl type

operators
In [16] Roe proved that if a doubly-infinite sequence (f;);ez of functions
on R satisfies % = fip1 and |f;(z)] < M for all j =0,+1,+2,... and = € R,
then fy(z) = asin(x 4 b) where a and b are real constants.

The purpose of this section is to generalize this theorem for the Dunkl type
operator A.

Theorem 9 Suppose P(§) = Zanfn is real-valued and let {f;}> be a se-
quence of complex-valued functigns on R so that
Vji€Z, [fiy1=P(—iN)f;.
(i) Let a > 0, R > 0, and assume that {f;}>° satisfies
(@) < MRV + Ja])e—ek), (41)
where (M;) ez satisfies the sublinear growth condition

M.
J—00 ]

0. (42)

Then f = f. + f_ where P(—i\)fy = Rfy and P(—iA)f_- = —Rf_. If R (or
—R) is not in the range of P then f, =0 (or f_ =0).
(11) If we replace (42) with

L My
jlgglo m =0, (43)
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for all j > 0, then the span of (f;); is finite dimensional.

Moreover, fo = fy + f_, where, for some integer N, (P(—iA) — R)Nf, =0
and (P(—iA)+ R)YNf_ = 0. Thus f (or f_ ) is a generalized eigenfunction of
P(—i\) with eigenvalue R (or —R).

In order to prove Theorem 9 we need the following lemmas:

Lemma 2 Let (f;)jez is be a sequence of functions on R satisfying

fir1 = P(=iN) f;, (44)
[fi(@)] < MR (1 + |])?e 2, (45)
and M
. F1
AL Trem =" 1o

for all e > 0, then
supp(Fa(fo)) C Sg = {§ S| P(§)] = R}.

Proof. First we show that Fj(fy) is supported in {f P < R}.
To do this we need to show that

<FA(fO)7¢> = 07 if ¢ S D<R)

and

supp(6) N {&: [P < R} = 0.

so that == < r, for all

Since supp(¢) is compact, there is some r < ZG]

¢ € supp(¢). Then

(Falfo).¢) = (PIFa(fo), 1)
= <-7:A<Pj(—i/\)fo>,i>

PJ

= (PI(—iA) fo, Fy 1 (2).

Choose an integer m with 2m > 2a 4+ 2. A calculation, using the hypothesis
of the lemma and Cauchy-Schwartz inequality, implies

(Fafaha)l < [ IPin) o)l F (5@ A ds

< CMjsup,ez [e?™ (1 +22)"Fyt (£5) (2)]].

Using the continuity of F, ! and the fact that ¢ is supported in
{f : |P()| > R+ 5} for some fixed ¢ > 0, it is not hard to prove that the
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right-hand side of this goes to zero as j — 0o and so (F(fo), @) = 0.
To complete the proof we need to show that Fy(fy) is also supported in

{€:1P©I = R},

which means (Fa(fo),¢) = 0 if ¢ is supported in

Here we use (44) to obtain

(Falfo)s &) = (Falf-), PPo)
and the argument proceeds as before.

Lemma 3 We assume that —R is not a value of P(§). There exists an integer
N such that
(P(&) = M Fa(fo) = 0. (47)

Proof. Using Lemma 2 and proceeding as in [11], we prove the result.

Lemma 4 ([6]). Let X be a finite dimensional complex vector space, and let

T:X — X be a linear map with eigenvalues Ay, ..., Ap.
Then X = X1 @ ... ® X, where X; = ker((T — \;)) and dimX = N.

Proof of Theorem 9
We want to prove (i). Inverting the generalized transform in (47) yields
that
(P(~ih) ~ R fy =0, (18)

This equation implies

span{fo, f17 fg, } = Span fo, P(-ZA)fo, P(-ZA)ZfQ, }
= span{ fo, P(=iA) fo, . PY(=iM) fo }.
We shall now show that we can take N = 0 in (48).

If not then (P(—iA) — R) fo # 0. Let p be the largest positive integer so that
(P(—iA) — R)?fy # 0. Clearly p < N. Thus

f = (P(=ih) =R fy € Span{fmfh ---ny}
will satisfy

(P(=iA) — R)’f =0 and (P(—iA)—R)f #0. (49)
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Write
f=aofo+..+anfn,

for constants ag, ..., any. Then
P](—ZA)f = aofj + + aNfN—i—j-

If
Cj = |(10|R0Mj + ...+ ‘(Z]\[lR]V]\Jj_~_]\[7

then this and (41) imply
[P (—ih) f(2)] < O5R (1 + |z])*e e, (50)

By (42) these satisfy the sublinear growth condition

lim — = 0. (51)

j=oo ]
An induction using (49) implies for j > 2 that
PH(—ih)f = RIFP(—id)f — BI(j — 1)f = RIj(P(—ih) — R)f + R,
Thus

—iN)— T -, T R|f(z)] CiR 2Dae—ell R|f(z)]
|(P(—iA)—=R) f( )ISjRj_JP( A) fa)+ F (1+]]) =

Letting j — oo and using (51) implies (P(—iA)—R)f = 0. But this contradicts
(49). Consequently, N = 0 in (48). This completes the proof in the case that
—R is not in the range of P.

In the case that R is not in the range of P we apply the same argument to
—P(—iA) to conclude P(—iA)fo = —Rfo.
In the general case, let £ = P?(—iA). Then FA(Lf)(&) = P*(&)Fa(f)(E).
Lfop = fops1) and P?(§) # —R. Thus we can (as before) conclude, for the

sequence ( fa,)pez that
Lfo = P*(=iA)fo = B* fo.

Set f1 = 3(fo+ LP(=iN) fo) and f- = L(fo — LP(=iA) o).
Then f = fi + f_, P(—i\)f+ = Rf, and P(—iA)f_ = —Rf_. This completes
the proof of (i).

Now we want to prove (ii). We first prove (ii) under the assumption that
P(§) # —R. Using the growth condition (43) and Lemma 4, we may still
conclude that supp(Fa(fo)) C Sg == {5 :P(§) = R}. But then, as before, we

can conclude that (48) holds. But this is enough to complete the proof in this
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case. A similar argument shows that if P(£) # R, then (P(—iA) + R)N fo = 0.
In the general case we again let £ = P*(—iA) and Py = P?. Then Py(§) # —R
and the span of (fs;); is finite dimensional. The map P(—iA) takes the span
of (fa;); onto the span of (fy;+1);. Thus X is finite dimensional. Any f € X
will have supp(f) inside the set defined by P(¢) = £R. From this it is not
hard to show the only possible eigenvalues of P(—iA) restricted to X are R
and —R. The result now follows from the last lemma.

Remark 5 (i) If we take P(y) = —y?, then P(—iA) = A4 and Theorem 9
give A5 fo = —Rfo. This characterizes eigenfunctions f of generalized Laplace
operator /\ 4 with polynomial growth in terms of the size of the powers Af;l f,
—00 < J < 00.

(1) The previous theorem generalizes and improves the version presented
in [13, 14].

Theorem 10 Suppose P(§) = Zangn 1s a non-constant polynomial with

n
complex coefficients. Let { f;}°, be a sequence of complez-valued functions on
R so that

Vj€Z, fi1=P(—i\)f;

1) Leta > 0 and let R > 0. Assume that for all e > 0, there exist constants
N € Ny and C > 0, such that

Ve eR, |fulz)] < CRY(1+ &)1+ |z])Ne el (52)
is satisfied for alln € Z. Then
N &
fo= D)) eNj)os P (53)
- A&7 je—x
AeSR 7=0

for constants c(X,j) € C and N € N.
2) Let a > 0 and let R > 0 and assume that {f;}>, satisfies

[fi(@)] < MR/ (1+ |z])?e ¢!, (54)

where (M;) ez satisfies the subpotential growth condition

for some m > 0.
We have
(1) If P'(\p) # 0, for all \, € Sk, then N < m in (53).
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In particular, if m =1, then

fo= Y f, where fy, = c(\,)®y,

/\pESR

(11) If Sr consists of one point Ao and m =1 in (55), then
P(—ih) fo = P(Xo) fo-

Proof. 1) Assume that {f;}> satisfies (52). Then Corollary 3 implies that
the support of Fa(fy) is contained in the finite set Sk. A standard result in
distribution theory, see e.g., [[17], Theorem 6.25], infers that

Falfo) =3 D (X j)sy

AESR 0<j<N

for constants c(A, j) € C, and some integer N
Here (52 denotes the jth distributional derivative of the delta function d¢ at &.

The result follows with fy = Fj " ( ey Socien €O j)(;g)).
We want to prove 2) (i). For n > 0, we have

(fn:X) = (Falfo), P"(AN)Fa(x)),

for any y € S*(R). Fix A\, € Sk such that P'()\,) # 0 and let N, be the order of
Fa(f) at A,. Choose x € §?(R) such that F(x) = 1 in a small neighborhood
of Ay, and Fa(x) = 0 around the points Vx\{\,}. Then, for n > N,

s X) = (Falfo)s PPOVFA)) = (Losyen, (O )3S)), PPONFAC))
= (N, Np)anPn_Np()‘p)<Pl()‘p))Np + .

plus lower order terms in n. Since |[(f,,x)| < CM,R" for a constant C' > 0,
by (54), we have c¢(\,, N,) = 0 for N, > m by(55).

If we assume that m = 1, then NN, = 0 and condition (55) implies that the
condition (40) is satisfied. Thus from the above, Eq. (53) becomes

fo= Z fr,,  where fr, = c(A,) Py,

)\pESR

for a constant ¢(\,) € C.
We want to prove 2) (ii). Indeed, as in the above and from the assumptions
on {f;}>, we prove that

(P(—iA) — P(Xo))" ' fo = 0. (56)
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This equation implies

span{ fo. f1, for b = span{ fo, P(=ih) fo, P(=i0)* o, . }
— span{ fo, P(=iA) fo, . PY(=iM) o }.
We shall now show that we can take N = 0 in (56).

If not then (P(—iA) — P(\o))fo # 0. Let p be the largest positive integer so
that (P(—iA) — P(\o))? fo # 0. Clearly p < N. Thus

[ = (P(—iA) = P(N))" ' fo € Span{fo,fh ---,fN}
will satisfy
(P(=iA) = P(X0))’f =0 and (P(—iA) — P(Xo))f # 0. (57)

Write
f=aofo+..+anfn,

for constants ag, ..., ay. Then
Pj(—ZA)f = aofj + ...+ aNfN+j.
If we put
Cj = ]a0|ROMj + ...+ ‘CLN‘RNMJ'+N,
then by (54) we obtain
[P/ (—i) f(x)] < CRI(1 + [a]) e, (58)
By (55) C} satisfies the sublinear growth condition
lim g =0. (59)
Jj—oo ]
An induction using (57) implies for j > 2 that
PI(—iN)f = jP)'P(=id)f —(j —1)P(N)Yf
= JPXo) "N (P(—iA) — P(Xo))f + P(No) f.
Thus

(P(=ih) = PO))f(2)] < e | PI(—ih) f ()] + A5

< SE(L 4 fareei + B,

Letting j — oo and using (59) implies (P(—iA) — P(X\))f = 0.
But this contradicts (57). Consequently, N = 0 in (56). This completes the
proof.

Remark 6 The previous theorem is the analogue for the Theorems 1 and 6 of

/2].
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6 Real Paley-Wiener theorems for the gener-
alized Fourier transform on &' ?*(R)

Let u € 8’*(R). We put T, := inf {T € (0,00] : supp(Fa(u)) C [, r]}

Theorem 11 Let u € S'%(R). Then the support of Fa(u) is included in
[—M, M|, M >0, if and only if for all R > M we have

lim R*"A%wu =0, in S?*R).

n—oo

Proof. Let u € 8'%(R) and M > 0 such that
lim R?"A%u =0, forall R> M.

n—o0

Let ¢ € D(R) satisfy supp(¢) C [—M, M]¢. We have to prove that

(Falu),¢) = 0.

Let r > M satisfy ¢(z) = 0 for all z € [—r,r] and R € (M,r). Then for all
n € N the function z7?"¢ is in D(R) and we can write

(Falu), @) = ((=2*)"R™*" Fa(u), (—2°) "R™p),
and by formula (25), we have
(Falu), ¢) = (Fa(RT*" A (w), (—2*) " R™p).

The hypothesis implies that Fx(R™*"A%(u)) — 0 in S’'(R). Moreover from
the Leibniz formula we deduce that (—2%)™"R*'p — 0 in S(R). So using the
Banach-Steinhaus theorem we prove that

Conversely, let u € §’2(R) and M > 0 such that suppFa(u) C [—M, M].
We are going to prove that for all R > M
lim R™*"A% =0, in S*(R).

n—oo

Let M < R and choose ¢ € (M,R) and ¢ € D(R) satisfying ¢» = 1 on a
neighborhood of [—-M, M] and ¢(z) = 0 for all + ¢ [—p,0]. Then for all
¢ € D(R) we have
<FA(U)7¢> = <]:A(u)777b90>7

and then

(Fa(RT A% (1), ) = (Falu), (—=2°)"R™"y).
Finally we deduce the result by using the fact that (—z?)"R "1y — 0 in
S(R).
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Corollary 4 From the previous theorem we obtain

I, = inf {R >0: lim R*"A%u=0, in S’Q(R)}.

n—oo

Let u € §’?(R). We put v, := sup {7‘ €[0,00) :  supp(Fa(u)) C (—r, T)C}.

Theorem 12 Let u € §'%(R) such that (—z*) " F(u) € S'(R) for alln € N.
Let u,, = f[l((—xQ)_”FA(u)) Then the support of Fy(u) is included in
(=M, M), M >0, if and only if for all R < M we have

lim R*"u, =0, in S"*(R).

n—oo

Proof. Let u € 8'%(R) and M > 0 such that
lim R?"u, =0, forall R < M.

n—oo

Let ¢ € D(R) satisfy supp(¢) C (=M, M). We want to prove that

(Falu),¢) = 0.

Let r € (0, M) such that suppp C (—r,r) and R € (r, M). Then for all n € N
the function 2?"¢ is in D(R) and we can write

(Fa(u), o) = {(=a*) "B Fa(w), (=) B>"0) = (Fa(B"wn), (—2%)"R™*"p)

The hypothesis implies that Fj(R?"u,) — 0 in S’(R).
Moreover from the Leibniz formula we deduce that (—z%)"R™?"¢ — 0 in S(R).
So using the Banach-Steinhaus theorem we prove that

(Falu),¢) = 0.

Conversely, let u € &’%(R) and M > 0 such that suppFa(u) C (—M, M)°.
We are going to prove that for all R < M

lim R*"u, =0, in S ?*(R).

n—oo
Let M > R and choose ¢ € (R, M) and ¢ € D(R) satisfying ¢(z) = 1 for
7| > 222 and ¢(z) = 0 for all [z| < p. Then for all ¢ € D(R) we have
<‘FA(u)v(zD> = <./TA(U),77/)(,0>,
and then
(Fa(R"un), 0) = (Falu), (—2®) " R™)yp).

Finally we deduce the result by using the fact that (—z?) "R*"1)p — 0 in
S(R).

Corollary 5 From the previous theorem we obtain

Yu = SUP {R >0, lim R*™y, =0, in 8’2(R)}.
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7 Open Problem

In [18] Strichartz proved that
Theorem. Let f be a function on R? such that

Vi €N, [I(=A+ |2l fll gy < Md’.

. 2
Then f(z) = Ce 13"
The purpose of the future work is to generalize this theorem.
In place of oscillator operator —A + ||z||? of RY, we shall extended this to
generalized oscillator operator Ly := —A? + |z|* on R.
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