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Abstract

The purpose of this paper is to introduce and develop the new
concept of generalized numbers, which generalize at the same time
complex, dual and hyperbolic numbers. We start by define, general-
1zed numbers and some of their basic properties. In addition, we give
another representation of generalized numbers basing on matrices.
We extend the concept of holomorphicity to generalized functions.
Moreover, generalized Cauchy-Riemann formulas were obtained.
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1 Introduction

Alternative definitions of the imaginary unit i other than i> = —1 can give
rise to interesting and useful complex number systems. The 16th-century Ital-
ian mathematicians G. Cardan (1501-1576) and R. Bombelli (1526-1572) are
thought to be among the first to utilize the complex numbers, also said elliptic
numbers, we know today by calculating with a quantity whose square is —1.
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Since then, various people have modified the original definition of the prod-
uct of complex numbers. The English geometer W. Clifford (1845-1879) and
the German geometer E. Study (1862-1930) added still another variant to the
complex products [4, 13, 18], called dual numbers. The dual numbers arose
from the convention that 2 = 0.

The ordinary, dual number is particular member of a two-parameter family
of complex number systems often called binary number or generalized complex
number. Which is two-component number of the form

2 =T+ ye, (1.1)

where (z,y) € R? and ¢ is an nilpotent number i.e. ¢* =0 and ¢ # 0.
Thus, the dual numbers, or which can be also called parabolic numbers,
are elements of the 2—dimensional commutative associative algebra

D=R[]={z=2+ye|(z,y) €R? £ =0and e #0}. (1.2)

Another most basic situation appears if we replace the complex imaginary
unit ¢ with either the hyperbolic one h? = +1.
The set

H=R[h] ={z=2+yh|(z,y) R’ i’ =+land h# —1land 1}. (1.3)

forms a 2—dimensional commutative associative algebra. They are called split-
complex, duplex, hyperbolic or double numbers [16, 20]. The algebra has zero
divisors hy = % (14 h) satisfying the relations h%2 = hy and h,h_ = 0. Thus,
hyperbolic numbers are isomorphic to R & R—the direct sum of two copies of
the real line spanned by A, and h_. This explains the names of split-complex
and double.

These nice concepts has lots of applications in many fields of fundamen-
tal sciences; such, algebraic geometry, Riemannian and Lorentzian geometry,
quantum, mechanics and relativity, we refer the reader to [2, 3, 6, 9, 15, 17, 19].

Our interest is to develop, inspiring from the work of Anthony A. Harkin
and Joseph B. Harkin [1], a general theory of complex product unified the three
theories by introducing a new unit number by the relation o2 ; = acas + 3
where «, 5 € R.

Indeed, the main object of this work is to contribute to the development
of generalized numbers and their holomorphic functions.

In the study of generalized functions, natural question arises whether it
is possible to extend the concept of holomorphy to generalized functions and
if it is possible to obtain Cauchy-Riemann formulas for generalized numbers
unifying those known for complex, hyperbolic and dual cases ?.

We Begin by introducing the concept of generalized numbers and we give
some of their basic properties. We define on the algebra of generalized numbers
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some characteristics like index, conjugation as well as a matrices representation
of generalized numbers. Relations which exist between on one hand generalized
numbers and on the other hand complex, hyperbolic and dual numbers were
shown.

We generalize the notion of holomorphicity to generalized functions. To do
this, as in complex analysis. We start by study the differentiability. Cauchy-
Riemann formulas have been also obtained for generalized functions.

2 Generalized Numbers

We introduce the concept of generalized numbers as follows.
A generalized number z is an ordered pair of real numbers (z, y) associated
with the real unit 1 and generalized unit o, g, where it verifies 02, ; = aoq 5+

such that 0,4 is differnet of the real roots, if there exist, of the equation

2?2 = ar + 3, for s € R. A generalized number is usually denoted in the form

2=+ Yo,p. (2.1)
For o, 8 € R, we denote by C, 3 the set of generalized numbers defined by
Cop={2=2+yoas|z,ycR} (2.2)

We will denote by real (z) the real part of z given by
real (2) = . (2.3)

y is called the generalized part of the generalized number z.
There are many ways to choose the generalized unit number o, ,. As simple
example, we can take the real matrix

Gos — { ; ; ] . (2.4)

Addition and multiplication of generalized numbers are defined for all z1 +
Y10a,8, T2 + Y2045 € Co g Dy

(21 +Y100.8) + (X2 + Y204.8) = (X1 + x2) + (Y1 + Y2) Ou s, (2.5)
(21 + Y10a,8) - (X2 + Y204.8) = (x122 + ay1y2) + (X192 + Toy1 + SY1Y2) O s.
(2.6)

The power of 0, 3 can be computed as follows. Admit that there exists a
sequences denoted a,, and b,, such that

Ong = Gn0ap + by (2.7)
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This implies, making use relation (3.6), that the sequences are solution of
the recursive Fibonacci equations

ap =0, a; =1 and a,1 = Ba,_1 + aa,, (2.8)
bo = ]., b1 =0 and bn+1 = an—l + Oébn. '
Definition 1 1. We define the index of the set C, s as the real number
§=a’+4p. (2.9)

2. If 6 <0 we say that C, g is an elliptic set.
3. If 6 = 0 we say that C, s is a parabolic set.
4. If 6 > 0 we say that C, g is a hyperbolic set.

Complex, dual and hyperbolic conjugations play an important role both for
algebraic and geometric properties of C, D and H. For generalized numbers,
we can also extend this notion. Let z = x +yo, s a generalized number. Then
we define the conjugate of z by the formula

z=1a+1yo,, (2.10)
where 7 is characterized by the relation

2z € R.

Under this definition we can verify that

Z=T+Qy—Yoags. (2.11)
Thus, the inverse of z can be evaluated as follows
1z
z 2z

T+ ay y
— - s 2.12
22 +axy — Sy 22+ avy — 6y20 B ( )

Generalized numbers form a commutative ring with characteristic 0. More-
over the inherited multiplication gives the generalized numbers the structure
of 2—dimensional real Algebra.

The algebra C,, s is not a division algebra or field since if 2* +azy— By? = 0
the element x + yo, s in not invertible. All elements of this form are zero
divisors.

Hence, we can introduce the set D, g of zero divisors of C, g, which can be
called null part of C, g, as

Dog = {z=a+yoaps|2®+azy— By’ =0}
= {z =2+ yoap | 22+ ay)2 = 5y2} . (2.13)

The following lemma gives some properties of the set D, 3.
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Lemma 1 1. The set C, 3\ Dy p s a multiplicative abelian group.
2. The map

{ Cas\Da,g — Ca g \Dap; (2.14)

Z—Z,
18 an automorphism of groups.

We define the positive part of C, 3 as follows.

(Ca,g\Da,g)Jr = {z =2+ Yoap € Cop\Daupg | 22 + axzy — fy* > 0} )
(2.15)
Similarly, we can define the negative part of C, s by

(Cos\Dop)_ = {z =2+ Yoap € Cop\Dauyg | 22 4 axy — Yy’ < 0} )
(2.16)
The lemma below immediately follows.

Lemma 2 1. The set (Co,s\Dag), is subgroup of Co s\ Da s
2. If § <0 then

(Cap\Days), = Cop\Dap and (Cop\Dap)_ = 0. (2.17)

3. If z1, 22 € (Cap\Dayp) _ then 2123 € (Coas\Dayg), -
4. If 21 € (Co,6\ Do)y and 22 € (Cop\Dag); then z122 € (Co s\ Dag)_ -
5. IfZ & (Ca,B\Da,ﬁ)i then z € (Ca,ﬁ\pa,ﬁ)i .

Elsewhere, we know that the product of a standard complex number with
its conjugate gives the square of the Euclidean metric in R?. The analogue of
this, for generalized numbers, is the following. Let z = 2 4+ yo, g € C, 3, then

|2)* = |2Z| = |2? + axy — By?|. (2.18)

We can also introduce another type of conjugation, called anti-conjugate.
To this aim, for all z = z+yo, g € C, 3 the anti-conjugate is defined as follows

=y — 2045 (2.19)

Making use this definition, it is easy to check that if & # 0 or  # —1 we
can compute x and y by the following formulas

_ 1
T = THhtacas (2 = 0apz™),
(2.20)
_ 1 #
Y= Ti5ae; (Tapz +27).
And if @ = 0 and 8 = —1, corresponding to the case oy _1 = ¢, the following

identity holds
z =iz, (2.21)
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It is also important to know that every generalized number has another
representation, using matrices.
Denoting by G, 3 the subset of M, (R) given by

gaﬁz{AeMz(RnA: [f; xfy&y”. (2.22)

Thus, G, s is a subring of M, (R) which forms a 2—dimensional real asso-
ciative and commutative Algebra.

Under the additional condition z2+axy—By? # 0, G, s becomes a subgroup
of GL(2).

Let us now define the map

Na,ﬁ : (Ca,ﬁ B gaﬁa
xr Py ] (2.23)

Na,/)’(x"‘yaa,ﬁ): y z+ay

The following result allows us to making a correspondence between the two
algebras C, g and G, 3 via the map N, 3.

Theorem 3 N, is an isomorphism of algebras.

The proof is an immediate consequence of the definitions of C, g, G, 3 and
Na /8-

Elsewhere, we also note that
2 € Dy iff det (M, 5(2)) =0. (2.24)

From now on we denote by |.|, 5 the map

. :Cop — Ry,
{ | | |o¢ﬁ B =+ (225)

2oy = 12717 = |2 + awy — By

The following properties hold

(

2]a5 = Idet (Naug (2))]F Vz € Cagg
|21 + Z2|aﬁ < |Z1|a75 + |22‘a75 Va1, 22 € Co g,
|2122|a75 = ‘2’1|a75 |Zz|a75 V21,29 € Cop, (2.26)
Azl 5= Al12]a5 V2 € Cop, VAER,
|Z|a,,8 =0iff z € Da,,8~

\

It means in particular that |.|, 8 defines a pseudo-modulus on C, g. It in-
duces a structure of pseudo-topology over the algebra C, g.
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So, we construct the generalized disk and generalized sphere of centre zy =
zo + Yo0a s € C, 5 and radius r > 0, respectively, by

Do s (20,7) = {z = T4 y0ap € Cagp | 12— 20l < r} , (2.27)

Sap (20,7) = {z =2+ Y0ap € Cap ||z — 20|45 = r} : (2.28)

Notice that the algebra C, g equipped with the previous pseudo-topology
is not a Hausdorff space.

Otherwise, it is important to see, keeping in mind the definition of the unit
generalized number o, 3, that we can write (20,5 — @)® = 6. This permits us
to think about creating a relationship between on one hand the algebra C, s
and on the other hand the algebras C, D and H.

Theorem 4 1. If 6 > 0 then C, g is isometrically isomorphic to H.
2. If § = 0 then C, 3 is isometrically isomorphic to D.
3. If 0 <0 then C, g is isometrically isomorphic to C.

This result may be seen as the main object of this section, which also allows
us to give sense to definition 11.

For the three assertions the isomorphism can be easily obtained. So, to
achieve the proof it is enough to verify the isometry. To do this, we procced
as follows.

Proof. For § >0, =0 and 6 < 0, respectively, we consider the maps

T, :Cop — H
{Tua=x+%y+§wz
{ T, :Cop— D
Tr(z) =x+ Sy +4e’
T3 :Chp — C
{TS(

z):x+%y+gyi '

Y

Hence, if 1 + 91043, T2 + Y2045 are two element of C, g, we can infer, for
0 >0,0 =0 and § < 0, respectively, keeping in mind the definition of the
pseudo-moduli of H and I as well as the modulus of C, see [1, 12, 16, 20]

2 s :
To (1) = T ()l = | (w1 =22+ 5 (0 —30)) = 5 (00— )’

a2 =4 2

4

(y1 — 3/2)2

(21— @2)" + (1 — 22) (1 — 2) +

= ‘Zl - Z2|a,gv
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1
2

T3 (21) — T3 (22)|p =

a 2
($1 — To + 5 (y1 — yz))

a?

(21— 22)" + (21 — 22) (1 — 2) + T (1 — 2)°

1
2

= ’ZI - Z2|a”3 )

and

2

2 5
(o1 =22t 5 0 —92)) + 7 (= )’

Th (21) = Th (22)|c = 5 1

) 2

4

(21 — 22)* + o (w1 — 22) (31 — o) + (y1 — y2)°

= |Z]~ - 2’,2|a”8 ?

3 holomorphicity of Generalized Functions

We discuss now about some properties of generalized functions (functions of
generalized variable). We investigate the continuity of generalized functions
and the differentiability in the generalized sense, which can be also called, as in
complex, hyperbolic and dual cases, holomorphicity. Due to the fact that C, 3
is not a Hausdorft space we will suppose from now on that C, g is equipped
with the usual topology of R

Definition 2 A generalized function is a mapping from a subset Q@ C C, 5 to
Cop.

Let €2 be an open subset of C, 3, 20 = 2o + Yo0ap € Qand f: Q — C,p
a generalized function.

Definition 3 We say that the generalized function f is continuous at zy =
To + YoOa,p if

Zli}g)f (2) = f(20) - (3.1)
where the limit is calculated coordinate by coordinate, this means that

limf(2) = lm f(z4+yoag)=f(To+ Yoas)- (3.2)

zZ—20 T—T0, Y—Yo

Definition 4 The function f is continuous in Q2 C C, 5 if it is continuous at
every point of §2.
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Definition 5 The generalized function f is said to be differentiable in the
generalized sense at zy = xo + Yooa.p if the following limit exists

4 ()= lim F&) = J (=) (3.3)

dz z—x0, y—Yo 2 — 2
% (20) is called the derivative of f at the point z.

If f is differentiable for all points in a neighbourhood of the point z then
f is called holomorphic at z.

Definition 6 The function f is holomorphic in Q@ C C, s if it is holomorphic
at every point of §2.

In the following results we generalize the Cauchy-Riemann formulas to
generalized functions.

Theorem 5 Let f be a generalized function in Q C C,z. Suppose that the
partial derivatives of f are C°. Then, f is holomorphic in Q C C, s if and only
if it satisfies

Doy (f) =0, (3.4)

whither D, s s the differential operator

0 0
Do () = ~0asgh + 5 (3.5)

Proof. Let 2y = 29 + ypoap be an arbitrary element of 2.
We have

% (20) = lim f (@ +yoas) = f(T0+y00as)
&E T—T0,Y—Y0 T — To
+ lim f (ZE + yOO-a,B> - f (I + yaa,ﬁ)
T—T0,Y—Y0 €T — xo
- (lim M%ﬂ o J@Hyoas) - fle+ yoaaﬂ)> y
z2—20 Z— 2 T2, Y0 v — Yo

T — X 220 Z— 20

So, the limit exists if and only if it does not depend on limit of the bounded
ratio % Hence, we should impose the condition



44 Farid Messelmi

Thus, we can infer

£ (20) = 3 (=),
(3.6)
~0ap5t (20) + 5 (20) = 0.

This permits us to achieve the proof. M

Corollary 6 Let f be a generalized function in () C C, g, which can be written
in term of its real and generalized parts as f = p+ qoap and suppose that the
partial derivatives of f are C°. Then, f is holomorphic in Q C C,p if and
only if its real and generalized parts satisfy the following generalized Cauchy-
Riemann equations,

o
8_5 = + 8y’

(3.7)

op _ 39%

oy — 7 ox”

Proof. We know that the total differential of f is given by
dp  Oq dp  Oq

d, ag | dz —0ap | dy. 3.8
f= (50 + Ghons) dot G+ Giona) do (35)

On the other hand, the total differential of f can be also written, making use
(3.6)

f ;.
i = 81:
_ (9, 9 Ip dq 9q
= (8:{; + e g) dx + (axaaﬂ + Qg Oas + 5&@ dy  (3.9)
Combining equations (3.8) and (3.9), we find
Op Oq_ _ (9 Og 9q
oy oy’ (ax Tagy ) Tes T gy
which leads to 5 e o
o =~ t 5o
) )
& 5%

|

Moreover, as in complex analysis, the Cauchy-Riemann equations can be
also reformulated using the partial derivative with respect to the anti-conjugate.
For this, we can write, taking into account the formula (2.20)

dx:m(dz—asdz#), ( )
3.10
dy = m (O'SdZ + dZ#) ,
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Let f be a generalized function in €2 C C, s where its partial derivatives
are supposed to be C°. Making use (3.10) the total differential of f, becomes

B 1 of  of 1 af of
af = 1+ B+ ao.p (8:6 * 0 Uo"ﬁ) dz+1+5—|—ozaa,g ( Teh gy T y

(3.11)
This suggest us to introduce the differential operators & and 37 =2 which
acte on the function f as follows

af 1 of | gap  Of
0z = I+fptac, g 0z | 1+f+ac,p 0y’
(3.12)
of 0,3 af + 1 of
92#% T T 14f+ag, s Oz 1+8+acq,g Oy °
These can be also written
of _ 4+p+a*-acas 8f + —af+(1+B)oa,s Of
0z (1+6)" +a2 (1+8)"+a2 Oy’ (3.13)
3.13
of — afB— (1-{73)0’013 af + 1+6+a® —oco‘ag of
92# (1+8)*+a2 (1+8)%+a2  dy°

We deduce from formula (3.13) that the generalized function f is a holo-
morphic in 2 C C, s if and only if it satisfies the particular compact equation

of

Moreover, again formula (3.13) permits us to deduce that the derivative of
verifies the equation
df _of
- = 3.15
dz 0z ( )
It is well known from standard results of complex analysis that if f is
holomorphic function then the real and complex parts of f are harmonic, this

result can be also extended to generalized functions. To this aim, the lemma
below is fulfilled.

Lemma 7 Let f be a generalized function in Q C C, g, which can be written
in term of its real and generalized parts as f = p+ qo,p and suppose that the
partial derivatives of f are C*. If [ is holomorphic in Q C C, s, then the real
functions p and q satisfy the partial differential equations

82})_0

8:132 5+ Baxﬁy
(3.16)
82q =0.

8362 + ﬁaxay
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The proof is an immediate consequence of the Cauchy-Riemann formulas
(3.7).

Furthermore, we remark that:

1. If § > 0 then equations are hyperbolic.

2. If 6 = 0 then equations are parabolic.

3. If 6 < 0 then equations are elliptic.

These permit us to give another justification to definition 1.

4 Open Problem

It is well-known that hyperbolic numbers play an important role in theoretical
physical, since them model the transformations in Minkowski spaces. Also,
quantum mechanics is direct application of complex analysis (Schrodinger
equation). Moreover, dual numbers find applications in theoretical physics,
where they constitute one of the simplest non-trivial examples of a superspace.

Our interest is to find physical applications of generalized numbers in uni-
fied format.
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