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Abstract

In this paper we investigate a family of linear operator defined on the space
of univalent functions. By making use of this linear operator, we introduce and
investigate some new subclasses of uniformly starlike, uniformly convex, uni-
formly close-to-convex and uniformly quasi-convex univalent functions. Also
we establish some inclusion relationships associated with the aforementioned
linear operator. Some interesting integral-preserving properties are also con-
sidered.
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1 Introduction

Let A denote the class of the functions of the form

fR)=24) an", (1.1)
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which are analytic in the open unit disc U = {z : |z| < 1}. Let f € A be given
by (1.1) and g be given by

g(2) :z—l-anz”. (1.2)
n=2
The Hadamard product (or convolution) (f * g) is defined by
(f*9)(2) =2+ ) abuz" = (g% f)(2). (1.3)
n=2

For two functions f(z) and F(z), analytic in U, we say that f(z) is subordinate
to F'(z), written symbolically as follows:

f<FinUor f(z) < F(z)(z € U),

if there exists a Schwarz function w(z) € €, which (by definition) is analytic
in U with
w(0)=0and |w(z)] <1 (z€U)

such that
[(z) = F(w(2))(z € U).
Indeed it is known that
f(z) < F(2)(z€eU) = f(0)=F(0)and f(U) C F(U).

In particular, if the function F(z) is univalent in U, we have the following
equivalence

f(z) < F(2)(z € U) <= f(0)=F(0) and f(U) C F(U).

Further let S denote the subclass of A consisting of analytic and univalent
functions f in U. A function f in S is said to be starlike of order « if and only
if

(2 ~
Re{f(z)}>a 0<a<l;zel). (1.4)

We denote by S* () the class of all starlike functions of order av. Also a function
f in S is said to be convex of order « if and only if

(2 .
Re{l—l— f’(z)}>a 0<a<l;zel). (1.5)

We denote by C' («) the class of all convex functions of order «.
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We note that:

f(z) e Cla) < zf'(2) € S*(a), (1.6)

S*(a) CS8*(0) =8 and C(a) CC(0) = C.

The classes S*,C, S§*(«) and C(«) were first introduced by Robertson [26]
and the classes S*(a) and K («) were studied subsequently by MacGregor [21]
Schild [29], Pinchuk [24], Jack [14] and others.

A function f in A is said to be uniformly convex in U if f is a univalent convex
function along with the property that, for every circular arc + contained in U,
with center £ also in U, the image curve f(v) is a convex arc. The class of
uniformly convex functions is denoted by UCV (see [12]). The corresponding
classU ST is defined by the relation that f € UCV if, and only if, zf' € UST.
It is well known [22] that f € UCYV if, and only if

" "
re{14 LG 5 o0
f'(2) f'(2)
Uniformly starlike and convex functions were first introduced by Goodman
[13] and then studied by various other authors (e.g. [5]).

A function f € A is said to be in the class of close-to-convex and quasi-convex
in U respectively, if satisfies

Re{zf/(z)} >0 (z€),

9(2)

‘ (ze€U).

for some g € S*

for some g € C (see [11]).

Also, a function f € A is said to be in the class of uniformly convex functions
of order v and type /8 denoted by UC(S3,~) (see [1] and [2]) if

Re{1+JJ:/ } B‘f ' v (6>20,0<y<1,4+v>0;2z€U),
(1.7)
and is said to be in a corresponding class denoted by SP(f,7) if
Zf’(Z)} 2f'(2) ‘
Red ——2 5> B |——2>— 1|+ >00<~y<1,B+~v>0;z€U).
{ e 7(2) v ! ! )

(1.8)
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Also, a function f € A is said to be in the class of uniformly close-to-convex

functions of order v and type 8 denoted by UKC(S,~) if
Re{—zf (Z)} > |2 —1‘ ty (B20,0<y <1, B+y>0;2€U),
9(z) 9(2)
(1.9)

for some g € SP(B,7) (see [1] and [2]),and it is said to be in the class of
uniformly quasi-convex functions of order v and type 5 denoted by UQC (3, )
if

Re{%} I5; (Zf/<(z>)) 1’—1—7 (6>0,0<y<1,B+7y>0;z€U),
(1.10)
for some g € UKC(B,7) (see [1] and [19]).
We note that
f(2) € UC(B,y) & zf'(z) € SP(B,7) (1.11)
and
f(2) € UQC(B,v) & 2f'(2) e UKC(B,7). (1.12)

Geometric interpretation. Let f € SP(8,v) and f € UC(3, ) if and only

if Zf o) ) and 1+ zf ( ) , respectively, take all the values in the conic domain Rg
Wthh is 1ncluded 1n the right half plane given by

R%B:{w:u+iv€C:u>5 (u—1)2+v2+%520and7€[0,1)},

(113)

with p(z) = Z}{(()) or p(z) =1+ (() and considering the functions which map

U onto conic domain Rg, such that 1 € Rg,, we can write the conditions
(1.7) or (1.8) in the form:

p(2) < Pgr(2) (1.14)

Denote by P(Ps,) (8 > 0,0 <~ < 1), the family of functions p, such that p €
P and p < Ps, in U, where P denotes the well-known class of Caratheodory
functions and the function Ps ., maps the unit disk conformally onto the domain
R. 5 such that 1 € Rg, and ORg is a curve by the equality

2
avagz{w:u%—iveC:uz: (ﬁ (u—1)2+02+7) ,BZOand'ye[O,l)}.

From elementary computations we see that OR s, represent the conic sec-
tions symmetric about the real axis. Thus Rg, is an elliptic domain for 8 > 1,
a parabolic domain for § = 1, a hyperbolic domain for 0 < § < 1 and a right
half plain u > v for g = 0.
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The functions that play the role of extremal functions of the class P(Ps.),
where obtained in [1] as follows:

4 1+(11—Z2~/)z’ 2 ﬁ =
1+ (1 7) (log }J“ﬁ) , 15}

P =

5:4(2) 117672 cos {( cos 15) zlog 1+\‘?} fi};, 0<p <1,

1— . T « 2_
L 1_g2 S <2K(t)> f()\/E m\/ﬁ ?dl'—l— -f_ﬂz, /8 > 1,
(1.15)

where u(z) = f__—\/\/tiz,t € (0,1), z € U and t is chosen such that 8 = cosh 7;[;{ tt) K(t)

is Legendre’s complete elliptic integral of the first kind and K’(¢) is the com-
plementary integral of K (t).

For f = 0 obviously Py, (z) = 1+2(1— 7)2—1—2(1 v)z%+..., for B = 1 (compare
22] and [27]) Py (2) = 14+ 5(1—7)z+ 5 (1 —7)z*+ ..., by comparing Taylor
series expansion in [16], we have for 0 < B <1

o0

K 2n 1 n
PﬁvV()_1+1_ﬁ2 [22 2n€] ;
where B = cos™! 3 and for 8 > 1,

Pso(2) =1+

2(1 — ) X{Z 4K () (B2 + 66+ 1) — 72
AVE(B2 — 1 K2(t) (1 +1) 24V/EK2(t) (1 + 1)

From (1.13) and the properties of the domain Rg, we have

Re (p(2)) > Re (Pas (2)) > 22 7. (1.16)

Let form e Z ={...,—2,-1,0,1,2,...} and £ > —1, XA > 0 a linear operator
NIVE A —> A be defined by

Tnef(z) = [f(z),m=0,
(41 v 7
= 4): zl_[i/ tx )T[lf(z)dt, m=12,..
0
B {41 L2 e d e
I W (="
Let A > 0,a,c € C be such that Re(c —a) > 0 an Erdelyi-Kober type [17]

integral operator Z5° : A — A be defined for Re(c—a) > 0 and Re(a) > —A
by

TUE), m=1,2,
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I'(c+ A) ! el et
F(CH-A)F(C—a)/O (L=t)" " f (et dt

Y f(z) = f(2).

Ii°f(2) =

and

By convolution of the linear operators (defined above), the operator J\y(a, ¢, A) :

A — A was introduced by Raina and Sharma [25] as follows:

jAW,Le(a:QA)f(Z) = ju(IaC f(z)) = Iac(j,\ef( ))
)~

I(c+A) 1+)\(n—1) "T(a+nA)
Ta+A),_, 14/ ['(c+nA) n=

where m € Z = {...,—2,-1,0,1,2,...} and A > 0,A > 0,¢ > —1,a,c € C be
such that Re(c —a) > 0 and Re(a) > —A.

We may point out here that some of the special cases of the operator defined
by (1.17) can be found in [3], [4], [6], [7], [9], [10], [15], [18], [28], [30].

Now, we will use the operator Jy(a, c, A) in the form:

J@wmﬁﬁﬂ@:z+F®+Aya< 144 )mrm+nA) )

Ta+A), ,\1+l+An—1)) T(c+nA)™™
(1.18)

where m € Z* = {0,1,2,...} and A > 0,A > 0,£ > —1,a,c € C be such that

Re(c —a) > 0 and Re(a) > —A.

It is readily verified from (1.18) that

A
14/

z (jgﬂ(a,c, A)f(z)),
(1.19)

Tnila, e, A)f(z) = (1=——) T\ (a, ¢, A) f(2)+

1+/¢

and

A
a+ A

2 (T(a, e, A) ()

(1.20)
Now, we define new subclasses of univalent functions by the linear operator
T(a, e, A)(z) as follows:

j@m+LgAﬁ@):E%ZJ@mm¢ﬁﬂ@+

Definition 2. Let f(z) € A. Then f(2) € SP{(a,c, A, ,7) if and only if
T, e, A) f(z) € SP(B,7).

Definition 3. Let f(z) € A. Then f(z) € UCYy(a,c, A, B,7) if and only if
T, e, A) f(z) e UC(B,7).
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Definition 4. Let f(z) € A. Then f(z) € UKCY(a,c, A, B,7) if and only if
T, e, A) f(z) e UKC(B,7).

Definition 5. Let f(z) € A. Then f(z) € UQCY(a,c, A, 3,7) if and only if
Tiila. e, A)f(2) € UQC(B. ).

We note that
f(Z) € UO;:ZZ(G,C,A,B/}/) g Zf,(Z) S SP)TZ<G7QA7677) (121)
f(Z) € UQC;CLZ(C% C7A7577) A Zfl(z) € UKCm(CL,C’A,B,’}/) (122)

2 Preliminaries Results
In order to prove our results, we need the following lemmas.

Lemma 1. (see [8]). Let a and b be complex nuber and h be univalent convex
function in U with h(0) = ¢ and Re(ah(z) +b) > 0. Let g(z) = c+ > 07 | by 2"
be analytic in U. Then

g(z) + %)(Zlb < h(z) = g(z) < h(2).

Lemma 2. (see [23]). Let h be convex function in U and let D > 0.Suppose
E(z) is analytic in U with Re {E(z)} > D. If g be analytic in U and ¢(0) =
h(0).Then

Dzg"(z) + E(2)z¢'(2) + g(2) < h(2) = g(2) < h(z).

3 Inclusion Relations

In the following results we will study inclusion relations.
Unless otherwise mentioned we shall assume throughout the paper that

meZ=H{.,-2-1012.},8>00<~vy<1, A>0A>0/>
—1,a,c € C be such that Re(c —a) > 0 and Re(a) > —A.

Re(a) Bty 144 1=
Theorem 1. Let =% > —51 > > 3 and f € A. Then

SP;:LK(G’—'— 1707A757’7> C SP)T@(CL,C,AHB,’}/) - SP)T;_I((I, 07A7677)‘
Proof.To prove the first part of Theorem 1, let f € SP{(a + 1,¢, A, 8,7),

and set
2(J™(a,c, A)f(2))
T, e, A)f(2)

=p(z) (z€U), (3.1)
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where p(z) = 1+ p1z + p22? + ...is analytic in U, with p(0) = 1 and p(z) # 0,
for all z € U.
From (1.20), we can write

2 (T (a,c,A)f(z / a m(q c z a

(7 (a,e. (=) :( +A) Tie+Le G o
j;’z(a, c, A)f(2) A Jn (a,c,A)f(2) A

a+ A j}t’;(a—l—l,C,A)f(Z)_ g

S et GRS )

By logarithmically differentiating both sides of the equation (3.3), we get
/ !/
(T 1,6 A)(=) 2 (TneA)f() e
Tnla+1e,A)f(z)  Tnlac A)f(z)  pl2)+ 4

Z<j$(0+1,0714)f(2>>/ B 2p'(2)
TrarLe e - PO e

Form this equation and the argument given by (1.14), we may write

() + 2p'(2)

m < Pgﬁ(z).

Therefore, f € SP{(a,c,A,(3,7) by Lemma 1 and condition (1.14), since
P3 (%) is univalent and convex in U and Re(P3(z)) > gﬁ
To prove the second inclusion relationship asserted by Theorem 1, let

f S SP/@(CL,C,A,B,’V), and pUt

2 (T a,c, A) f(2)
T (a,c, A)f(2)

=q(2) (2€U),

where the function ¢(z) is analytic in U with ¢(0) = 1. Then by arguments
similar to those detailed above with (1.19) it follows that ¢(z) < Ps,(2) in U,
which implies that

f € SP)T;_l(a7 C>A75a7>'

The proof of Theorem 1 is completed.

Theorem 2. Let Z6@) ~ _f+7 1+l o

1—y
A 811’ mandeA.Then

UCY(a+1,¢,A,B,7) CUCTy(a,c, A, B,7) CUCT, (a,c, A, B,7).
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Proof. Applying (1.11) and Theorem 1, we observe that

f(2) UCYV(a+1,¢,A,B,7) < T (a+1,¢,A) f(z) e UC(B,7)
2 (T (a+1,¢,A) f(2)) € SP(B,7)

Ty (a+1,¢,A) (2f'(2)) € SP(B,7)

2f'(z) € SPy(a+1,¢,A,B,7)

2f'(z) € SPYy(a,c, A, B,7)

JIxe(a;c, A) (zf'(2)) € SP(B,7)

z (‘7;} (a,c, A) f(z)), € SP(B,7)

Inela,c, A) f(z) e UC(B,7)

f(z) e UCY (a,c, A, B,7)

tees eV

and

k’%

—
I

~—

UC;:L@(GW ) A: 57 7) g Zf/(Z) S SP)TE(C% ) Aa ﬂa 7)
2f'(z) € SPTY  (a, ¢, A, B,7)

2 (7 (a,e, A) f(2)) € SP(B,7)

f(z) €UCT a,c, A, B,7)

tr Tt 4

which evidently proves Theorem 2.

Re(a) Bty 144 1—
Theorem 3. Let =~ > -3, 5= > 51 and f € A. Then

UKCVy(a+1,¢,A,8,7) CUKCY(a,¢, A, B,7) CUKCY,  (a,¢, A, B,7).
Proof. We begin by proving that
UKC;?Z(G’_'_ 1767 Avﬁ?V) - UKCj\iLZ(a7ch7677)'

Let f € UKCY(a+1,¢, A, 3,7). Then, in view of the definition, we can write

2T (a+1,¢, A) f(2))
Re{ e

for some )(z) € SP(8, 7). Choose the function g(z) such that 7\ (a + 1,¢, A) g(2) =
¥ (z), so we have

o | 2T+ 1,c4) £(2)
T (a+1,¢,A)g(z)

} < Pz, (z€U),

} < PBKY (Z € U) (34)
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Now, we set
2T (a,¢, A) f(2))
T (a,c, A) g(2)
where p(z) = 1 + p12z + p22? + ...is analytic in U, with p(0) = 1 and p(z) # 0,
for all z € U.
Using the identity (1.20), we have

= p(2), (3.5)

AT+ 1.0 A FE) | TlatLed) ()
Ty (a+1,¢,A4)9(2) T (a+1,¢,A4)9(2)
2 (T (a, e, A) (2f'(2))) + (
2 (T (@0 A) g(2) + (

ATacEE) | (I
J/(tlg(azch)g(z) J)TE( G

z(];’k(a,c,A)g(z))l a
o @ede@ T (%)

z(J)TZ (a,c,A)g(z))l

Since g(z) € SPY(a+1,¢, A, 3,7), and by Theorem 1, we can write

TraeA)g(e)
r(z), where Re{r(z)} >0, (z € U),
o 2(TaeA) () (2)p(2)
Z(‘jﬂ (CL + 17 C, A) f(Z)) _ \7;7,14(&70714)9(3) A pi= (3 7)
T (a+1,¢,4) g(2) r(z) + (%)

From (3.5), we consider that
Z(\T/\m,é (a,c, A) f(z))l - \7/\m,é <a7 G, A) g(Z)p(Z) (38)

differentiating both sides of (3.8) with respect to z and divide by J3 (a, ¢, A) g(2),
we have

(T 0, e M EY | = T e ) g() e () + b (0, A) g(2))
[=(T5 (a, ¢, 4) f(2)) ]

‘7)@ (a,c,A) g(z) = zp/(Z) +r(2)p(2)3.9 (3)

Using (3.7) and (3.9), we obtain

2T (a+1,¢, A) f(2)) _ () +r(@)p(2) + (3)p(2)
T (a+1,¢ A)g(z) r(z) + (%)
P LC) I (4)
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From (3.4) and (3.10), we conclude that
2p'(z) < Ps. (3.11)
Putting D = 0 and E(z) = m, we obtain

1
|r(2) + ()]

therefore, the inequality (3.11) satisfies the conditions required by Lemma 2.
Hence p(z) < Pg, so that f € UKCY,(a,c, A, 3,7).

Re{E(2)} =

For the second inclusion relationship asserted by the Theorem 3, using
arguments similar to those detailed above with equation (1.19), we obtain
UKCYy(a,c, A, B,7) C UKC'f\”LZrl(a,c,A,B,y).

Thus, we have completed the proof of Theorem 3

Re(a) Bty 1+  1-
Theorem 4. Let == > —74, 5= > 577 and f € A. Then

UQCT(a+1,¢, A, 8,7) CUQCT(a,c, A, B,7) CUQCY (a, e, A, B, ).
(3.12)
Proof. Applying (1.12), (1.22) and Theorem 3, we observe that

f(2) UQCY (a+1,¢,A,B,7) & Jila+1,¢,A) f(z) € UQC(B,7)
2 (Tr(a+1,¢,A)f(2)) € UKC(8,7)
Tpla+1,¢,A)(2f'(2)) e UKCYy(a+1,c,A, 3,7)

2f'(2) e UKCYy(a+1,¢, A, B,7)

2f'(z) e UKCYy(a,c, A, B,7)

Taila,c, A) (2f'(z)) e UKC(B,7)

2 (Tila, ¢, A) f(2)) € UKC(B,7)

Tiila,e, A)f(z) € UQC(B,7)

f(2) € UQCY (a,c, A, B,7).

(I

and

~

~~
I\

S~—

UQCY (a, ¢, A, B,v) < 2f'(2) € UKCY(a, ¢, A, B,7)
2f'(z) e UKCY (a, ¢, A, B,7)

2 (T (a,¢,A) f(2)) € UKC(B,7)

f(z) € UQO;’};I(a,c,A,B,v)

T ¢ dn
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which evidently proves Theorem 4.
The proof is completed.

Next, we study the closure properties of generalized Bernardi integral operator
(see [4] and [20]) defined by:

c+1
ZC

Lof(z)= /0 e @dt (feA,e>—1). (3.13)

Theorem 5. Let ¢ > —% and f € A. If J{y(a,c, A)f(2) € SP(B,7), then

L (TN(a,c, A)f(2)) € SP(B,7).

Proof. From (3.13), and the linear operator JYy(a, ¢, A) f(z), we have

2 (Ta, e, ALS(2)) = (e + DIV e, A) f(z) = eI (a, ¢, A) (Ccf(?)) "
3.14
Setting
2 (File e ALSE)
Tia,e, A) (Lof(2)) D
where p(z) = 1+ p12z + paz? + ...is analytic in U, with p(0) = 1 and p(z) # 0,

for all z € U.
From (3.14), we have

(a, e, A)f(z
p(z) = (c+ 1)\7)’;(&,(0, Y ()Eiif()z)) —c. (3.15)

By logarithmically differentiating both sides of the equation (3.15), we have

2 (Ta, e, A f(z)) z(J;,f;(asz)<£cf<z>>)’+ 2p/(2)
Thla,c, A)f(z)  Tf(a,c A) (Lef(2))  pla)+c

z (j/{’}z(a, c, A)f(z))/
j}%(aa ¢ A).f('z)

2p/(2)
p(2) +c

= p(z) +

Since p(z) < Ps, and Re{Ps, + ¢} > 0, then by applying Lemma 2, we have
the result.

Theorem 6. Let ¢ > —% and f € A. If JV)(a,c, A)f(z) € UC(B,7), then

Lo (Flac. A)f(2)) € UC(B.7).
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Proof. Consider the following

f(z) € UCY(B,7) & Ta,c,A)f(z) € UC(B,7)
2 (T (a,c, A)f(2))" € SP(B,7)

Tnila, e, A)(zf'(2)) € SP(B,7)

zf'(2) € SPy(a,c, A, B,7)

Le(2f'(2)) € SPy(a,c, A, B,7)

Tiila, ¢, AL (2f'(2)) € SP(B,7)

2 (T(a, e, A)Lf(2)) € SP(B,7)
LT, ¢, A)f(z) € UC(B,7)

the proof is completed.

N O R

Theorem 7. Let ¢ > —% and f € A. If JVj(a,c,A)f(z) € UKC(B,7),
then

Proof. Let f € UKCY(a,c, A, 3,7). Then, in view of the definition, we can

write
(T (a, e, A, f(2))
Re{ ) } <P, (z€U),

for some ¢(z) € SP(B, 7). Choose the function g(z) such that JY(a,c, A)g(z) =
¥(z), so we have

( ; } <P, (z€U). (3.16)

Now, we set

AT (a, e, A) f(2))
Tnlec NI -
Ty(a,c, A)g(z)
where p(z) = 1 + p12z + p22? + ...is analytic in U, with p(0) = 1 and p(z) # 0,
for all z € U.
Using the identity (1.14), we have

AT, c. A)f(2) Tila,c, A)(zf'(2))
Tla,e, Ag(z) — T{ila,c, A)g(z)
2 (T(a, e, A)Lo(2f'(2)) + e T (a, e, A)Lo(2f(2))
(\I\@(a e, A)Leg(z )) JFCJM(G ¢, A)Leg(2)
(T (e, A) Le(2f(2))) L Ty (a,e,A) Leo(2f (2))
_ T (@A) Log(2) T (@A) Leg(2) 318 5)

Z(J)\Wfé (a,c,A)Ecg(z))/
Tiyaelogz) 1€
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Since g(z) € SPY(a,c, A, 8,7), and by Theorem 5, we have L.g(2) € SP{y(a,c, A, B,7).
Setting

2 (T (a,e, A)Log(2))
j,(n,e(av C, A),ch(Z)

Also, we can define h by

= H(z).

2 (T(a, e, A)Lof(2) = T(a, e, A)Log(2) [h(2)], (3.19)

differentiating both sides of (3.19) with respect to z, we have

. [z (jﬂcc“f(z))/} W(z) + h(z)H(2) (3.20)
= zh'(2 2)H (z). :
T(a, e, A)Leg(2)
Using (3.18) and (3.20), we obtain
AT7a, e, A)F(2)) 2h(2) + h(z)H (2) + ch(z)
Tila, e, A)g(z) H(z) +c
B zh (z)
This in conjunction with (3.16) leads to
zh (2)
h(Z) + m = Pgﬁ. (322)
Putting D = 0 and E(z) = H(zl)+czh’(z), we obtain Re{E(z)} > 0, if ¢ >
B—y

— 5 therefore, the inequality (3.22) satisfies the conditions required by Lemma

2. Hence p(z) < gg, so, the proof is completed.

’Il‘lheorem 8. Let ¢ > —g% and f € A. If J{i(a,c,A)f(z) € UQC(B,7),
then

Lo (Ti(a e, A) f(2)) € UQC(B, 7).
Proof. The proof of Theorem 8 similar that to the proof of Theorem 7, so

the details are ometted.

Open problem

The authors sugeste to study the above inclusion problems for uniformly mero-
morphic functions.
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