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1 Introduction

Let H := H(U) be the linear space of all analytic functions in the open unit
disc

U:={zeC:|z] <1}.

Forae Candne N={1,2,3---} let

Hla,n)={feH: f(z) =a+apz" + an 12"+ }. (1)
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We denote by A the subclass of the functions f € H|a, 1] normalized with the
conditions f(0) = f’(0) — 1 =0 and fP*(0) #0 (p € N). A function f(z) in
A is said to be univalent in U if f(z) is one to one in U.

Let the functions f and g be members of H. We say that f is subordinate
to g [12] and write

f<ginU or f(2)<g(z) (z€0)

if there exists a Schwarz function w(z), which (by definition) is analytic in
U with w(0) = 0 and |w(z)| < 1 such that

f(z) =g(w(z)) (z€).

It follows from the Schwarz lemma that

f(z) <9(2) (2 €U) = [(0) = g(0) and f(U) C g(U).

Furthermore, if the function g is univalent in U, then (see, e.g; [17])

f(z) <g(z) (2 €U) < f(0) = g(0) and f(U) C g(U).

We often say that g is the subordinating function and f is the subordinated
function. Or equivalently, g is the dominant and f is the subordinant in the
subordination.

We need the following definitions for our present investigation:

Definition 1.1. (see [12]) Let ¢p : C* — C and let h be univalent in U. If
p is analytic in U and satisfies the following differential subordination:

b(p(2), 20 (2)) < h(2), (2)

then p is called a solution of the differential subordination (2). A univalent
function q is called a dominant of the solutions of the differential subordination
(2) or more simply, a dominant if p(z) < q(z) for all p satisfying (2). A
dominant ¢ that satisfies ¢(z) < q(z) for all dominants q of (2) is said to be
the best dominant of (2).

Definition 1.2. (see [13]) Let ¢ : C* — C and let h be analytic in U. If
p and ¢(p(2), zp'(2)) are univalent in U and satisfy the differential superordi-
nation:

h(z) < o(p(2), 2p'(2)), (3)
then p is called a solution of the differential superordination (3). An analytic
function q s called a subordinant of the solutions of the differential superor-
dination (3) or more simply, a subordinant if q(z) < p(z) for all p satisfying
(3). A univalent subordinant q that satisfies q(z) < q(z) for all subordinants q
of (3) is said to be the best subordinant of (3).
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Definition 1.3. (see [12], Definition 2.2b, p. 21) We denote by Q the class
of functions f that are analytic and injective on U\ E(f), where

E(f)=4{£:£€0U and liglsf(z) =00}

and are such that f'(§) # 0 for £ € OU\ E(f).

Definition 1.4. (see [13]) A function L(z,t) defined on U x [0,00) is called
a subordination (or a Lowner) chain if L(.,t) is analytic and univalent in U
for all t € [0,00), L(z,.) is continuously differentiable on [0,00) for all z € U
and L(z,t1) < L(z,t3) for all0 <t; <ty and z € U.

Let A denote the family of normalized functions of the form:

z)=z+ Z a,z" (4)

which are analytic in U. Let f, g € A, where f(z) is defined by (4) and g(z) is

given by
2) =2+ Z bpz", (5)
n=2

then the Hadamard product (or convolution) of f and g denoted by f * g is
defined by

(f*9)(= —Z+Zanbz =: (g f)(2). (6)

For any real numbers k£ and A, Cata§ [5] defined the multiplier transforma-
tion I(0, A, 1) on A by the following infinite series:

1 1
1(6,\, 1) f +Z{ +A1”+l )”] 42" (nEN, 8 A 1>0: 2el).
(7)

Finding sufficient conditions using differential subordination for general-
ized multiplier transformation is an important topic of research in Geometric
Function Theory. In recent years, several authors (see, for details, [6], [8]) have
obtained various basic properties such as inclusion, subordination , superordi-
nation, convolution properties of the multiplier transformation defined by (7).
Now using the convolution, we extend the multiplier transformation defined in
(7) to more generalized class as follows:

Define

> 1+1 °
¢5()\,l;z)—z+z[1+)\(n_1)+l] 2" (6, AER, 4, A\, 1 >0; z€U).
n=2

(8)
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Corresponding to the function ¢°(\,l;2), we define the function ¢>T(\,[; 2),
the generalized multiplicative inverse of ¢°(\, 1;2) given by

@\ 2) x0T (N 15 2) = (n>0). (9)

(1 =z

If u = 1, the function ¢>f(\,[;2) is the inverse of ¢°()\,l; 2) with respect to
the Hadamard product. Using this function we define the family of transforms
(A p,1) : A — A as follows:

P i D) f(2) = 9"\ L 2) * f(2)

(W {HA(n—l)H}‘S
=z+ apz” (0, A, 1 >0, u>0; 2z€U
nz:;(l)n_l 1+1 ( a )

(10)

where (a),, is the Pochhammer symbol (or the shifted factorial) defined (in
terms of the familiar Gamma function) by

['(a+n) {1 (n=0)

(a)nzwz a(a+1)(a+n—1) (TLEN)

The transformation 1°(\, u,1) generalizes several previously studied familiar
operators. The following are the some of the interesting particular cases:

e for 6 = m (m € Ny := NU{0}), A >0, 1 =0, p =1, the operator
I"™(X,1,0) = DY was introduced and studied by Al-Oboudi [2];

eforo=m, A=1 u =1,

[ = 0, the operator I"(1,1,0) = D™ was
introduced and studied in [16];

o for 6 =m, A\ =1, u =1, the operator I"*(1,1,1) = Z;™ was studied by
Cho and Srivastava [7];

e for 6 =m, A\ =pu=1=1, the operator I""(1,1,1) = Z,, was studied by
Uralegaddi and Somanatha [18];

o for 6 =m, pu=1, [ =0, the operator I""(\,1,0) = DY* was introduced
and studied by Acu and Owa [1].

Note that
O(1,1,0)() = f(z) and T'(1,1,0)f(=) = 2f(2) ()
I(Hl(la 1,0)f(z) = I§<1a 2,0)f(z) = D6+1f(z>' (12)



116 Trailokya Panigrahi

It can be easily shown from (10) that

L+ D, D f(2) = (1= A+ DI ) f(2) + A2, 1) f ()] (13)

and

PO o+ 1,0 f(2) = 2[CO w DF ()] + (= DI 1, 1) f(2). (14)

Recently, several authors obtained many interesting results involving various
integral operators associated with differential subordination and superordi-
nation. For example, using the principle of subordination between analytic
functions, Miller et al.[10] and Owa and Srivastava [14] investigated some
subordination- preserving properties for certain integral operators while Bul-
boaca [3, 4] investigated the subordination as well as superordination- preserv-
ing properties of certain non linear integral operators.

Motivated by aforementioned work, in this paper the author obtains the
subordination and superordination- preserving properties associated with the
operator I°(\, u1,1) defined in (10). Several Sandwich-type results involving
this operator are also derived.

2 Preliminaries Lemmas

The proof of the theorems proceed through a number of steps, stated below
as lemmas.

Lemma 2.1. (see [9, 12]) Suppose that the function H : C* — C satisfies
the condition:

RH(is,t) <0,

for all real s and t < _"(1;82), where n 1s a positive integer. If the function

p(z) =14 pp2"™ + -+ is analytic in U and
RH (p(2),2p'(2)) >0 (2 € 1),
then R{p(z)} > 0 in U.

Lemma 2.2. (see [11]) Let B,v € C with B # 0, and let h € H(U) with
h(0) = c. If R{Bh(z) +~} > 0 for z € U, then the solution of the differential
equation:

—ZQ/(Z) = z z ) =cC

is analytic in U and satisfies R{Bq(z) +~v} >0 (2 € U).
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Lemma 2.3. (see [12]) Let ¢ € Q with q(0) = a and let p(z) = a+a,z"+- -
be analytic in U with p(z) # a andn > 1. Ifp is not subordinate to q, then there
exists the points zg = roe? € U and & € U\ E(f) for which p(U,,) C ¢(U),

p(20) = q(&), and 2p'(20) = mé&oq (&) (m>n>1)
where U,, = {z € C: |z| <ro}.

# 0} and

Lemma 2.4. (see [13]) Let H[a,1] = {f € H : f(0) = a, f'(0)
z). If L(z,t) =

q € Hla,1], ¢ : C* — C. Also set ¥(q(2),2¢'(z)) = h
¥(q(2),t2q' (2)) is a subordination chain and p € ’H[a, 11N Q, then

h(z) < (p(2),2p'(2)) (2 €)

implies that

q9(z) <p(z) (z€0).
Furthermore, if the differential equation ¥(q(z), 2¢'(z)) = h(z) has a univalent
solution q € Q, then q is the best subordinant.

Lemma 2.5. (see [15]) The function L(z,t) : U x [0,00) — C of the form
L(z,t) = a1 (t)z + as(t)2* + - - -

with ay(t) # 0 for allt > 0 and lim;__, |a1(t)| = oo is a subordination chain
if and only if

20L(z,t)/0z
R { OL(z,t)/0t

3 Main Results

}>0 (z€U;0<t<o0).

Theorem 3.1 contains subordination results for the integral operator I°(\, j, 1)
defined by equation (10).

Theorem 3.1. Let f,g € A and Suppose that

R {1 + Zj(?} > (€U (15)
where
[P O s Dg(2) ] [P s Dg(2) |”
o0 = [Tt | | 1o
and n s given by
_NHAH DT - N oA DT s om0, (1)

da(1+1)
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Then the subordination condition:

et | <[] )

(18)
implies that
I° l SN, “
z z
Moreover, the function [M]a 1s the best dominant.

Proof. Let us define the functions F(z) and G(z) in U by

ﬁxz)::[yzﬁlﬁﬁliGQ}a and G(@:::[giﬁiﬁ@ﬂﬁﬁ}a (z€U) (20)

z z
respectively. Now, we show that, if the function ¢(z) is defined by

2G"(2)
G'(2)

q(z) =1+ (z € ), (21)

then
R{q(z)} >0 (z€0).

Taking the logarithmic differentiation on both sides of the second equation in
(20) and using the identity (13) for g € A in the resulting equation, we get
AzG'(2)

6() = G+ 20

(22)

where the function ¢(z) is defined in (16).
Differentiating both sides of (22) with respect to z gives

/ . A / A /
¢(Z)_<1+M)G(z)+a(l+1)2G(z)' (23)

From (21) and (23) after simplification yields

2¢"(z) . 2G"(2) 2q'(2)
b ¢'(2) - G'(2) i q(z) + @

=q(z —zq’(z) =h(z) (2
—ﬁ)+dd+ﬂ%g—M) (z€U). (24)

Therefore, it follows from (15) and (24) that

%{m@+““;”}>o (z D). (25)
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Hence by Lemma 2.2 we deduce that the differential equation (24) has a solu-
tion ¢ € H(U) with ~(0) = ¢(0) = 1.
Let us define the function

H(u,v) =u+ +, (26)

U+ a(1)\+l)

where 7 is given by (17). From (15), (24) and (26) it follows that
R{H (q(2),2¢'(2))} >0 (2 €U).

Now we proceed to prove that

1 2
R{H(is,t)} <0 forall real s and t < ! 28 ) (27)
From (26), we have
. . t
R{H(is,t)} = R is+ P +n
is + 2Lt
a(l+]
(o2
‘is 2l

2
2 ‘z’s + —a(1/\+l)’

where

() = (a(lj N 277) 2 a(1A+ ) (277@(1; H 1) ()

For n given by (17), we observe that the coefficient of s® in the quadratic
expression 1,(s) given by (29) is positive or equal to zero. Moreover, the
discriminant A of ¢, (s) in (29) is given by

A a(l+1) a2(1+l)2} ML)

=4
A2 A

2
— 2|1
1 3 77+{+

which, for assumed value of 7 given by (17) gives
A =0,

and so that the quadratic expression for s in ¢, (s) given by (29) is a perfect
square. Therefore, it follows from (28) that

R{H(is, )} <0 (seR,tg —1252). (30)
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Thus by application of Lemma 2.1, we conclude that
R{q(z)} >0 (z€T).

That is the function G(z) defined by (20) is convex (univalent) in U.
Next, we will prove that the subordination condition (18) implies that

F(z) < G(z) (z€0) (31)

for the functions F' and G defined by (20). Without loss of generality, we can
assume that the function G(z) is analytic, univalent on U and G’(¢) # 0 for
|| = 1. Otherwise, we replace F' and G by F,.(z) = F(rz) and G,.(z) = G(rz)
respectively for r € (0,1) . Then these new functions satisfy the conditions of
the theorem on U. Thus we need to prove that F,(z) < G,(z) for all r € (0, 1),
which the result (31) follows by letting r — 17.

To prove (31), let us define the function L(z,t) by

141

a(1+1)
A

L(z,t) == G(z) +

2G'(2) (2€U; 0<t< ). (32)

Since G is convex in U and & 1+l) > (0, we obtain

OL(z,t) 14t 1+t
5 Lo =GO |1+ T :[1 aam | #0 eV 0<t<o0).
A A

This shows that the function
L(z,t) =ar(t)z+ -~

satisfies the conditions a;(t) # 0 for all ¢ € [0,00) and lim;—,o|ai(t)| = .
Furthermore,

2OL(2,4) N
?R{ aLa(';t) } = 9?{ (1/\+ ) +(1 —i—t)q(z)} >0 (ze€l).

ot

Thus, by virtue of Lemma 2.5, L(z,t) is a subordination chain. Hence, it
follows from Definition 1.4 that

and
L(z,0) < L(z,t) (2€U; 0<t<00).

This implies that
L(C.t) ¢ L(U,0) = 6(U) (¢ € V30 <t < oc). (33)
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Now suppose that the function F' is not subordinate to G, then by Lemma 2.3
there exists two points zg € U and (y € OU such that
F(Zo) = G(Co) and ZoF/<Zo) = (1 -+ t)COG/(CO) (O S t < OO) (34)

Hence, we have

_ |:Ia<)‘7 K, l)f(a])} * [I(S—H()‘: K, l)f(z(])
B <0 I6<)‘7 K, l)f(ZO)

by virtue of the subordination condition (18). This contradicts to (33). Thus,
the subordination condition (18) must imply the subordination given by (31).
Considering F' = G, we see that the function G(z) is the best dominant. Thus,
the prove of Theorem 3.1 is completed.

Letting 6 = m, A = u =1 in Theorem 3.1 we obtain the following result:

] & H(U),

Corollary 3.2. Let f,g € A and suppose that

R (1 + Z(Z),/;g)) >, (35)

where

o-[EE ]

and ny 1s given by

1+ a?(14+10)* =1 —a?(1+1)?

= da(1+1) (37)
Then the subordination condition:
Iy (2)} 17 (2)]° -1;n+1g(z>] [Iw)r
38
o) ) = ] 1 (3)
implies ) . )
BIC" [ )
z ] |z

and the function (@) 15 the best dominant.

Taking [ = 0 in Corollary 3.2, we have
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Corollary 3.3. Let f,g € A and suppose that

(e
where o) - {D;;;?S)] [Dmg(Z)r (41)

and ny 18 given by
1+’ — 11—

. 42
2 1o ( )

Then the subordination condition

(o | [ ] <[ 2] W
implies (D™ f(2)]° . 'Dmg(z)r »

and the function (w) 15 the best dominant.

Putting 6 = m = 0 in Corollary 3.3 and using the relation (11) we get the
following results:

Corollary 3.4. Let f,g € A and suppose that

21+ 55)
where s [zgg(g)] [@] (46)

and n3 1s given by
1+a®—1-0o?

" da ‘ (47)
Then the subordination condition:
FLE] <L @
implies
M R g()} a (49)

and the function (g(z)> is the best dominant.

z
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By employing the same technique as in the proof of Theorem 3.1 and using
the identity (14) instead of (13), we obtain the following theorem.

Theorem 3.5. Let f,g € A and pn > 0. Suppose that

W)
3?{1—1— V2) }> 1 (50)
where
[P+ 1D9(2)] [P 1 Dg(2)]"
v = [ PO\, Dg(2) } { 2 } oy
and oy 1s given by
o = L= 1 - b (> 0). (52)

dap

Then, the subordination condition:

P@M+4Jﬁﬁq[FQMJV@WQ<{WMM+LDM@}FW&mDﬂ@r7

O DI(2) : P 10s(2) e
implies that
{W—Uﬂz)] " [M] N (54)

M] is the best dominant.

Moreover, the function [
Putting 6 =m, u =X =1, [ = 0 in Theorem 3.5 and using the relation
(12) we obtain the result of Corollary 3.3.
As we know if f is subordinate to h, then A is superordinate to f. Now
we investigate a dual problem regarding Theorem 3.1 in the sense that the
subordinations are replaced by superordinations.

Theorem 3.6. Let f,g € A and X\ > 0. Suppose that

s e
T - [ fase)”

P (ul)g(z) z

i U and [M} € Q, then the superordination condition:

] [P« [Re ] [FRE]

and n is given by (17). If the function [15“(,\,,1,1)9(2)} [15(’\’“’[)9(2)} is univalent

(57)
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implies that 5 W .
Lo TR DIE) (58)

z z

—15(’\’“2’”9&)] is the best subordinant.

Moreover, the function [
Proof. The proof of the theorem follows the same lines as that of Theorem
3.1. We will give only main steps.
Let the functions F, G and ¢ are defined by (20) and (21) respectively. As
in the proof of Theorem 3.1, we have

R{q(2)} >0 (z€0).

That is G is defined by (20) is convex (univalent) in U. Next, to arrive at our
desired result, we show that G < F'. For this purpose, we defined the function
L(z,t) as (32).

Since G is convex and = > 0, by applying a similar method as in
Theorem 3.1 we deduce that L(z,t) is a subordination chain. Therefore, by
using Lemma 2.4, we conclude that the superordination condition (57) must
imply the superordination G < F. Moreover, since the differential equation

/
82) = G+ ) (e, 201(2)

A

a(1+1)
A

has a univalent solution G, it is the best subordinant of the given differential
superordination. This completes the proof of Theorem 3.6.
Letting 6 = m, A = p =1 in Theorem 3.6 we obtain the following:

Corollary 3.7. Let f,g € A and suppose that
/!
R (1 + 20 (2)) > —m,

¢'(2)
where
- By

m—+1

and n is given by (37). If the function [Illmgg)Z)] [Iri(z)} is univalent in U
l

m a
and [Zng(z)] € Q, then the superordination condition:

) 22 <P 2]

]

m «
and the function (@) 15 the best subordinant.

o) = |

implies
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Putting [ = 0 in Corollary 3.7 we get
Corollary 3.8. Let f,g € A and suppose that

()

where

o0 = [ Pomat)] (st

Dmg(2) z

and ng is given by (42). If the function [D;:;qu(;)} [szg(z)] is univalent in U

and [w} € Q, then the superordination condition:

o(z) = {D];";;?S)l [Dmg(z)r ) [Dgn:;{g)} [Dmi‘(z)]a

implies

z

z

D)) [onse)”

and the function (%) 15 the best subordinant.

Letting 6 = m = 0 in Corollary 3.8 and using the relation (11) we get the
following results:

Corollary 3.9. Let f,g € A and suppose that
/!
R (1 + Z(b (Z)) > -3,

¢'(2)
where /() (2)]°
2q'(2)] [g(z
- [55] [F]
D= 1w L
and ng is given by (47). If the function [%} [g(j)]a is univalent in U and

(0%
[%Z)} € Q, then the superordination condition:

{zg’(zq (9(2) 1" 'Zf’(Z)} {f(Z)r

0@ L= ] TR

z
implies

=2 <
| < L <

9(2)]" 'Mr

and the function (g(z)> is the best subordinant.

z



126 Trailokya Panigrahi

By using the same technique as in the proof of Theorem 3.6 and using the
identity (14) instead of (13), we obtain the following:

Theorem 3.10. Let f,g € A and p > 0. Suppose that

R {1 + Zﬁg)} > 0 (59)

where

) = | i : o

and oy is given by (52). If the function [ﬂ?&:}f;gjﬁ] [15(’\";’”9(3)] is univalent

i U and [M} € Q, then the superordination condition:

F%xu+me@]F%xmwmayf<F%xu+Lwﬂw}F%xmwfuqﬁ

PO\ p+ 1, l)zgz)] {I‘s(k,u, l)g(z)r

(X, 1, 1)g(2) z (X, 1, 1) f(2) z
(61)
implies that
2 z '
Moreover, the function [w]a 15 the best subordinant.

Combining Theorems 3.1, 3.6 and Theorems 3.5, 3.10, we obtain the fol-
lowing ”Sandwich-type theorems”.

Theorem 3.11. Let f,gr € A (k= 1,2) and suppose that

29p(2) |
§R{1+ 5.(2) }> i (63)
where
_ 15+1()‘7M7l)gk<z) 15()‘7M7l)gk<z) * <
or(2) = [ O Doe(2) ] [ . ] (u, A\, a>0,1>0;z€0U)

(64)

and n is given by (17). If the function [Ii;(li’\u’“;)l}{z()z)] [Ia(A’“Z’l)f(z)} is univalent

in U and [w} € Q, then the condition:

v L I el
. [I‘”l(%u,l)gz(Z)] [15(%#,092(2)}&
(A, 11, 1) g2(2) 2

(65)
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implies that

{M] ) {M} y [M} (66)

z z z

z z

VIO R [ (uttl)g2(2)

e
Moreover, the function [ ] are respectively the

best subordinant and the best dominant.

Theorem 3.12. Let f,gr € A (k=1,2) and u > 0. Suppose that

W)
where
J z 0 )1
| s

(68)

and o1 is given by (52). If the function [15&;‘:%)9{5)] [Ié(A’“Z’l)f(Z)] is univalent

m U and [Mr € Q, then the condition:

e R I v e
< [m gt 1, z>gz<z>} [ <A,u,1>ga<z>r
(A, 1, 1)g2(2) <

(69)
implies that

[Ié(x,ﬂ, Z)gl(z)r ) [I‘S(A,u,l)f(z)r . [I‘s(A,MJ)gz(z)r

z z z

(70)

Moreover, the function w and [%] are respectively the

best subordinant and the best dominant.

By taking 6 = m and A = p = 1 in Theorem 7?7 we obtain the following
corollary.

Corollary 3.13. Let f,gr € A (k=1,2) and suppose that

o)

where
Im+1

bu(z) = [ [y (Z)] [If”gk(Z)r (zeU)

k
[ gr(2) z
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. . )] (1) e . . .
and 1y is giwen by (37). If the function [ L ] [ L ] s univalent in U

1" f(2) z
and [M} € Q, then the condition:

z

][22 < Pt [ < ] 2]

implies that

z z V4

2] <[] <22,

and the function W} and [@] are respectively the best subordinant

and the best dominant.
By putting [ = 0 in Corollary 3.13, we have:
Corollary 3.14. Let f, g, € A (k=1,2) and suppose that

()

where

or() = [Dm“ng)} [Dmgku) o

elU
D gy (2) z } Fel)
and 1y is given by (42). If the function [DMHf(Z)} [Dmf(z)r is univalent in U

D™ f(z) z
m o
and [D—f(z)] € Q, then the condition:

z

{Dmﬂgl(z)} {Dmm(z)r . [Dm“f(z)} [D’”f(z)r Dt

2
Dmg(z) z Dmf(z) z = | D™gs(2) z

implies that

z z z ’

2] <[ g

and the function [Dm+l(z)] and [Dm+2(z)] are respectively the best subordinant

and the best dominant.

Further, by letting 6 = m = 0 in Corollary 3.14 and using the relation (11)
we get the following result:

Corollary 3.15. Let f, g, € A (k=1,2) and suppose that

s

(2)} {Dmgz(z)

;
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where

or(2) =

]2 e

and n3 is given by (47). If the function [zf/(z)} [f(z)} is ungvalent in U and
[@] € Q, then the condition:

Sl - EE T - EEl T

[91(2>r< [J”(Z)r< lm(@]‘i

and the function [gliz)} and [gziz)} are respectively the best subordinant and

implies that

the best dominant.

4 Open Problem

The author suggests to introduce different operator on the function and study
the above results in the context of the modified operator.
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