
Int. J. Open Problems Complex Analysis, Vol. 6, No. 3, November, 2014
ISSN 2074-2827; Copyright cICSRS Publication, 2014
www.i-csrs.org

Some growth properties of iterated entire functions

on the basis of slowly changing functions

Sanjib Kumar Datta
Department of Mathematics, University of Kalyan

P.O.- Kalyani, Dist-Nadia, PIN- 741235, West Bengal, India
e-mail:sanjib_kr_datta@yahoo.co.in

Tanmay Biswas
Rajbari, Rabindrapalli, R. N. Tagore Road, P.O. Krishnagar
P.S.- Kotwali, Dist-Nadia, PIN- 741101, West Bengal, India

e-mail: tanmaybiswas_math@redi¤mail.com

Chinmay Ghosh
Gurunanak Institute of Technology, 157/F Nilgunj Road, Panihati

Sodepur, Kolkata-700114, West Bengal, India
e-mail: chinmayarp@gmail.com

Xiao-Min Li
Department of Mathematics, Ocean University of China

Qingdao, Shandong, 266100, P.R.China
e-mail: xmli1267@gmail.com

Received 13 May 2014; Accepted 28 July 2014

Abstract

In the paper we prove some comparative growth properties of it-
erated entire functions using generalized L�-order and generalized
L�-lower order.

Keywords: Iterated entire function, Nevanlinna�s characteristic function,
maximum term, maximum modulus, growth, slowly changing function, gener-
alised L�-order ( generalised L�-lower order).
2010 Mathematical Subject Classi�cation: 30D30, 30D35.



Growth Properties of Iterated Entire Functions ..... 13

1 Introduction, De�nitions and Notations

Let C be the set of all �nite complex numbers and f be entire de�ned
in the �nite complex plane C: We use the standard notations and de�nitions
in the theory of entire functions which are available in [14]. In the sequel the
following notation is used :

log[k] x = log
�
log[k�1] x

�
for k = 1; 2; 3; :::: and log[0] x = x:

The Nevanlinna�s characteristic function T (r; f), the maximum term

� (r; f) and the maximum modulus M (r; f) of f =
1P
n=0

anz
n on jzj = r are

respectively de�ned as T (r; f) = 1
2�

2�R
0

log+
��f(rei�)�� d�; � (r; f) = max (janj rn)

and M (r; f) = max
jzj=r

jf (z)j.

According to Lahiri and Banerjee [6], if f (z) and g (z) be entire func-
tions, then the iteration of f with respect to g is de�ned as follows:

f (z) = f1 (z)

f (g (z)) = f (g1 (z)) = f2 (z)

f (g (f (z))) = f (g (f1 (z))) = f (g2 (z)) = f3 (z)

:::::: ::::::::: ::::::::::: ::::::::

f (g (f::::::::: (f (z) or g (z)) ::::::::::)) = fn (z) ; according as n is odd or even,

and so

g (z) = g1 (z)

g (f (z)) = g (f1 (z)) = g2 (z)

g (f (g (z))) = g (f (g1 (z))) = g (f2 (z)) = g3 (z)

:::::: ::::::::: ::::::::::: ::::::::

g (f (gn�2 (z))) = g (fn�1 (z)) = gn (z) :

Clearly all fn (z) and gn (z) are entire functions.
Lakshminarasimhan [5] introduced the idea of the functions of L-

bounded index. Later Lahiri and Bhattacharjee [7] worked on the entire func-
tions of L-bounded index and of non uniform L-bounded index. In this paper
we would like to investigate some growth properties of iterated entire functions
on the basis of their Nevanlinna�s characteristic functions, maximum terms and
maximum moduli using generalised L�-order and generalised L�-lower order.

To start our paper we just recall the following de�nitions :
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De�nition 1. The order �f and lower order �f of an entire function f are
de�ned as

�f = lim sup
r!1

log[2]M(r; f)

log r
and �f = lim inf

r!1

log[2]M(r; f)

log r
:

Extending this notion, Sato [9] de�ned the generalised order and gen-
eralised lower order of an entire function as follows :

De�nition 2. [9]Let p be an integer � 2. The generalised order �[p]f and

generalised lower order �[p]f of an entire function f are de�ned by

�
[p]
f = lim sup

r!1

log[p]M (r; f)

log r
and �[p]f = lim inf

r!1

log[p]M (r; f)

log r

respectively.

For p = 2; De�nition 2 reduces to De�nition 1:
If �f <1 then f is of �nite order. Also �f = 0 means that f is of order zero.
In this connection Datta and Biswas [2] gave the following de�nition :

De�nition 3. [2]Let f be an entire function of order zero. Then the quantities
���f and ���f of f are de�ned by

���f = lim sup
r!1

logM (r; f)

log r
and ���f = lim inf

r!1

logM (r; f)

log r
:

Let L � L (r) be a positive continuous function increasing slowly i.e.,
L (ar) � L (r) as r !1 for every positive constant a. Singh and Barker [10]
de�ned it in the following way:

De�nition 4. [10]A positive continuous function L (r) is called a slowly chang-
ing function if for " (> 0) ;

1

k"
� L (kr)

L (r)
� k" for r � r (") and

uniformly for k (� 1) :
If further, L (r) is di¤erentiable, the above condition is equivalent to

lim
r!1

rL0 (r)

L (r)
= 0 :

Somasundaram and Thamizharasi [11] introduced the notions of L-
order (L-lower order ) for entire functions where L � L (r) is a positive contin-
uous function increasing slowly i.e.,L (ar) � L (r) as r !1 for every positive
constant �a�. The more generalised concept for L-order ( L-lower order ) for
entire function are L�-order ( L�-lower order ). Their de�nitions are as follows:
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De�nition 5. [11]The L�-order �L�f and the L�-lower order �L
�

f of an entire
function f are de�ned as

�L
�

f = lim sup
r!1

log[2]M (r; f)

log [reL(r)]
and �L

�

f = lim inf
r!1

log[2]M (r; f)

log [reL(r)]
:

In the line of Sato [9] , Datta and Biswas [2] one can de�ne the gener-
alised L�-order �[p]L

�

f and generalised L�-lower order�[p]L
�

f of an entire function
f in the following manner :

De�nition 6. Let p be an integer � 1. The generalised L�-order �[p]L
�

f and

generalised L�-lower order �[p]L
�

f of an entire function f are de�ned as

�
[p]L�

f = lim sup
r!1

log[p]M (r; f)

log [reL(r)]
and �[p]L

�

f = lim inf
r!1

log[p]M (r; f)

log [reL(r)]

respectively.
With the help of the inequality

T (r; f) � log+M (r; f) � R + r

R� rT (R; f) fcf: [3]g for 0 � r < R <1;

one can easily verify that

�
[p]L�

f = lim sup
r!1

log[p�1] T (r; f)

log [reL(r)]
and �[p]L

�

f = lim inf
r!1

log[p�1] T (r; f)

log [reL(r)]
:

Also for 0 � r < R,

� (r; f) �M (r; f) � R

R� r� (R; f) fcf: [13]g ;

it is easy to see that

�
[p]L�

f = lim sup
r!1

log[p] � (r; f)

log [reL(r)]
and �[p]L

�

f = lim inf
r!1

log[p] � (r; f)

log [reL(r)]
:

2 Lemmas

In this section we present some lemmas which will be needed in the sequel.

Lemma 1. [12] Let f and g be any two entire functions with g(0) = 0: Then
for all su¢ ciently large values of r;

� (r; f � g) � 1

2
�

�
1

8
�
�r
4
; g
�
� jg(0)j ; f

�
:
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Lemma 2. [1] If f and g are any two entire functions then for all su¢ ciently
large values of r;

M

�
1

8
M
�r
2
; g
�
� jg(0)j ; f

�
�M(r; f � g) �M (M (r; g) ; f) :

Lemma 3. [8] Let f and g be any two entire functions. Then we have

T (r; f � g) � 1

3
logM

�
1

8
M
�r
4
; g
�
+O(1); f

�
:

Lemma 4. Let f and g be any two entire functions such that �[p]L�f <1 and

�
[q]L�
g < 1 where p and q are any two positive integers. Then for any " > 0
and for all su¢ ciently large values of r,

log[
n
2
(p�1)+(n�22 )(q�1)] T (r; fn)

�
�
�
[p]L�

f + "
�
(logM (r; g) + L (M (r; g))) +O(1) when n is even

and

log[
(n�1)
2

f(p�1)+(q�1)g] T (r; fn)

�
�
�[q]L

�

g + "
�
[logM (r; f) + L (M (r; f))] +O(1) when n is odd and n 6= 1 :

Proof. Let us consider n to be an even number.
Then in view of Lemma 2 and the inequality T (r; f) � log+M (r; f) �
R+r
R�rT (R; f) for 0 � r < R < 1; we get for all su¢ ciently large values of
r that

T (r; fn) � logM (r; fn)

i:e:; T (r; fn) � logM (M (r; gn�1) ; f)

i:e:; log[p�1] T (r; fn) � log[p]M (M (r; gn�1) ; f)

i:e:; log[p�1] T (r; fn) �
�
�
[p]L�

f + "
�
log
�
M (r; gn�1) e

L(M(r;gn�1))
�

i:e:; log[p�1] T (r; fn) �
�
�
[p]L�

f + "
�
[logM (r; gn�1) + L (M (r; gn�1))]

i:e:; log[p�1] T (r; fn) �
�
�
[p]L�

f + "
�
[logM (M (r; fn�2) ; g) + L (M (r; gn�1))]

i:e:; log[p�1] T (r; fn)

� logM (M (r; fn�2) ; g)

24��[p]L�f + "
�
+

�
�
[p]L�

f + "
�
L (M (r; gn�1))

logM (M (r; fn�2) ; g)

35
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i:e:; log[(p�1)+(q�1)] T (r; fn) � log[q]M (M (r; fn�2) ; g)+O(1)

i:e:; log[(p�1)+(q�1)] T (r; fn)

�
�
�[q]L

�

g + "
�
[logM (M (r; gn�3) ; f) + L (M (r; fn�2))] +O(1)

:::::: ::::::::: ::::::::::: ::::::::

:::::: ::::::::: ::::::::::: ::::::::

Therefore,

log[
n
2
(p�1)+(n�22 )(q�1)] T (r; fn)

�
�
�
[p]L�

f + "
�
[logM (r; g) + L (M (r; g))] +O(1) when n is even:

Similarly,

log[
(n�1)
2

f(p�1)+(q�1)g] T (r; fn)

�
�
�[q]L

�

g + "
�
[logM (r; f) + L (M (r; f))] +O(1) when n is odd and n 6= 1 :

This proves the lemma.

Lemma 5. Let f and g be any two entire functions such that �[p]L�f <1 and

�
[q]L�
g < 1 where p and q are any two positive integers. Then for any " > 0
and for all su¢ ciently large values of r;

log[p+(
n�2
2 )f(p�1)+(q�1)g]M (r; fn)

�
�
�
[p]L�

f + "
�
(logM (r; g) + L (M (r; g))) +O(1) when n is even

and

log[p+
(n�3)
2

(p�1)+ (n�1)
2

(q�1)]M (r; fn)

�
�
�[q]L

�

g + "
�
[logM (r; f) + L (M (r; f))] +O(1) when n is odd and n 6= 1 :

We omit the proof of the lemma because it can be carried out in the
line of Lemma 4 and with the help of Lemma 2.

Similarly the following lemma can be carried out in the line of Lemma
5 and with the help of the inequality � (r; f) � M (r; f) � R

R�r� (R; f) for
0 � r < R <1 .

Lemma 6. Let f and g be any two entire functions such that �[p]L�f <1 and

�
[q]L�
g < 1 where p and q are any two positive integers. Then for any " > 0
and for all su¢ ciently large values of r;

log[p+(
n�2
2 )f(p�1)+(q�1)g] � (r; fn)

�
�
�
[p]L�

f + "
�
(log � (�r; g) + L (� (r; g))) +O(1) when n is even
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and

log[p+
(n�3)
2

(p�1)+ (n�1)
2

(q�1)] � (r; fn)

�
�
�[q]L

�

g + "
�
[log � (�r; f) + L (� (r; f))] +O(1) when n is odd and n 6= 1

where � > 1 :

We omit the proof of the lemma.

Lemma 7. Let f and g be any two entire functions such that 0 < �[p]L
�

f <1
and 0 < �[q]L

�

g <1 where p and q are any two positive integers. Then for any

"
�
0 < " < min

n
�
[p]L�

f ; �[q]L
�

g

o�
and for all su¢ ciently large values of r,

log[
n
2
(p�1)+(n�22 )(q�1)] T (r; fn)

�
�
�
[p]L�

f � "
��
logM

� r

4n�1
; g
�
+ L

�
M
� r

4n�1
; g
���

+O(1)

when n is even

and

log[
(n�1)
2

f(p�1)+(q�1)g] T (r; fn)

�
�
�[q]L

�

g � "
��
logM

� r

4n�1
; f
�
+ L

�
M
� r

4n�1
; f
���

+O(1)

when n is odd and n 6= 1 :

Proof. We choose " in such a way that "
�
0 < " < min

n
�
[p]L�

f ; �[q]L
�

g

o�
:

Also let us consider n is an even number .
Now in view of Lemma 3 and the inequality T (r; f) � log+M (r; f) � R+r

R+r

T (R; f) for 0 � r < R < 1 fcf: [3]g ; we get for all su¢ ciently large values
of r that

T (r; fn) = T (r; f � gn�1)

i:e:; T (r; fn) � 1

3
logM

�
1

8
M
�r
4
; gn�1

�
+O(1); f

�
i:e:; log[p�1] T (r; fn) � log[p]M

�
1

8
M
�r
4
; gn�1

�
+O(1); f

�
+O(1)

i:e:; log[p�1] T (r; fn) �
�
�
[p]L�

f � "
�
log

��
1

9
M
�r
4
; gn�1

��
eL(

1
9
M( r4 ;gn�1))

�
+O(1)
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i:e:; log[p�1] T (r; fn) �
�
�
[p]L�

f � "
��
logM

�r
4
; gn�1

�
+ L

�
1

9
M
�r
4
; gn�1

���
+O(1)

i:e:; log[p�1] T (r; fn) �
�
�
[p]L�

f � "
��
T
�r
4
; gn�1

�
+ L

�
1

9
M
�r
4
; gn�1

���
+O(1)

i:e:; log[p�1] T (r; fn)

�
�
�
[p]L�

f � "
��1
3
logM

�
1

8
M
� r
42
; fn�2

�
+O(1); g

�
+ L

�
1

9
M
�r
4
; gn�1

���
+O(1)

i:e:; log[p�1] T (r; fn) � logM
�
1

9
M
� r
42
; fn�2

�
; g

�
�241

3

�
�
[p]L�

f � "
�
+

�
�
[p]L�

f � "
�
L
�
1
9
M
�
r
4
; gn�1

��
+O(1)

logM
�
1
9
M
�
r
42
; fn�2

�
; g
�

35
i:e:; log[(p�1)+(q�1)] T (r; fn) � log[q]M

�
1

9
M
� r
42
; fn�2

�
; g

�
+O(1)

i:e:; log[(p�1)+(q�1)] T (r; fn) �
�
�[q]L

�

g � "
�
�

log

��
1

9
M
� r
42
; fn�2

��
eL(

1
9
M( r

42
;fn�2))

�
+O(1)

i:e:; log[(p�1)+(q�1)] T (r; fn) �
�
�
[q]L�

g � "
� h
logM

� r
42
; fn�2

�
+ L

�
M
� r
42
; fn�2

��i
:::::: ::::::::: ::::::::::: ::::::::

:::::: ::::::::: ::::::::::: ::::::::

Therefore

log[
n
2
(p�1)+(n�22 )(q�1)] T (r; fn)

�
�
�
[p]L�

f � "
� h
logM

� r

4n�1
; g
�
+ L

�
M
� r

4n�1
; g
��i

when n is even :

Similarly,

log[
(n�1)
2

f(p�1)+(q�1)g] T (r; fn)

�
�
�[q]L

�

g � "
� h
logM

� r

4n�1
; f
�
+ L

�
M
� r

4n�1
; f
��i

when n is odd and n 6= 1 :

Thus the lemma follows.
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Lemma 8. Let f and g be any two entire functions such that 0 < �[p]L
�

f <1
and 0 < �[q]L

�

g <1 where p and q are any two positive integers. Then for any

"
�
0 < " < min

n
�
[p]L�

f ; �[q]L
�

g

o�
and for all su¢ ciently large values of r,

log[p+(
n�2
2 )f(p�1)+(q�1)g]M (r; fn)

�
�
�
[p]L�

f � "
��
logM

� r

4n�1
; g
�
+ L

�
M
� r

4n�1
; g
���

+O(1)

when n is even

and

log[p+
(n�3)
2

(p�1)+ (n�1)
2

(q�1)]M (r; fn)

�
�
�[q]L

�

g � "
��
logM

� r

4n�1
; f
�
+ L

�
M
� r

4n�1
; f
���

+O(1)

when n is odd and n 6= 1 :

We omit the proof of the lemma because it can be carried out in the
line of Lemma 7 and with the help of Lemma 3.

Similarly, the following lemma can be carried out in the line of Lemma
8 and in view of Lemma 1.

Lemma 9. Let f and g be any two entire functions such that 0 < �[p]L
�

f <1
and 0 < �[q]L

�

g <1 where p and q are any two positive integers. Then for any

"
�
0 < " < min

n
�
[p]L�

f ; �[q]L
�

g

o�
and for all su¢ ciently large values of r,

log[p+(
n�2
2 )f(p�1)+(q�1)g] � (r; fn)

�
�
�
[p]L�

f � "
��
log �

� r

2n�1
; g
�
+ L

�
�
� r

2n�1
; g
���

+O(1)

when n is even

and

log[p+
(n�3)
2

(p�1)+ (n�1)
2

(q�1)] � (r; fn)

�
�
�[q]L

�

g � "
��
log �

� r

2n�1
; f
�
+ L

�
�
� r

2n�1
; f
���

+O(1)

when n is odd and n 6= 1 :

The proof is omitted.
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3 Theorems

In this section we present the main results of the paper.

Theorem 10. Let f and g be any two entire functions such that 0 < �[p]L
�

f �
�
[p]L�

f < 1 where p � 1 and 0 < �L�g � �L�g < 1: Then for every constant A
and real number x;

(i) lim
r!1

log[
(np�2)

2 ] T (r; fn)n
log[p�1] T (rA; f)

o1+x =1
and

(ii) lim
r!1

log[
(np�2)

2 ] T (r; fn)

flog T (rA; g)g1+x
=1

where n is any even number.

Proof. If x is such that 1+x � 0; then the theorem is obvious. So we suppose
that 1 + x > 0:
Now in view of Lemma 7; we get for all su¢ ciently large values of r that

log[
(np�2)

2 ] T (r; fn) � O (1) +
�
�
[p]L�

f � "
� h
logM

� r

4n�1
; g
�

+L
�
M
� r

4n�1
; g
��i

i:e:; log[
(np�2)

2 ] T (r; fn) � O (1) +
�
�
[p]L�

f � "
�n� r

4n�1

�
eL(

r
4n�1 )

o�L�g �"

+
�
�
[p]L�

f � "
�
L
�
M
� r

4n�1
; g
��

(1)

where we choose 0 < " < min
n
�
[p]L�

f ; �L
�

g

o
:

Also for all su¢ ciently large values of r we obtain that

log[p�1] T
�
rA; f

�
�

�
�
[p]L�

f + "
�
log
n
rAeL(r

A)
o

i:e:; log[p�1] T
�
rA; f

�
�

�
�
[p]L�

f + "
�
log
n
rAeL(r

A)
o

i:e:;
n
log[p�1] T

�
rA; f

�o1+x
�
�
�
[p]L�

f + "
�1+x �

A log r + L
�
rA
��1+x

: (2)

Similarly, we get for all su¢ ciently large values of r; that

log T
�
rA; g

�
�

�
�L

�

g + "
�
log
n
rAeL(r

A)
o

i:e:; log T
�
rA; g

�
�

�
�L

�

g + "
�
log
n
rAeL(r

A)
o

i:e:;
�
log T

�
rA; g

�	1+x �
�
�L

�

g + "
�1+x �

A log r + L
�
rA
��1+x

: (3)
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Now combining (1) and (2) ; it follows for all su¢ ciently large values of r that

log[
(np�2)

2 ] T (r; fn)n
log[p�1] T (rA; f)

o1+x

�
O (1) +

�
�
[p]L�

f � "
�n�

r
4n�1

�
eL(

r
4n�1 )

o�L�g �"
+
�
�
[p]L�

f � "
�
L
�
M
�

r
4n�1 ; g

��
�
�
[p]L�

f + "
�1+x

(A log r + L (rA))1+x
:

(4)
Thus the �rst part of the theorem follows from (4).
Again from (1) and (3) we get for all su¢ ciently large values of r that

log[
(np�2)

2 ] T (r; fn)

flog T (rA; g)g1+x

�
O (1) +

�
�
[p]L�

f � "
�n�

r
4n�1

�
eL(

r
4n�1 )

o�L�g �"
+
�
�
[p]L�

f � "
�
L
�
M
�

r
4n�1 ; g

��
�
�L�g + "

�1+x
(A log r + L (rA))1+x

i:e:; lim
r!1

log[
n
2
(p�1)+(n�22 )] T (r; fn)

flog T (rA; g)g1+x
=1 :

Thus the second part of the theorem is established.

In the line of Theorem 10, we may state the following theorem without
its proof :

Theorem 11. Let f and g be any two entire functions such that 0 < �L
�

f �
�L

�
f <1 where p � 1 and 0 < �[q]L�g � �[q]L

�
g <1: Then for every constant A

and real number x;

(i) lim
r!1

log[
(n�1)q

2 ] T (r; fn)

flog T (rA; f)g1+x
=1

and

(ii) lim
r!1

log[
(n�1)q

2 ] T (r; fn)n
log[q�1] T (rA; g)

o1+x =1
when n is odd and n 6= 1 :

The proof is omitted.
The following two theorems can be carried out in the line of Theorem

10 and Theorem 11 and with the help of Lemma 5 .
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Theorem 12. Let f and g be any two entire functions such that 0 < �[p]L
�

f �
�
[p]L�

f < 1 where p � 1 and 0 < �L�g � �L�g < 1: Then for every constant A
and real number x;

(i) lim
r!1

log[
np
2 ]M (r; fn)n

log[p]M (rA; f)
o1+x =1

and

(ii) lim
r!1

log[
np
2 ]M (r; fn)n

log[2]M (rA; g)
o1+x =1

where n is any even number.

Theorem 13. Let f and g be any two entire functions such that 0 < �L
�

f �
�L

�
f <1 where p � 1 and 0 < �[q]L�g � �[q]L

�
g <1: Then for every constant A

and real number x;

(i) lim
r!1

log[
nq�q+2

2 ]M (r; fn)n
log[2]M (rA; f)

o1+x =1
and

(ii) lim
r!1

log[
nq�q+2

2 ]M (r; fn)n
log[q]M (rA; g)

o1+x =1
when n is odd and n 6= 1 :

Replacing maximum modulus by maximum term in Theorem 12 and
Theorem 13, we respectively get Theorem 14 and Theorem 15.

Theorem 14. Let f and g be any two entire functions such that 0 < �[p]L
�

f �
�
[p]L�

f < 1 where p � 1 and 0 < �L�g � �L�g < 1: Then for every constant A
and real number x;

(i) lim
r!1

log[
np
2 ] � (r; fn)n

log[p] � (rA; f)
o1+x =1

and

(ii) lim
r!1

log[
np
2 ] � (r; fn)n

log[2] � (rA; g)
o1+x =1;

where n is any even number.
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Theorem 15. Let f and g be any two entire functions such that 0 < �L
�

f �
�L

�
f <1 where p � 1 and 0 < �[q]L�g � �[q]L

�
g <1: Then for every constant A

and real number x;

(i) lim
r!1

log[
nq�q+2

2 ] � (r; fn)n
log[2] � (rA; f)

o1+x =1
and

(ii) lim
r!1

log[
nq�q+2

2 ] � (r; fn)n
log[q] � (rA; g)

o1+x =1
when n is odd and n 6= 1 :

The proofs of the above two theorems are omitted as those can be
carried out with the help of Lemma 9 and in the line of Theorem 12 and
Theorem 13 .

Theorem 16. Let f and g be any two entire functions such that 0 < �[p]L
�

f �
�
[p]L�

f < 1 and 0 < �L
�

g � �L
�
g < 1 where p � 1: Then for any two positive

integers � and � and for any even n,

(i) lim
r!1

log[
np
2 ] T (exp (exp (r�)) ; fn)

log[p�1] T (exp (r�) ; f) + L (exp (exp (r�)))
=1

and

(ii) lim
r!1

log[
np
2 ] T (exp (exp (r�)) ; fn)

log T (exp (r�) ; g) + L (exp (exp (r�)))
=1

where K (r; �;L) =
�
0 if r� = o fL (exp (exp (r�)))g as r !1
L (exp (exp (r�))) otherwise .

Proof. Taking x = 0 and A = 1 in the �rst part of Theorem 10, we obtain for
K > 1 and for all su¢ ciently large values of r that

log[
(np�2)

2 ] T (r; fn) > K log[p�1] T (r; f)

i:e:; log[
(np�4)

2 ] T (r; fn) >
n
log[p�2] T (r; f)

oK
i:e:; log[

(np�4)
2 ] T (r; fn) > log[p�2] T (r; f) : (5)

Therefore from (5) we get for all su¢ ciently large values of r that

log[
(np�2)

2 ] T (exp (exp (r�)) ; fn) > log
[p�1] T (exp (exp (r�)) ; f)
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i:e:; log[
(np�2)

2 ] T (exp (exp (r�)) ; fn)

>
�
�
[p]L�

f � "
�
: log fexp (exp (r�)) : expL (exp (exp (r�)))g

i:e:; log[
(np�2)

2 ] T (exp (exp (r�)) ; fn)

>
�
�
[p]L�

f � "
�
: f(exp (r�)) + L (exp (exp (r�)))g

i:e:; log[
(np�2)

2 ] T (exp (exp (r�)) ; fn)

>
�
�
[p]L�

f � "
�
:

�
(exp (r�))

�
1 +

L (exp (exp (r�)))

(exp (r�))

��

i:e:; log[
np
2 ] T (exp (exp (r�)) ; fn) > O (1) + log exp (r�)

+ log

�
1 +

L (exp (exp (r�)))

(exp (r�))

�

i:e:; log[
np
2 ] T (exp (exp (r�)) ; fn) > O (1) + r

�

+ log

�
1 +

L (exp (exp (r�)))

(exp (r�))

�

i:e:; log[
np
2 ] T (exp (exp (r�)) ; fn) > O (1) + r

� + L (exp (exp (r�)))

�log [exp fL (exp (exp (r�)))g]

+ log

�
1 +

L (exp (exp (r�)))

exp (�r�)

�

i:e:; log[
np
2 ] T (exp (exp (r�)) ; fn) > O (1) + r

� + L (exp (exp (r�)))

+ log

�
1

exp fL (exp (exp (r�)))g

+
L (exp (exp (r�)))

exp fL (exp (exp (r�)))g : exp (r�)

�

i:e:; log[
np
2 ] T (exp (exp (r�)) ; fn) > O (1) + r

(���):r�

+ L (exp (exp (r�))) : (6)
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Again we have for all su¢ ciently large values of r that

log[p�1] T
�
exp

�
r�
�
; f
�
�
�
�
[p]L�

f + "
�
log
n
exp

�
r�
�
eL(exp(r

�))
o

i:e:; log[p�1] T
�
exp

�
r�
�
; f
�
�
�
�
[p]L�

f + "
��
log exp

�
r�
�
+ L

�
exp

�
r�
��	

i:e:; log[p�1] T
�
exp

�
r�
�
; f
�
�
�
�
[p]L�

f + "
��
r� + L

�
exp

�
r�
��	

i:e:;
log[p�1] T

�
exp

�
r�
�
; f
�
�
�
�
[p]L�

f + "
�
L
�
exp

�
r�
���

�
[p]L�

f + "
� � r� : (7)

Now from (6) and (7) ; it follows for all su¢ ciently large values of r that

log[
np
2 ] T (exp (exp (r�)) ; fn)

� O (1) +
 

r(���)

�
[p]L�

f + "

!h
log[p�1] �

�
exp

�
r�
�
; f
�
�
�
�
[p]L�

f + "
�
L
�
exp

�
r�
��i

+ L (exp (exp (r�))) (8)

i:e:;
log[

np
2 ] T (exp (exp (r�)) ; fn)

log[p�1] T (exp (r�) ; f)
� L (exp (exp (r�))) +O (1)

log[p�1] T (exp (r�) ; f)

+
r(���)

�
[p]L�

f + "

8<:1�
�
�
[p]L�

f + "
�
L
�
exp

�
r�
��

log[p�1] T (exp (r�) ; f)

9=; : (9)

Again from (8) we get for all su¢ ciently large values of r that

log[
np
2 ] T (exp (exp (r�)) ; fn)

log[p�1] T (exp (r�) ; f) + L (exp (exp (r�)))

�
O (1)� r(���)L

�
exp

�
r�
��

log[p�1] T (exp (r�) ; f) + L (exp (exp (r�)))

+

�
r(���)

�
[p]L�
f +"

�
log[p�1] T

�
exp

�
r�
�
; f
�

log[p�1] T (exp (r�) ; f) + L (exp (exp (r�)))

+
L (exp (exp (r�)))

log[p�1] T (exp (r�) ; f) + L (exp (exp (r�)))
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i:e:;
log[

np
2 ] T (exp (exp (r�)) ; fn)

log[p�1] T (exp (r�) ; f) + L (exp (exp (r�)))
�

O(1)�r(���)L(exp(r�))
L(exp(exp(r�)))

log[p�1] T(exp(r�);f)
L(exp(exp(r�)))

+ 1

+

�
r(���)

�
[p]L�
f +"

�
1 + L(exp(exp(r�)))

log[p�1] T(exp(r�);f)

+
1

1 +
log[p�1] T(exp(r�);f)
L(exp(exp(r�)))

: (10)

Case I. If r� = o fL (exp (exp (r�)))g ; then it follows from (9) that

lim inf
r!1

log[
np
2 ] T (exp (exp (r�)) ; fn)

log[p�1] T (exp (r�) ; f)
=1 :

Case II. If r� 6= o fL (exp (exp (r�)))g ; then two sub cases may arise:
Sub case (a). If L (exp (exp (r�))) = o

n
log[p�1] T

�
exp

�
r�
�
; f
�o
, then we

get from (10) that

lim inf
r!1

log[
np
2 ] T (exp (exp (r�)) ; fn)

log[p�1] T (exp (r�) ; f) + L (exp (exp (r�)))
=1 :

Sub case (b). If L (exp (exp (r�))) � log[p�1] T
�
exp

�
r�
�
; f
�
then

lim
r!1

L (exp (exp (r�)))

log[p�1] T (exp (r�) ; f)
= 1

and we obtain from (10) that

lim inf
r!1

log[
np
2 ] T (exp (exp (r�)) ; fn)

log[p�1] T (exp (r�) ; f) + L (exp (exp (r�)))
=1 :

Combining Case I and Case II, we obtain that

lim
r!1

log[
np
2 ] T (exp (exp (r�)) ; fn)

log[p�1] T (exp (r�) ; f) + L (exp (exp (r�)))
=1 ;

where K (r; �;L) =
�
0 if r� = o fL (exp (exp (r�)))g as r !1
L (exp (exp (r�))) otherwise .

This proves the �rst part of the theorem.
Now, with the help of the second part of the Theorem 10 and in the line of the
�rst part of Theorem 16, one may easily prove the seond part of theorem.16.
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Theorem 17. Let f and g be any two entire functions with 0 < �L
�

f � �L�f <1
and 0 < �[q]L

�

g � �[q]L
�

g <1 where p � 1: Then for any two positive integers �
and � and for any odd n except 1,

(i) lim
r!1

log[
(n�1)q

2
+1] T (exp (exp (r�)) ; fn)

log T (exp (r�) ; f) + L (exp (exp (r�)))
=1

and

(ii) lim
r!1

log[
(n�1)q

2
+1] T (exp (exp (r�)) ; fn)

log[q�1] T (exp (r�) ; g) + L (exp (exp (r�)))
=1

where K (r; �;L) =
�
0 if r� = o fL (exp (exp (r�)))g as r !1
L (exp (exp (r�))) otherwise .

The proof of the theorem is omitted because it can be carried out with
the help of Theorem 11 and in the line of Theorem 16.

Theorem 18. Let f and g be any two entire functions such that 0 < �[p]L
�

f �
�
[p]L�

f < 1 and 0 < �L
�

g � �L
�
g < 1 where p � 1: Then for any two positive

integers � and � and for any even n,

(i) lim
r!1

log[
np
2
+1]M (exp (exp (r�)) ; fn)

log[p]M (exp (r�) ; f) + L (exp (exp (r�)))
=1

and

(ii) lim
r!1

log[
np
2
+1]M (exp (exp (r�)) ; fn)

log[2]M (exp (r�) ; g) + L (exp (exp (r�)))
=1

where K (r; �;L) =
�
0 if r� = o fL (exp (exp (r�)))g as r !1
L (exp (exp (r�))) otherwise .

Theorem 19. Let f and g be any two entire functions with 0 < �L
�

f � �L�f <1
and 0 < �[q]L

�

g � �[q]L
�

g <1 where p � 1: Then for any two positive integers �
and � and for any odd n except 1,

(i) lim
r!1

log[
nq�q+4

2 ]M (exp (exp (r�)) ; fn)

log[2]M (exp (r�) ; f) + L (exp (exp (r�)))
=1

and

(ii) lim
r!1

log[
nq�q+4

2 ]M (exp (exp (r�)) ; fn)

log[q]M (exp (r�) ; g) + L (exp (exp (r�)))
=1

where K (r; �;L) =
�
0 if r� = o fL (exp (exp (r�)))g as r !1
L (exp (exp (r�))) otherwise .
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Remark 1. In view of Theorem 14 and Theorem 15 , the results analogous to
Theorem 18 and Theorem 19 can also be derived in terms of maximum terms
of iterated entire functions.

Theorem 20. Let f and g be any two entire functions such that 0 < �L�g <

�
[p]L�

f � �
[p]L�

f < 1 where p � 1: Then for any even number n and for any
� > 1;

lim
r!1

log[
np�2
2 ] T (r; fn)

log[p�1] T (r; f) �K (r; g;L)
= 0 ;

whereK (r; g;L) =

8>><>>:
1 if L

�
exp

�
�+1
��1T (�r; g)

��
= o

�
r�e�L(r)

	
as r !1

and for some � < �[p]L
�

f

L
�
exp

�
�+1
��1T (�r; g)

��
otherwise.

Proof. In view of Lemma 4 and taking R = �r in the inequality T (r; f) �
log+M (r; f) � R+r

R�rT (R; f) fcf: [3]g ; we have for all su¢ ciently large values
of r that

i:e:; log[
np�2
2 ] T (r; fn)

�
�
�
[p]L�

f + "
���

reL(r)
	(�L�g +")

+ L (M (r; g))

�
+O(1)

i:e:; log[
np�2
2 ] T (r; fn)

�
�
�
[p]L�

f + "
���

reL(r)
	(�L�g +")

+ L

�
exp

�
� + 1

� � 1T (�r; g)
���

+O(1) (11)

Also we obtain for all su¢ ciently large values of r that

log[p�1] T (r; f) �
�
�
[p]L�

f � "
�
log
�
reL(r)

�
i:e:; log[p�1] T (r; f) �

�
�
[p]L�

f � "
�
log
�
reL(r)

�
i:e:; log[p�1] T (r; f) �

�
reL(r)

���[p]L�f �"
�
: (12)

Now from (11) and (12) ; we get for all su¢ ciently large values of r that

log[
np�2
2 ] T (r; fn)

log[p�1] T (r; f)

�

�
�
[p]L�

f + "
���

reL(r)
	(�L�g +")

+ L
�
exp

�
�+1
��1T (�r; g)

���
+O(1)

[reL(r)]

�
�
[p]L�
f �"

� : (13)
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Since �L
�
g < �

[p]L�

f , we can choose " (> 0) in such a way that

�L
�

g + " < �
[p]L�

f � " : (14)

Case I. Let L
�
exp

�
�+1
��1T (�r; g)

��
= o

�
r�e�L(r)

	
as r ! 1 and for some

� < �
[p]L�

f :

As � < �[p]L
�

f , we can choose " (> 0) in such a way that

� < �
[p]L�

f � " : (15)

Since L
�
exp

�
�+1
��1T (�r; g)

��
= o

�
r�e�L(r)

	
as r ! 1; we get on using (15)

that

L
�
exp

�
�+1
��1T (�r; g)

��
r�e�L(r)

! 0 as r !1

i:e:;
L
�
exp

�
�+1
��1T (�r; g)

��
[reL(r)]

�
�
[p]L�
f �"

� ! 0 as r !1 : (16)

Now in view of (13), (14) and (16) we obtain that

lim
r!1

log[
np�2
2 ] T (r; fn)

log[p�1] T (r; f)
= 0 : (17)

Case II. If L
�
exp

�
�+1
��1T (�r; g)

��
6= o

�
r�e�L(r)

	
as r ! 1 and for some

� < �
[p]L�

f then from (13) we get for a sequence of values of r tending to in�nity
that

log[
np�2
2 ] T (r; fn)

log[p�1] T (r; f) :L
�
exp

�
�+1
��1T (�r; g)

�� �
�
�
[p]L�

f + "
��
reL(r)

	(�L�g +")

[reL(r)]

�
�
[p]L�
f �"

�
L
�
exp

�
�+1
��1T (�r; g)

��
+

�
�
[p]L�

f + "
�

[reL(r)]

�
�
[p]L�
f �"

� : (18)

Now using (14) it follows from (18) that

lim
r!1

log[
np�2
2 ] T (r; fn)

log[p�1] T (r; f) :L
�
exp

�
�+1
��1T (�r; g)

�� = 0 : (19)
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Combining (17) and (19) we obtain that

lim
r!1

log[
np�2
2 ] T (r; fn)

log[p�1] T (r; f) :L
�
exp

�
�+1
��1T (�r; g)

�� = 0 ;

whereK (r; g;L) =

8>><>>:
1 if L

�
exp

�
�+1
��1T (�r; g)

��
= o

�
r�e�L(r)

	
as r !1

and for some � < �[p]L
�

f

L
�
exp

�
�+1
��1T (�r; g)

��
otherwise.

Thus the theorem is established.

The following theorem can be carried out in the line of Theorem 20
and therefore its proof is omitted :

Theorem 21. Let f and g be any two entire functions with 0 < �L�g < �
[p]L�

f <
1 where p � 1: Then for any even number n and for any � > 1;

lim inf
r!1

log[
np�2
2 ] T (r; fn)

log[p�1] T (r; f) �K (r; g;L)
= 0 ;

whereK (r; g;L) =

8>><>>:
1 if L

�
exp

�
�+1
��1T (�r; g)

��
= o

�
r�e�L(r)

	
as r !1

and for some � < �[p]L
�

f

L
�
exp

�
�+1
��1T (�r; g)

��
otherwise.

Theorem 22. Let f and g be any two entire functions such that 0 < �L�f <

�[q]L
�

g � �
[q]L�
g < 1 where q � 1: Then for any odd number n (6= 1) and for

any � > 1;

lim
r!1

log[
(n�1)q

2 ] T (r; fn)

log[q�1] T (r; g) �K (r; f ;L)
= 0 ;

whereK (r; f ;L) =

8>><>>:
1 if L

�
exp

�
�+1
��1T (�r; f)

��
= o

�
r�e�L(r)

	
as r !1

and for some � < �[q]L
�

g

L
�
exp

�
�+1
��1T (�r; f)

��
otherwise.

Theorem 23. Let f and g be any two entire functions with 0 < �L�f < �
[q]L�
g <

1 where q � 1: Then for any odd number n (6= 1) and for any � > 1;

lim inf
r!1

log[
(n�1)q

2 ] T (r; fn)

log[q�1] T (r; g) �K (r; g;L)
= 0 ;
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whereK (r; g;L) =

8>><>>:
1 if L

�
exp

�
�+1
��1T (�r; f)

��
= o

�
r�e�L(r)

	
as r !1

and for some � < �[q]L
�

g

L
�
exp

�
�+1
��1T (�r; f)

��
otherwise.

We omit the proof of Theorem 22 and Theorem 23 as those can be
carried out in the line of Theorem 20 and Theorem 21 and with the help of
second part of Lemma 4.

The following four theorems can be carried out in the line of Theorem
20, Theorem 21, Theorem 22 and Theorem 23 respectively and with the help
of Lemma 5. Therefore their proofs are omitted.

Theorem 24. Let f and g be any two entire functions such that 0 < �L�g <

�
[p]L�

f � �[p]L
�

f <1 where p � 1: Then for any even number n ;

lim
r!1

log[
np
2 ]M (r; fn)

log[p]M (r; f) �K (r; g;L)
= 0 ;

where K (r; g;L) =

8<:
1 if L (M (r; g)) = o

�
r�e�L(r)

	
as r !1

and for some � < �[p]L
�

f

L (M (r; g)) otherwise.

Theorem 25. Let f and g be any two entire functions with 0 < �L�g < �
[p]L�

f <
1 where p � 1: Then for any even number n ;

lim inf
r!1

log[
np
2 ]M (r; fn)

log[p]M (r; f) �K (r; g;L)
= 0 ;

where K (r; g;L) =

8<:
1 if L (M (r; g)) = o

�
r�e�L(r)

	
as r !1

and for some � < �[p]L
�

f

L (M (r; g)) otherwise.

Theorem 26. Let f and g be any two entire functions such that 0 < �L�f <

�[q]L
�

g � �[q]L
�

g <1 where q � 1: Then for any odd number n (6= 1) ;

lim
r!1

log[
(n�1)q+2

2 ]M (r; fn)

log[q]M (r; g) �K (r; f ;L)
= 0 ;

where K (r; f ;L) =

8<:
1 if L (M (r; f)) = o

�
r�e�L(r)

	
as r !1

and for some � < �[q]L
�

g

L (M (r; f)) otherwise.
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Theorem 27. Let f and g be any two entire functions with 0 < �L�f < �
[q]L�
g <

1 where q � 1: Then for any odd number n (6= 1) ;

lim inf
r!1

log[
(n�1)q

2 ]M (r; fn)

log[q]M (r; g) �K (r; g;L)
= 0 ;

where K (r; g;L) =

8<:
1 if L (M (r; f)) = o

�
r�e�L(r)

	
as r !1

and for some � < �[q]L
�

g

L (M (r; f)) otherwise.

Replacing maximummodulus by maximum term in Theorem 24, Theo-
rem 25, Theorem 26 and Theorem 27 we respectively get Theorem 28, Theorem
29, Theorem 30 and Theorem 31 :

Theorem 28. Let f and g be any two entire functions such that 0 < �L�g <

�
[p]L�

f � �
[p]L�

f < 1 where p � 1: Then for any even number n and for any
� > 1;

lim
r!1

log[
np
2 ] � (r; fn)

log[p] � (r; f) �K (r; g;L)
= 0 ;

where K (r; g;L) =

8<:
1 if L (� (�r; g)) = o

�
r�e�L(r)

	
as r !1

and for some � < �[p]L
�

f

L (� (�r; g)) otherwise.

Theorem 29. Let f and g be any two entire functions with 0 < �L�g < �
[p]L�

f <
1 where p � 1: Then for any even number n and for any � > 1;

lim inf
r!1

log[
np
2 ] � (r; fn)

log[p] � (r; f) �K (r; g;L)
= 0 ;

where K (r; g;L) =

8<:
1 if L (� (�r; g)) = o

�
r�e�L(r)

	
as r !1

and for some � < �[p]L
�

f

L (� (�r; g)) otherwise.

Theorem 30. Let f and g be any two entire functions such that 0 < �L�f <

�[q]L
�

g � �
[q]L�
g < 1 where q � 1: Then for any odd number n (6= 1) and for

any � > 1;

lim
r!1

log[
(n�1)q

2 ] � (r; fn)

log[q] � (r; g) �K (r; f ;L)
= 0 ;

where K (r; f ;L) =

8<:
1 if L (� (�r; f)) = o

�
r�e�L(r)

	
as r !1

and for some � < �[q]L
�

g

L (� (�r; f)) otherwise.
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Theorem 31. Let f and g be any two entire functions with 0 < �L�f < �
[q]L�
g <

1 where q � 1: Then for any odd number n (6= 1) and for any � > 1;

lim inf
r!1

log[
(n�1)q

2 ] � (r; fn)

log[q] � (r; g) �K (r; g;L)
= 0 ;

where K (r; g;L) =

8<:
1 if L (� (�r; f)) = o

�
r�e�L(r)

	
as r !1

and for some � < �[q]L
�

g

L (� (�r; f)) otherwise.

We omit the proof of Theorem 28, Theorem 29, Theorem 30 and The-
orem 31 as those can be carried out in the line of Theorem 24, Theorem 25,
Theorem 26 and Theorem 27 and with the help of Lemma 6.

Theorem 32. Let f and g be any two entire functions with �[p]L
�

f < 1; 0 <
�L

�

g � �L
�
g < 1 where p is any positive integer. Then for any even n and

� > 1;

(a) if L
�
exp

��
�+1
��1

�
T (�r; g)

��
= o flog T (r; g)g then

lim sup
r!1

log[
np
2 ] T (r; fn)

log T (r; g) + L
�
exp

��
�+1
��1

�
T (�r; g)

�� � �L
�
g

�L
�
g

and (b) if log T (r; g) = o
n
L
�
exp

��
�+1
��1

�
T (�r; g)

��o
then

lim
r!1

log[
np
2 ] T (r; fn)

log T (r; g) + L
�
exp

��
�+1
��1

�
T (�r; g)

�� = 0 :
Proof. Taking R = �r in the inequality T (r; f) � log+M (r; f) � R+r

R�rT (R; f)

fcf: [3]g and also using log
�
1 +

O(1)+L(exp(( �+1��1)T (�r;g)))
( �+1��1)T (�r;g)

�
� O(1)+L(exp(( �+1��1)T (�r;g)))

( �+1��1)T (�r;g)
;

we get from Lemma 4 for all su¢ ciently large values of r that

log[
np�2
2 ] T (r; fn) �

�
�
[p]L�

f + "
�
logM (r; g)

�
1 +

O(1) + L (M (r; g))

logM (r; g)

�

i:e:; log[
np�2
2 ] T (r; fn)

�
�
�
[p]L�

f + "
�
logM (r; g)

241 + O(1) + L
�
exp

��
�+1
��1

�
T (�r; g)

��
�
�+1
��1

�
T (�r; g)

35
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i:e:; log[
np
2 ] T (r; fn) � log

�
�
[p]L�

f + "
�
+ log[2]M (r; g)

+ log

8<:1 + O(1) + L
�
exp

��
�+1
��1

�
T (�r; g)

��
�
�+1
��1

�
T (�r; g)

9=;

i:e:; log[
np
2 ] T (r; fn) � log

�
�
[p]L�

f + "
�
+
�
�L

�

g + "
�
log
�
reL(r)

	
+ log

8<:1 + O(1) + L
�
exp

��
�+1
��1

�
T (�r; g)

��
�
�+1
��1

�
T (�r; g)

9=;

i:e:; log[
np
2 ] T (r; fn) � log

�
�
[p]L�

f + "
�
+
�
�L

�

g + "
�
log
�
reL(r)

	
+ log

8<:1 + O(1) + L
�
exp

��
�+1
��1

�
T (�r; g)

��
�
�+1
��1

�
T (�r; g)

9=;
i:e:; log[

np
2 ] T (r; fn) � O (1) +

�
�L

�

g + "
�
flog r + L (r)g

+
O(1) + L

�
exp

��
�+1
��1

�
T (�r; g)

��
�
�+1
��1

�
T (�r; g)

: (20)

Again from the de�nition of L�-lower order, we get for all su¢ ciently large
values of r that

log T (r; g) �
�
�L

�

g � "
�
log
�
reL(r)

�
i:e:; log T (r; g) �

�
�L

�

g � "
�
log
�
reL(r)

�
i:e:; log T (r; g) �

�
�L

�

g � "
�
[log r + L (r)]

i:e:; log r + L (r) � log T (r; g)�
�L

�
g � "

� : (21)

Hence from (20) and (21) ; it follows for all su¢ ciently large values of r that

log[
np
2 ] T (r; fn)

� O (1) +

 
�L

�
g + "

�L
�
g � "

!
� log T (r; g) +

O(1) + L
�
exp

��
�+1
��1

�
T (�r; g)

��
�
�+1
��1

�
T (�r; g)
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i:e;
log[

np
2 ] T (r; fn)

log T (r; g) + L
�
exp

��
�+1
��1

�
T (�r; g)

�� � O(1)

L(exp(( �+1��1)T (�r;g)))
log T (r;g)

L(exp(( �+1��1)T (�r;g)))
+ 1

+

�
�L

�
g +"

�L
�

g �"

�
1 +

L(exp(( �+1��1)T (�r;g)))
log T (r;g)

+
1�

1 + log T (r;g)

L(exp(( �+1��1)T (�r;g)))

��
�+1
��1

�
T (�r; g)

: (22)

Since L
�
exp

��
�+1
��1

�
T (�r; g)

��
= o flog T (r; g)g as r ! 1 and " (> 0) is

arbitrary, we obtain from (22) that

lim sup
r!1

log[
np
2 ] T (r; fn)

log T (r; g) + L
�
exp

��
�+1
��1

�
T (�r; g)

�� � �L
�
g

�L
�
g

: (23)

Again if log T (r; g) = o
n
L
�
exp

��
�+1
��1

�
T (�r; g)

��o
then from (22) we get

that

lim
r!1

log[
np
2 ] T (r; fn)

log T (r; g) + L
�
exp

��
�+1
��1

�
T (�r; g)

�� = 0 : (24)

Thus the theorem follows from (23) and (24).

Corollary 33. Let f and g be any two entire functions with �[p]L
�

f < 1;
0 < �L

�
g <1 where p � 1. Then for any even n and � > 1;

(a) if L
�
exp

��
�+1
��1

�
T (�r; g)

��
= o flog T (r; g)g then

lim inf
r!1

log[
np
2 ] T (r; fn)

log T (r; g) + L
�
exp

��
�+1
��1

�
T (�r; g)

�� � 1
and (b) if log T (r; g) = o

n
L
�
exp

��
�+1
��1

�
T (�r; g)

��o
then

lim inf
r!1

log[
np
2 ] T (r; fn)

log T (r; g) + L
�
exp

��
�+1
��1

�
T (�r; g)

�� = 0 :
We omit the proof of Corollary 33 because it can be carried out in the

line of Theorem 32.

Theorem 34. Let f and g be any two entire functions with �[p]L
�

f < 1; 0 <
�L

�

g � �L�g <1 where p is any positive integer. Then for any even n;
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(a) if L (M (r; g)) = o
n
log[2]M (r; g)

o
then

lim sup
r!1

log[
np+2
2 ]M (r; fn)

log[2]M (r; g) + L (M (r; g))
�
�L

�
g

�L
�
g

and (b) if log[2]M (r; g) = o fL (M (r; g))g then

lim
r!1

log[
np+2
2 ]M (r; fn)

log[2]M (r; g) + L (M (r; g))
= 0 :

Corollary 35. Let f and g be any two entire functions with �[p]L
�

f < 1;
0 < �L

�
g <1 where p � 1. Then for any even n;

(a) if L (M (r; g)) = o
n
log[2]M (r; g)

o
then

lim inf
r!1

log[
np+2
2 ]M (r; fn)

log[2]M (r; g) + L (M (r; g))
� 1

and (b) if log[2]M (r; g) = o fL (M (r; g))g then

lim inf
r!1

log[
np+2
2 ]M (r; fn)

log[2]M (r; g) + L (M (r; g))
= 0 :

Using log
n
1 + O(1)+L(M(r;g))

logM(r;g)

o
� O(1)+L(M(r;g))

logM(r;g)
and with the help of

Lemma 5, Theorem 34 and Corollary 35 can be carried out in the line of
Theorem 32 and Corollary 33 respectively. Hence their proofs are omitted.

Analogusly using log
n
1 + O(1)+L(�(�r;g))

log[2] �(r;g)

o
� O(1)+L(�(�r;g))

log[2] �(r;g)
for any � >

1 and with the help of Lemma 6, the following theorem and corollary can be
carried out in the line of Theorem 34 and Corollary 35 respectively.

Theorem 36. Let f and g be any two entire functions with �[p]L
�

f < 1; 0 <
�L

�

g � �L
�
g < 1 where p is any positive integer. Then for any even n and

� > 1;

(a) if L (� (�r; g)) = o
n
log[2] � (r; g)

o
then

lim sup
r!1

log[
np+2
2 ] � (r; fn)

log[2] � (r; g) + L (� (�r; g))
�
�L

�
g

�L
�
g

and (b) if log[2] � (r; g) = o fL (� (�r; g))g then

lim
r!1

log[
np+2
2 ] � (r; fn)

log[2] � (r; g) + L (� (�r; g))
= 0 :
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Corollary 37. Let f and g be any two entire functions with �[p]L
�

f < 1;
0 < �L

�
g <1 where p � 1. Then for any even n and � > 1;

(a) if L (� (�r; g)) = o
n
log[2] � (r; g)

o
then

lim inf
r!1

log[
np
2 ] � (r; fn)

log[2] � (r; g) + L (� (�r; g))
� 1

and (b) if log[2] � (r; g) = o fL (� (�r; g))g then

lim inf
r!1

log[
np
2 ] � (r; fn)

log[2] � (r; g) + L (� (�r; g))
= 0 :

Theorem 38. Let f and g be any two entire functions with �[q]L
�

g < 1; 0 <
�L

�

f � �L�f < 1 where q is any positive integer. Then for any odd n 6= 1 and
� > 1;

(a) if L
�
exp

��
�+1
��1

�
T (�r; f)

��
= o flog T (r; f)g then

lim sup
r!1

log[
q(n�2)

2 ] T (r; fn)

log T (r; f) + L
�
exp

��
�+1
��1

�
T (�r; f)

�� � �L
�
f

�L
�
f

and (b) if log T (r; f) = o
n
L
�
exp

��
�+1
��1

�
T (�r; f)

��o
then

lim
r!1

log[
q(n�2)

2 ] T (r; fn)

log T (r; f) + L
�
exp

��
�+1
��1

�
T (�r; f)

�� = 0 :
Corollary 39. Let f and g be any two entire functions with �[q]L

�
g < 1;

0 < �L
�
f <1 where q � 1. Then for any odd n 6= 1 and � > 1;

(a) if L
�
exp

��
�+1
��1

�
T (�r; f)

��
= o flog T (r; f)g then

lim inf
r!1

log[
q(n�2)

2 ] T (r; fn)

log T (r; f) + L
�
exp

��
�+1
��1

�
T (�r; f)

�� � 1
and (b) if log T (r; f) = o

n
L
�
exp

��
�+1
��1

�
T (�r; f)

��o
then

lim inf
r!1

log[
q(n�2)

2 ] T (r; fn)

log T (r; f) + L
�
exp

��
�+1
��1

�
T (�r; f)

�� = 0 :
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Theorem 40. Let f and g be any two entire functions with �[q]L
�

g < 1; 0 <
�L

�

f � �L�f <1 where q is any positive integer. Then for any odd n 6= 1;
(a) if L (M (r; f)) = o

n
log[2]M (r; f)

o
then

lim sup
r!1

log[
(n�1)q

2
+1]M (r; fn)

log[2]M (r; f) + L (M (r; f))
�
�L

�
f

�L
�
f

and (b) if log[2]M (r; f) = o fL (M (r; f))g then

lim
r!1

log[
(n�1)q

2
+1]M (r; fn)

log[2]M (r; f) + L (M (r; f))
= 0 :

Corollary 41. Let f and g be any two entire functions with �[q]L
�

g < 1;
0 < �L

�
f <1 where q � 1. Then for any odd n 6= 1;

(a) if L (M (r; f)) = o
n
log[2]M (r; f)

o
then

lim inf
r!1

log[
(n�1)q

2
+1]M (r; fn)

log[2]M (r; f) + L (M (r; f))
� 1

and (b) if log[2]M (r; f) = o fL (M (r; f))g then

lim inf
r!1

log[
(n�1)q

2
+1]M (r; fn)

log[2]M (r; f) + L (M (r; f))
= 0 :

Theorem 42. Let f and g be any two entire functions with �[q]L
�

g < 1; 0 <
�L

�

f � �L�f < 1 where q is any positive integer. Then for any odd n 6= 1 and
� > 1;

(a) if L (� (�r; f)) = o
n
log[2] � (r; f)

o
then

lim sup
r!1

log[
(n�1)q

2
+1] � (r; fn)

log[2] � (r; f) + L (� (�r; f))
�
�L

�
f

�L
�
f

and (b) if log[2] � (r; f) = o fL (� (�r; f))g then

lim
r!1

log[
(n�1)q

2
+1] � (r; fn)

log[2] � (r; f) + L (� (�r; f))
= 0 :

Corollary 43. Let f and g be any two entire functions with �[q]L
�

g < 1;
0 < �L

�
f <1 where q � 1. Then for any odd n 6= 1 and � > 1;

(a) if L (� (�r; f)) = o
n
log[2] � (r; f)

o
then

lim inf
r!1

log[
(n�1)q

2
+1] � (r; fn)

log[2] � (r; f) + L (� (�r; f))
� 1
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and (b) if log[2] � (r; f) = o fL (� (�r; f))g then

lim inf
r!1

log[
(n�1)q

2
+1] � (r; fn)

log[2] � (r; f) + L (� (�r; f))
= 0 :

We omit the proof of Theorem 38, Theorem 40, Theorem 42, Corollary
39, Corollary 41 and Corollary 43 because those can be carried out in view of
the second part of Lemma 4, Lemma 5 and Lemma 6 respectively.

Remark 2. The equality sign in Theorem 32 and Corollary 33 cannot be re-
moved as we see in the following example.

Example 1. Let f = g = exp z, p = 2, � = 2 and L (r) = 1
m
exp

�
1
r

�
where m

is any positive real number.
Then

�L
�

f = �L
�

g = �L
�

g = 1.

Now for any even n;
fn = exp

[n] z.

Now

T (r; fn) � logM (r; fn) = exp
[n�1] r

i:e:; log[n] T (r; fn) � log[n]
�
exp[n�1] r

�
i:e:; log[n] T (r; fn) � log r

and 3T (2r; g) � logM (r; g) = r

i:e:; log T (2r; g) � log r +O(1)

i:e:; log T (r; g) � log r +O(1) :

Also

log[n] T (r; fn) � log r +O(1);

and log T (r; g) � log r :

So

L (exp (3T (2r; g))) > L (M (r; g)) = L (exp r) =
1

m
exp

�
1

exp r

�
and

L (exp (3T (2r; g))) � L
�
M
�
r�; g

��
= L

�
exp r�

�
=
1

m
exp

�
1

exp r�

�
for any � > 1:
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Hence

lim sup
r!1

log[n] T (r; fn)

log T (r; g) + L (exp (3T (2r; g)))

� lim sup
r!1

log r

log r +O (1) + 1
m
exp

�
1

exp r

� = 1
and

lim inf
r!1

log[n] T (r; fn)

log T (r; g) + L (exp (3T (2r; g)))

� lim inf
r!1

log r +O(1)

log r + 1
m
exp

�
1

exp r�

� = 1 :
Therefore

lim inf
r!1

log[n] T (r; fn)

log T (r; g) + L (exp (3T (2r; g)))

= lim sup
r!1

log[n] T (r; fn)

log T (r; g) + L (exp (3T (2r; g)))
= 1 :

Remark 3. Considering f = g = exp z, p = 2 and L (r) = 1
m
exp

�
1
r

�
where

m is any positive real number, one can easily verify that the equality sign in
Theorem 34, Theorem 36, Corollary 35 and Corollary 37 cannot be removed.

Remark 4. Considering f = g = exp z, q = 2 and L (r) = 1
m
exp

�
1
r

�
where

m is any positive real number, one can easily verify that the equality sign
in Theorem 38, Theorem 40, Theorem 42, Corollary 39, Corollary 41 and
Corollary 43 cannot be removed.

4 Open Problem

Extending the notion of classical growth indicators order and lower order,
Juneja et al. [4] de�ned the (p; q)-th order and (p; q)-th lower order of an entire
function f as follows:

�f (p; q) = lim sup
r!1

log[p]Mf (r)

log[q] r
and �f (p; q) = lim inf

r!1

log[p]Mf (r)

log[q] r
;

where p; q are positive integers with p � q:
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In the line Juneja et al. [4], one can de�ne the (p; q;m)-th L-order and
(p; q;m)-th L-lower order of an entire function f in the following way :

�Lf (p; q;m) = lim sup
r!1

log[p]M (r; f)

log[q] [r exp[m] L(r)]
and

�
[p]L
f (p; q;m) = lim inf

r!1

log[p]M (r; f)

log[q] [r exp[m] L(r)]

where p; q and m are any three positive integers with p � q. Also using
the inequalities T (r; f) � log+M (r; f) � 3T (2r; f) fcf: [3]g and � (r; f) �
M (r; f) � 2� (2r; f) fcf: [13]g respectively, the above de�nition can also be re-
formulated in terms of maximum terms and Nevanlinna�s characteristic func-
tions of entire functions. Now the following natural question may arrise for
the workers of this branch :
Can the results which we have established in this paper be modi�ed by the
treatment of the notions of (p; q;m)-th L-order and (p; q;m)-th L-lower order?
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