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1 Introduction, Definitions and Notations

Let C be the set of all finite complex numbers and f be entire defined
in the finite complex plane C. We use the standard notations and definitions
in the theory of entire functions which are available in [14]. In the sequel the
following notation is used :

log® 2 = log (log[k_” a:) for k=1,2,3,.... and log®” z = x.
The Nevanlinna’s characteristic function 7'(r, f), the maximum term

p(r, f) and the maximum modulus M (r, f) of f = > a,z" on |z| = r are
n=0

27

respectively defined as T'(r, f) = o= [ log™ | f(re)| df, pu (r, f) = max (Ja,| ™)
0

ancd M (1, /) = ma| ().

According to Lahiri and Banerjee [6], if f (2) and g (2) be entire func-
tions, then the iteration of f with respect to ¢ is defined as follows:

f(z) = h(2)
f9(2) = Flo(2) = fa(2)
flg(f(2) = fg(f1(2) = f(92(2) = f3(2)
Flg(fe (f(2) or g(2)) .ceeenne. )) = fu(2), according as n is odd or even,
and so
9(z) = a(2)

9(f (gn—2(2))) = 9 (fa-1(2)) = gn (2) -

Clearly all f, (z) and g, (z) are entire functions.

Lakshminarasimhan [5] introduced the idea of the functions of L-
bounded index. Later Lahiri and Bhattacharjee [7] worked on the entire func-
tions of L-bounded index and of non uniform L-bounded index. In this paper
we would like to investigate some growth properties of iterated entire functions
on the basis of their Nevanlinna’s characteristic functions, maximum terms and
maximum moduli using generalised L*-order and generalised L*-lower order.

To start our paper we just recall the following definitions :
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Definition 1. The order p; and lower order Ay of an entire function f are
defined as

log? Mf log? Af
py = lim supog—(r’f) and Ay = lim infog—M.
00 log r r—00 log r

Extending this notion, Sato [9] defined the generalised order and gen-
eralised lower order of an entire function as follows :

Definition 2. [9/Let p be an integer > 2. The generalised order pg?] and

generalised lower order )\Bf’} of an entire function f are defined by

log® M log? Af
pj[if} — lim Supog—(r,f) and /\[]{3] — lim infog—(r,f)
00 log r T—00 log r
respectively.

For p = 2, Definition 2 reduces to Definition 1.
If p; < oo then f is of finite order. Also p; = 0 means that f is of order zero.
In this connection Datta and Biswas [2] gave the following definition :

Definition 3. [2/Let f be an entire function of order zero. Then the quantities
Py and Ni" of f are defined by

log M log M
py =lim supog—(r’f) and A7 = liminf og—(r,f).
r—00 ogr r—00 log r
Let L = L (r) be a positive continuous function increasing slowly i.e.,
L (ar) ~ L(r) as r — oo for every positive constant a. Singh and Barker [10]

defined it in the following way:

Definition 4. [10/A positive continuous function L (r) is called a slowly chang-
ing function if for e (> 0),

1 < L (kr)
ke —

uniformly for k(> 1).
If further, L (r) is differentiable, the above condition is equivalent to
rL' (r)

li —
oo L () 0

<k® forr>r(e) and

Somasundaram and Thamizharasi [11] introduced the notions of L-
order (L-lower order ) for entire functions where L = L (r) is a positive contin-
uous function increasing slowly i.e.,L (ar) ~ L (r) as r — oo for every positive
constant ‘a’. The more generalised concept for L-order ( L-lower order ) for
entire function are L*-order ( L*-lower order ). Their definitions are as follows:
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Definition 5. [11]The L*-order p§™ and the L*-lower order )\JLc* of an entire
function f are defined as

. log!? M . log® M
p]Lc = lim sup o8 (r, /) and )\JLc = lim infog—(r’f)

r—oo  log [rel(r)] r—oo  log [rel(r)]
In the line of Sato [9] , Datta and Biswas [2] one can define the gener-
alised L*-order pg?]L* and generalised L*-lower order)\gf'}y of an entire function
f in the following manner :

Definition 6. Let p be an integer > 1. The generalised L*-order pgf’]L* and

generalised L*-lower order AB?]L* of an entire function f are defined as

[p] [p]
Pl _ s log” M (r, f) pre .. log® M (r, f)
br = hirisogp log [rel()] and As™ = hﬂg}f log [rel()]
respectively.

With the help of the inequality

T(r.f) < log" M(r,f) < 4T

T(R,f) {cf. [3]} for0<r <R < o0,
one can easily verify that

. log?~HU T . log?~H T
I i upt28” L) g gl _ gy 98" T )

roo  log [rel()] r—oo  log [rel(r)]

Also for 0 <r < R,

p0r ) < M) < 2o (R 1) {ef. 13]).
it 18 easy to see that

. log!?!
p[;;]L — limsup og® u(r, f)

log!?)
— liminf—& K0 J) (r, /)
r—oo  log [rel()]

)\[P]L*
f r—oo  log [rel(r)]

and

2 Lemmas

In this section we present some lemmas which will be needed in the sequel.

Lemma 1. [12] Let f and g be any two entire functions with g(0) = 0. Then
for all sufficiently large values of r,

p(r,fog) > %u (%u <£,g> — |9(0)] ,f) :
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Lemma 2. [1] If f and g are any two entire functions then for all sufficiently
large values of r,

M (1 (5:9) = 190)1.£) < Ml Fo0) < M (O (r9), 1)

Lemma 3. [§] Let f and g be any two entire functions. Then we have

T(r,fog)> %logM (éM (2,9) +O(1),f> .

Lemma 4. Let f and g be any two entire functions such that p[;]L* < o0 and

p[gq]L* < 0o where p and q are any two positive integers. Then for any € > 0

and for all sufficiently large values of r,

logls - D+(*5%)(@-1] p T (r, f.)
< (p[f]L* + 6) (log M (r,g) + L (M (r,9))) + O(1) when n is even

and

gl o1l 7 11

< (péq}L* +¢) [log M (r, ) + L (M (r, f))] + O(1) when n is odd and n # 1 .

Proof. Let us consider n to be an even number.

Then in view of Lemma 2 and the inequality T (r, f) < log™ M (1, f) <
%T (R, f) for 0 < r < R < oo, we get for all sufficiently large values of
r that

T(r, fn) < logM(r, fn)
e, T(r,fn) < logM (M (r,gn-1),f)
i.e., log[pfl} T(r, fn) < log[p} M (M (7, gn-1), f)
i.e., log[p_”T(r, fn) < (pgcp} 5) log[ (rygn_1)e M(T’g’“l))]
e log" T (r, ) < (P 2) flog M (1 g 1) + L (M (r, g, -1))
e YogP T (rf) < (AP +e) Hog M (M (r, fu) ) + L (M (r.ga-r))]

(P +2) L(M (r,901))
log M (M (7, fo=2),9)

IN

log M (M (7, fu-2),9) (,O[f]L* + 6) +
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i.e., logl?= D=Vl (3 £y <logld M (M (v, f-2),9) +O(1)

ie., lg[(p—l) (a— 1]T( fn)
< (pﬁ,‘”L +¢) [log M (M (r,gn-3) , f) + L (M (r, fn—2))] + O(1)

Therefore,
log[%(p D+(32) (=] (r, f)
< (p[f}L* + 5) [log M (r,g) + L (M (r,g))] + O(1) when n is even.

Similarly,

(n—1)

log[ {-1)+D}] (7, f)
< (P9 +€) [log M (r, f) + L (M (r, f))] + O(1) when n is odd and n # 1 .

This proves the lemma. O

11>

Lemma 5. Let f and g be any two entire functions such that ,0[; < oo and

,o[gq]L* < 0o where p and q are any two positive integers. Then for any ¢ > 0
and for all sufficiently large values of r,

loglP+ (*72) (=040} 77 (1. £
< (IO?} 5) (log M (r,9) + L (M (r,g))) + O(1) when n is even

and

loglt 52 - 0+52 @] p (1)

< (pgq}L* +¢) [log M (r, )+ L (M (r, f))] + O(1) when n is odd and n # 1 .

We omit the proof of the lemma because it can be carried out in the
line of Lemma 4 and with the help of Lemma 2.

Similarly the following lemma can be carried out in the line of Lemma
5 and with the help of the inequality u (7, f) < M (r, f) < RIET;L(R, f) for
0<r<R<x.

1 1*

Lemma 6. Let f and g be any two entire functions such that ,0[; < o0 and

qu]L < oo where p and q are any two positive integers. Then for any ¢ > 0

and for all sufficiently large values of r,

1og[p +(252){(p-1)+(g—1)}] 1 (r, )
< (A" +e) Qogu(Br.g) + L (11(r,9))) + O(1) when n is even
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and

(n=3)

loglr* #5240y )
< (pgq]L* +¢) [log pu (Br, f) + L (1 (r, f))] + O(1) when n is odd and n # 1

where > 1 .
We omit the proof of the lemma.

Lemma 7. Let f and g be any two entire functions such that 0 < )\ECP]L* < 00

and 0 < )\gﬂL* < 00 where p and q are any two positive integers. Then for any

€ (0 < & < min {)\E?]L*, Al }) and for all sufficiently large values of 7,

-2

loglz w0+ (*22)@-] 7 (1, 1)

() ot () 2 (4 () 000

when n 1s even

and
10g[‘”2;1){(p—1)+(q—1)}] T (r, f)
> (qu]L* — 5) <logM (4nr_1,f) + L (M (%;f))) +0(1)

when n is odd andn # 1 .

Proof. We choose ¢ in such a way that ¢ (() < € < min {)\[;M*, AL‘AL*}> .

Also let us consider n is an even number .

Now in view of Lemma 3 and the inequality T (r, f) < log™ M (r, f) < g—i:
T(R,f) for 0 <r < R < oo {cf.[3]}, we get for all sufficiently large values
of r that

T(Tafn) = T(vaogn—l)

i.e., T(r, fn) > %log]\/[ (éM (%,gn,l) +O(1),f>
ie., logP T (r f,) > logl M (éM (£7gn—1) + O(l),f) +O(1)

ie., logP VT (r f,) > <)\[f]L* - 6) log {(%M <z,gn_1>) eL(éM(ngnl))]
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ie.. loglP! T(r,f,) > ()‘E”D]L* _€> logM<4 In— 1) —i—L(%M (2;%1))}
+ O(1)

e log" T (r f) = (AP - e) T (5:91) “(%M <£’9n—1>ﬂ
] +O(1)

ie., logP T (r, f,)

> (AJ@L* _5) {g log M (; <42,fn 2) (1),g> + L (%M (%’grﬂ))}

+O(1)

1
: —1
i.e., log? VT (r, f,) > log M (9 <427fn 2>, )

5) + (A’[?]L* _6> L (5M (5, 90-1)) + O(1)

(A[pw _
! log M (1M (&, fu—2) . 9)

W =

ie., 1Og[(p71)+(q 1)] T(r,f,) > 10g[Q]M( <427fn 2) )

i.e., loglP~D+a=Dlp (r, f) > (A[gQ]L* — 5) .
log{(; <42afn 2)) (éM(é’f”*))}
+O(1)
i.e., loglP~ D1 T (r, fn) > ()\ZI]L* — €> [logM <42,fn 2) ( <427fn 2))]

logl3 6= 1+(*5%) @b (1 £,)

> (AE{’}L* > [logM <4n 1,g> +L (M (%,g))} when n is even .

Similarly,

10g[("§1){(p—1)+(q—1 o T (r, f,)
> (Agﬂ“ ) [logM (4 f) iy (M (%fm when n is odd and n # 1 .

Thus the lemma follows. O]
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Lemma 8. Let f and g be any two entire functions such that 0 < A?]L* < 00
and 0 < /\Lq]L* < oo where p and q are any two positive integers. Then for any

€ (0 < e < min {)\[f]L*, )x[gq]L* }) and for all sufficiently large values of r,

loglPt (*Z2)e-D+@D) o7 (7, £)
> (W —¢) (log M (rp29) + £ (M (55509) ) ) + 00)

when n 18 even

and

logl 52 -0+ 526 0] 17 (4, £,

. (A[gqm B €> (1OgM (% f) s (M (4:_1,f>)) +O(1)

when n is odd and n # 1 .

We omit the proof of the lemma because it can be carried out in the
line of Lemma 7 and with the help of Lemma 3.

Similarly, the following lemma can be carried out in the line of Lemma
8 and in view of Lemma 1.

Lemma 9. Let f and g be any two entire functions such that 0 < /\[f]L* < 00

and 0 < /\[QQ]L* < oo where p and q are any two positive integers. Then for any

5 (0 < £ < min {AB«”]L*, )\[;]L* }) and for all sufficiently large values of r,

log[m("%){(p—l)ﬂq—l)}] 1 (r, £)
> (3 ) (i (70.0) + 2 0 (555.9))) +00)

when n 18 even

and

T A N PG

> (" =) (lonn (g 7) + 2 (0 (5=-1))) + 00)
when n is odd and n # 1 .

The proof is omitted.
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3 Theorems

In this section we present the main results of the paper.

Theorem 10. Let f and g be any two entire functions such that 0 < AB?]L* <

p[f]L* < oo wherep > 1 and 0 < )\5* < ,05* < 00. Then for every constant A

and real number x,
logl =71 T (r, £.)
(¢) lim : = 00

r—00 1+z
{log“”*” T (r4, f)}

and 2)
(#) lim log ™1 7(r, 1) _
r=o0 {log T (r4, g)}'**

where n is any even number.

Proof. If x is such that 1+ 2 < 0, then the theorem is obvious. So we suppose
that 1 + 2 > 0.
Now in view of Lemma 7, we get for all sufficiently large values of r that

(np—2)

log[T] T(r,fn)>0(1)+ </\[Jf]L* — E) [logM <%,g)

2 (M (5=09))]

oo sl T () = 0 )+ (W =) { () e}

G ) (0 () »

where we choose 0 < £ < min {/\5?]1:*’ )\5*}

Also for all sufficiently large values of  we obtain that
logP™ T (r4, f) < (p[f]L* + 5) log {rAeL(’"A)}

i.e., logP~tT (rA,f) < (p[f’]L* —1—5) log {rAeL(TA)}

i.e., {log[p*” T (r4, f) }Hm < (pgf’]L* + 8) o (Alogr+ L (rA))Hm . (2)
Similarly, we get for all sufficiently large values of r, that
log T (TA, g) < (,05* + 5) log {rAeLO"A)}
ie, logT (r',g) < (p) +¢)log {rAeL(TA)}

ie., {logT (T’A, 9) }Hx (,05* +¢) e (Alogr + L (TA))HJC . (3)

IN
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Now combining (1) and (2), it follows for all sufficiently large values of r that

(np—2)

logl ™17 (1, £,)
1+x
{log[p*”T (TA,f)}

L oM+ (W - o) { (=) eL(wﬂ)}Ag*_E + (AP~ ) L (u (4,+_1,g))'

- . 14z
(o +2) " (Alogr + L (r))

(4)
Thus the first part of the theorem follows from (4).
Again from (1) and (3) we get for all sufficiently large values of r that

log[ 2] T (r, fn)

{log T (r4, g)}'**

*

o)+ (A" <) {(z=) eL(le)}A‘"L S (A =) L (M (55.9))

Z . 1+x 1+z
(pk"+¢) " (Alogr + L (r4))
o 1oglEe (B oy 1)
i.e., lim s =
r=oo {log T (r, )}
Thus the second part of the theorem is established. O

In the line of Theorem 10, we may state the following theorem without
its proof :

Theorem 11. Let f and g be any two entire functions such that 0 < )\JLc* <

,0]]?* < 0o wherep > 1 and 0 < )\[gq]L* < p[gq]L* < 00. Then for every constant A

and real number x,
(n—1)q
(i) lim log "= 7 (7, ) _
r=oe{log T (r4, f)}'

and
(n—1)q

IOg[ ? ]T(van)

1+

(i7) lim
T {log" T (14, )}
when n is odd and n # 1 .

= 0

The proof is omitted.
The following two theorems can be carried out in the line of Theorem
10 and Theorem 11 and with the help of Lemma 5 .
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Theorem 12. Let f and g be any two entire functions such that 0 < )\?]L* <

pgf’]L* < o0 wherep > 1 and 0 < )\5* < pg* < 00. Then for every constant A

and real number x,

(i) lim log #1017, 1) —

Lo a4, )}

and

logl®| M (r, £,)

(17) Tli_)r& s = O©
{1082 1 (r4,9)}

where n is any even number.

Theorem 13. Let f and g be any two entire functions such that 0 < )\]Lc* <

pf < oo where p > 1 and 0 < )\[g‘I]L* < o < 0. Then for every constant A

and real number x,

ng—q+2

10g[ 2 ]M(r,fn) B
1+

(7) lim
e {10g[2] M (rA, f )}

and
ng—q+2

log!™#*1 0 (r, £,)

(74) TILI?o s = 00
{l0g 2 (r4,9) |

when n is odd andn # 1 .

Replacing maximum modulus by maximum term in Theorem 12 and
Theorem 13, we respectively get Theorem 14 and Theorem 15.

Theorem 14. Let f and g be any two entire functions such that 0 < )\E?]L* <

IO[;?]L* < oo where p > 1 and 0 < )\5* < pg* < 00. Then for every constant A

and real number x,

log#] i (r, £.)
1+x

(7) lim

" ogt 0, )

= O

and

log[%] (1, fn)
1+z

(i) lim = 0,

e {logm o (r, 9)}

where n is any even number.
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Theorem 15. Let f and g be any two entire functions such that 0 < )\JLc* <

,0]]%* < oo wherep>1 and 0 < )\Lq]L* < p[gq]L* < 00. Then for every constant A

and real number x,

e g
S I

and

when n is odd andn # 1 .

The proofs of the above two theorems are omitted as those can be
carried out with the help of Lemma 9 and in the line of Theorem 12 and
Theorem 13 .

Theorem 16. Let f and g be any two entire functions such that 0 < )\Bcp]L* <

IO[;J]L* < 00 and 0 < /\5* < pg* < 0o where p > 1. Then for any two positive

integers o and 3 and for any even n,

(i) lim log#] 7 (exp (exp (1)) , £)

PR logP T (exp (7)., ) + L (exp (exp (1))

and

(i) Tim log[%] T (exp (exp (%)), fn) C s
r—colog T (exp (7) , g) + L (exp (exp (r)))

0 if ” = o {L (exp (exp (r®)))} asr — oo

L (exp (exp (r*))) otherwise .

where K (r,a; L) = {

Proof. Taking x = 0 and A =1 in the first part of Theorem 10, we obtain for
K > 1 and for all sufficiently large values of r that

(np—2)

logl T 1T (r, f,) > KlogP VT (r, f)
ic, g™ T(rf,) > {1og[p—2}T(r,f>}K
i.e., log[@]T(r,fn) > log" AT (r, f) . (5)

Therefore from (5) we get for all sufficiently large values of r that

(np—2)

logl ™= 1T (exp (exp () , f.) > log? ) T (exp (exp () , f)
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(np—2)

i.e., log[T] T (exp (exp (%)) , fn)
> ()\[;?]L* _ 5) .log {exp (exp (ra)) .exp L (eXp (eXp (ra)))}

(np—2)

i.e., log[ 2 ]T(exp(exp(ro‘)),fn)
> (AP —e) {lexp (1)) + L (exp (exp ()

(np—2)

i 1ogl 5 T (exp (exp (1))  £,)
> ()\Bf]lz* _ 5) . {(exp (r®)) (1 X L (exp (exp ( a))))}

i.e., log[%] T (exp (exp (rY)), fn) > O (1) + logexp (r%)
—i—log{1+ L (exp (exp ( “)))}

(exp (r®))

i.e., log[%] T (exp (exp (rY)), fn) > O (1) + 1

—l—log{l—l—

(exp (%)

L (exp (exp (1))
o

i.e., log[%] T (exp (exp (rY)), fn) > O (1) +r* + L (exp (exp (r*)))
—log [exp {L (exp (exp (r)))}]
L (exp (exp (r)))
g1+ KRR

i.e., 1oglFI T (exp (exp (1)), £,) > O (1) + 7 + L (exp (exp (r)))
1
exp {L (exp (exp (r%)))}
L (exp (exp (r))) ]
exp {L (exp (exp (7))} - exp ()

+ log

i.e., log[%] T (exp (exp (r%)), fn) > O (1) 4 r @5 48
+ L (exp (exp (%)) . (6)
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Again we have for all sufficiently large values of r that
loglP= T (exp (rﬂ) ,f) < (pEfp}L* + €> log {exp (r’B) eL(eXP(Tﬂ»}

i.e., logP T (exp (%), f) < <p¥w +€) {logexp (r”) + L (exp (7)) }

i.e., logP™T (exp (), f) < (p?w + 6) {r + L (exp (")) }

log” T (exp (1), £) = (o + &) L (exp (+9)) <. @
(077 o

Now from (6) and (7), it follows for all sufficiently large values of r that

1.€.,

logl#1 T (exp (exp () , )

>0 (1) + (ﬁz—i) [log[p_” p(exp (r%), f) — (P[f]y + 8) L (exp (Tﬂ))]

Py
+ L (exp (exp (r?))) (8)

logl ] T (exp (exp (7)), fu) _ L (exp (exp () + O (1)
log[p’l] T (exp (r?), f) log[p*” T (exp (r?), f)

r(@=5) {1 B (P?]L* + 8) L (exp (7’5)) } | o)

P e log? T (exp (1) , f)

v

1.€.,

+

Again from (8) we get for all sufficiently large values of r that

logl % T (exp (exp (), £1)
log? U T (exp (rf) , f) + L (exp (exp (r)))
- O(1) - ra=pp, (eXp (7"'8))
" log? T (exp (rf), f) + L (exp (exp (r*)))

( r(a =) ) log[p’” T (eXp (rﬂ) f

P
T 108" T (exp (7). 1) + L (exp (exp ()
N L (exp (exp (7%)))
log” U T (exp (%), f) + L (exp (exp (r*)))
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O(l)—r(o‘*ﬁ)L(eXp(rﬁ))

- logl?] T (exp (exp (1)), £.) < L(exp(exp(r)))
*log? U T (exp (), f) + L (exp (exp (r2))) — log” I T(exe(r).5) | 4
L(exp(exp(re)))

( (a5 )
[p]L* 1
+ (10)

1+ L(exp(exp(r®))) log[p_l]T(eXP(TB),f) .
logPTT(exp(r%).1) 1+ —Lipepr)

+

Case L. If ? = o {L (exp (exp (r*)))} , then it follows from (9) that

P dogl T (e (exp () f)
r=oo logP T (exp (r8) , f)

Case IL. If % # o {L (exp (exp (r®)))}, then two sub cases may arise:
Sub case (a). If L (exp (exp(r®))) = o {log[p_l] T (exp (r?) ,f)}, then we
get from (10) that

b s Tlexplexp () )

= logl ! T (exp () , f) + L (exp (exp ()

Sub case (b). If L (exp (exp (1)) ~ logP~ T (exp (r®), f) then

i Llexpexp (r)

r=cologl’" U T (exp (r?), f)

and we obtain from (10) that

logl %1 T (exp (exp (1)) , )

lim inf il = 00
r=c0 1ogP T (exp (rf), f) + L (exp (exp (r®)))

Combining Case I and Case II, we obtain that

. 10g[%] T (exp (exp (1Y) , fn)
r—logl? T (exp (%), f) + L (exp (exp (r)))

=00,

0 if r* = o{L (exp (exp (r® as r — oo
where K (r,a; L) = { L (exp (exp{(ra())) (gther(wis)c}).}
This proves the first part of the theorem.
Now, with the help of the second part of the Theorem 10 and in the line of the
first part of Theorem 16, one may easily prove the seond part of theorem.16.
m
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Theorem 17. Let f and g be any two entire functions with 0 < )\]Lc* < pJLc* < 00

and 0 < )\L‘J]L* < pgﬂL* < 0o where p > 1. Then for any two positive integers «
and B and for any odd n except 1,

(n=1)

logl ™= 1 T (exp (exp () , f,)

(@) e T (oxp (7). ) + L (exp (oxp ()))
and (n—1)q
(66) lim logl ™= 1 T (exp (exp () , £,) ~ e

r=slog" ! T (exp (1) , g) + L (exp (exp (%))

0 if ” = o {L (exp (exp (r®)))} asr — oo

where K (r,0; L) = { L (exp (exp (r*))) otherwise .

The proof of the theorem is omitted because it can be carried out with
the help of Theorem 11 and in the line of Theorem 16.

Theorem 18. Let f and g be any two entire functions such that 0 < )\E?]L* <

p?]L* < 00 and 0 < )\5* < pg* < oo where p > 1. Then for any two positive

integers a and [ and for any even n,

(i) lim log! ¥ 1] M (exp (exp (1)) , £u)
r=colog?” M (exp (rf), f) + L (exp (exp (1))

=

and
(i) lim logl ™ M (exp (exp (r) )
r=o0log? M (exp (%) , g) + L (exp (exp (7))
0 if rP = o {L (exp (exp (r?)))} asr — oo
L (exp (exp (r®))) otherwise .

where K (r,a; L) = {

Theorem 19. Let f and g be any two entire functions with 0 < )\]Lc* < pJ’%* < 00
and 0 < )\gq]L* < pgﬂL* < 0o where p > 1. Then for any two positive integers «
and B and for any odd n except 1,

ng—q+4

logl™ %) M (exp (exp () , f,)

(1) lim 7] =
r—oologl? M (exp (r8) , f) + L (exp (exp (r®)))
and
(77) lim log["q;‘”“] M (exp (exp (1)) , fn) =0

rﬂoolog[q] M (exp (rP), g) + L (exp (exp (r®)))

0 if r% = o {L (exp (exp (r?)))} asr — oo

where K (r, o; L) = { L (exp (exp (r®))) otherwise .
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Remark 1. In view of Theorem 14 and Theorem 15 , the results analogous to
Theorem 18 and Theorem 19 can also be derived in terms of maximum terms
of iterated entire functions.

Theorem 20. Let f and g be any two entire functions such that 0 < ng* <

AP < PIL™ 50 where p > 1. Then for any even number n and for any
f Py
8 >1,

logl""1 7 (1, £,)

lim =0

r=log T (r, f) - K (r,9; L)

1if L <exp <%T (B, g))) =o{r et} asr— oo
where K (r,g; L) = and for some a < )\[jf}L*
L (exp (BHT (Br, g))) otherwise.

Y

Proof. In view of Lemma 4 and taking R = [r in the inequality T (r, f) <
log™ M (r, f) < ?“:T (R, f) {cf. [3]} , we have for all sufficiently large values
of r that

np— 2]

i.e., log[ > 1T (r, fn)

< (7 re) (1) s Lt ) )+ 00)

i.e., log[%ﬂ] T(r, fn)
G (i)
+O(1) (11)
Also we obtain for all sufficiently large values of r that
loglP~UT (r,f) > <AJ[{3}L* — 5) log [reL(T)]
ie., logP T (r, f) > (AE{’}L* — 8) log [reL(’")]

ie., logP T (r, f) > [ret™] (7 =) (12)

Now from (11) and (12), we get for all sufficiently large values of r that

np—2

log[ 2 ]T(van)
log” T (r, f)

(" + )({re Oy05 ) 1 (exp (42T (1, g)))) +0(1)

L (7 )
[rel(r)]

(13)
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Since p)” < )\E?]L*, we can choose ¢ (> 0) in such a way that
pg* +e< )\[f]L* —€. (14)

Case I. Let L (exp <g— (Br,g )) = o{ra al( ”)} as r — oo and for some

Oz<)\p]L

Asa < )\f] ", we can choose ¢ (> 0) in such a way that
L*
a < )\Efﬂ —€. (15)

Since L (exp ( T (pr, g))) = o {ree®M"} as r — oo, we get on using (15)
that

L (exp ($47 (8r.9)) )

raeal(r)

L (exp (447 (3r.9)))

ret) (47 9)

—Qasr — o

i.e., —0asr— 00. (16)

Now in view of (13), (14) and (16) we obtain that

- ogl"= T (r, 1)
lim —
r=co loglP= 1T (r, f)

~0. (17)

Case II. If L <exp (BHT(BT g )) =+ o{ra al(r } as 7 — oo and for some

[p]L*
a< )\f

that

then from (13) we get for a sequence of values of r tending to infinity

10”1 7. 1) e e

log 17 (r. f) L (exp ($57 (8r.9)) ) ~ [rer)(Y" ) L (exp (427 (51, 9)) )

(b +)

+ . .
et ) (47 9)

(18)

Now using (14) it follows from (18) that

| gl 7 (r, 1)
lim
r=®loglt T (1, f) L <6Xp (%T (Br, g)))
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Combining (17) and (19) we obtain that

logl = T (r, £,)

lim =0,

r—>oolog[p71] T(r,f).L ( exp (5+1T (Br, g)))

1if L (exp ( T (Br, g))) =o{rv et} asr — oo
where K (r,g; L) = and for some o < /\[Jf]L*
L (exp (%T (Br, g))) otherwise.
Thus the theorem is established. O

The following theorem can be carried out in the line of Theorem 20
and therefore its proof is omitted :
Theorem 21. Let f and g be any two entire functions with 0 < pg < pgc]L* <
oo where p > 1. Then for any even number n and for any 3 > 1,

log! "= T (r, f,)

lim inf : =0
r=c0 1logP T (r, f) - K (r,g; L)

)

1if L <eXp ( SHT (Br, g))) =o{rv et} asr— oo
where K (r, g; L) = and for some o < p[jip}L*
L (exp (%T (Br, g))) otherwise.

Theorem 22. Let f and g be any two entire functions such that 0 < p]Lc* <

)\gq]L* < p[gq]L* < oo where ¢ > 1. Then for any odd number n (# 1) and for

any B > 1,
[(n 1)q]

T (r, fn)

lim 1 =0,
H’Olog[q T(r.g) K (r,f;L)

sz( ( 57’f>> =o{r*e*t} asr — oo
where K (r, f; L) = and for some o < )\[gq]L*
L (exp (%T (Br, f))) otherwise.

[g] L~

Theorem 23. Let f and g be any two entire functions with 0 < p < pdt <

oo where ¢ > 1. Then for any odd number n (# 1) and for any 6 > 1,

logl "= T (r, £,)

lim inf . =0
r=oc log" T (r,g) - K (r,g; L)

Y
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1if L <exp <%T (B, f))) =o{r*e*t} asr — oo

where K (r,g; L) = and for some o < p[gq]L*

L (exp (%T (Br, f))) otherwise.

We omit the proof of Theorem 22 and Theorem 23 as those can be
carried out in the line of Theorem 20 and Theorem 21 and with the help of
second part of Lemma 4.

The following four theorems can be carried out in the line of Theorem
20, Theorem 21, Theorem 22 and Theorem 23 respectively and with the help
of Lemma 5. Therefore their proofs are omitted.

Theorem 24. Let f and g be any two entire functions such that 0 < pg* <

)\E?]L* < pg?]L* < oo where p > 1. Then for any even number n ,

. log[%] M (T, fn)
lim
r=colog?! M (r, f) - K (r,g; L)

Y

1if L(M (r,g)) = o{r®e”*™} asr — oo
where K (r,g; L) = and for some a < A?]L*
L (M (r,g)) otherwise.

Theorem 25. Let f and g be any two entire functions with 0 < pg* < pgf)]L* <

oo where p > 1. Then for any even number n |

(%]
lim inf logt >} M (1, fu) —
r=co logl”! M (r, ) - K (r,g; L)

1 if L(M (r,g)) = o{r*e**™} asr — oo

where K (r,g; L) = and for some o < pgf)]L*

L (M (r,g)) otherwise.

Theorem 26. Let f and g be any two entire functions such that 0 < pf* <
)\E‘J]L* < p[g‘ﬂL* < 0o where ¢ > 1. Then for any odd number n (# 1),

(n—1)q+2

logl =" 0 (r, £,)
1m
raoo]og[q} M (7“, g) - K (7"7 e L)

Y

1if L(M (r, f)) = o{r®e*t} asr — oo
where K (r, f; L) = and for some a < )\gq]L*
L (M (r, f)) otherwise.
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Theorem 27. Let f and g be any two entire functions with 0 < pf < qu]L

oo where ¢ > 1. Then for any odd number n (# 1) ,

<

log[ 2 ] M (r, fn)

lim inf =0
r=o0 logl M (r, g) - K (r,g; L)

’

1if L(M (r, f)) = o {r*e**} asr — oo
where K (r,g; L) = and for some a < p[q]L*
L (M (r,f)) otherwise.

Replacing maximum modulus by maximum term in Theorem 24, Theo-
rem 25, Theorem 26 and Theorem 27 we respectively get Theorem 28, Theorem
29, Theorem 30 and Theorem 31 :

Theorem 28. Let f and g be any two entire functions such that 0 < pé* <
)\[]?]L* < pgf)]L* < oo where p > 1. Then for any even number n and for any
f>1,
. 1og["‘”] (rifn)  _
r=olog?” 1u(r, f) - K (r,g; L)
Lif L(u(Pr,g)) =o {ro‘e"L(")} as r — oo
where K (r,g; L) = and for some a < )\E?]L*
L(u(Br,g)) otherwise.

Y

Theorem 29. Let f and g be any two entire functions with 0 < pg < p[f] <

oo where p > 1. Then for any even number n and for any g > 1,

(2]
lim inf logh= ) (1, fa) -
r=co log pu (r, f) - K (r,9; L)

1if L(pu(Br,g)) =o{r*e™ ™} asr — oo
where K (r,g; L) = and for some a < p[p]L*
L(u(Br,g)) otherwise.

Theorem 30. Let f and g be any two entire functions such that 0 < p’;?* <

)\gq]L* < qu]L* < oo where ¢ > 1. Then for any odd number n (# 1) and for
any 3 > 1,

[(nfl)q]
- logt = (r, fn)
lim =0,
r—oologld (7" g) - K (r, f; L)
1if L(pu(Br, f)) = o{r*e”*™} asr — oo
where K (r, f; L) = and for some a < )\LQ]L*

L(u(pr,f)) otherwise.
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Theorem 31. Let f and g be any two entire functions with 0 < pf < qu]L

oo where ¢ > 1. Then for any odd number n (# 1) and for any f > 1,

<

log[ ("*21)(1]

.. % (7“, fn)
lim inf
r=c0 logl i (r,g) - K (r,g; L)

Y

1if L(p(Br, f)) = o{ree**™} asr — oo
where K (r,g; L) = and for some o < pgw

L(u(Pr,f)) otherwise.

We omit the proof of Theorem 28, Theorem 29, Theorem 30 and The-
orem 31 as those can be carried out in the line of Theorem 24, Theorem 25,
Theorem 26 and Theorem 27 and with the help of Lemma 6.

Theorem 32. Let f and g be any two entire functions with p[f]L* < o0, 0<

)\5* < pg* < oo where p is any positive integer. Then for any even n and
g >1,

(a) if L <exp <(6+1> (Br, g))) =o{logT (r,9)} then

lil:"ri’sololplogT (r,g)+ L (exp <<%> T (pr, g))) a F

logl ] T
lim o8 (r. f

" ®logT (1, 9) —|—L(exp<( ) Brg)) -

Proof. Taking R = fr in the 1nequa11t T(r, f) < log™ M(r, f) < R : T (R, f)
{cf. [3]} and also using log < 1 42 ((ﬂ ()(;(;T)Z(Bw DL om+ (( fl()<6> (6r9)))

we get from Lemma 4 for all sufficiently large values of r that

o8l 1,0) < (A <) tog a1 (1) [ 1.+ P L 0]

1.€., log["p;z]

T(r, fn)

< (pg?]]“ + 5) log M (r,g) |1+
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i.e., log[%] T (r, f,) < log( lpIL” —l—é?) +log M (r, g)
O O(1)+ L (exp ( )T 9)))
(54) 7 (8rg)

i.e., log[%] T (r, fn) <log (p[f]L* + 6) + (pg* + 5) log {T@L(T)}

» {1 o+ Lo ((24)7070)) }

(54) 7 (3r.9)

ie., logl®lT(r, f,) < log( lp)L +€) + (pk +€) log {re"™}

(o sl o))

1+ (g+})T(ﬁ

+ log

i.e., log[%] T(r, f,) < O(1)+ (,05* +¢) {logr + L(r)}
O) + L (exp ((54) T (Br.9)) )
(ﬁ“) (Br.g) |

+

Again from the definition of L*-lower order, we get for all sufficiently large

values of r that

log 7'(r,g) = (A" — <) log [re""]
i.e., logT (r,g) > ()\5 —¢) log [reL(r ]
i.e., logT(r,g)Z(Ag —¢) [logr + L (r)]
i.e., logr+ L(r) < 1(()§L* (T,gg)) (21)

Hence from (20) and (21), it follows for all sufficiently large values of r that

logl %17 (r, 1)

L*
+e
< 0<1>+<'Oi* )-1ogT<r,g>+
/\g — &
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np o(1)
logl 171, £,) . e ()T)
BT (rg)+ L (e ((55) 7 (r0))) st * !
() 1 B
* ool (B 1))
1 T L( p(l(oé}l(?“?s;gﬂ g))> |:1 + L(exp(l(ogfl(;;zﬁr ))):| (B+1> (@T g)

Since L (exp (<6+1> (Br, g))) = o{logT (r,g9)} as r — oo and € (> 0) is
arbitrary, we obtain from (22) that

log[

lim sup

r—oo logT (r,g) + L (exp ((%) T (Br, g))) a )‘_g*

Again if logT (r,g9) = o {L (exp

that ]
lim log 21 T'(r, /. ’;) ~0. (24)
" log T (r,9) + L (exp ((553) T (5r.9)) )

Thus the theorem follows from (23) and (24). O

Corollary 33. Let f and g be any two entire functions with pp I < 0,
O<,0 < oo where p > 1. Then for any even n and 8 > 1,

(a) if L <exp <(6+1> (Br, g))) =o{logT (r,q)} then

lim inf =0.

= log T (r.9) + L (exp ((55) T (8r.9)))

We omit the proof of Corollary 33 because it can be carried out in the
line of Theorem 32.

Theorem 34. Let f and g be any two entire functions with p[f]L* < o0, 0<
)\5* < ,05* < oo where p is any positive integer. Then for any even n,
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(a) if L(M (r,g9)) =o {logp] M (r, g)} then

np+

| logl™#*) M (r, ) ry
lim sup 3] = NI~
r—00 IOg M (T,g) + L (M (Ta g)) A

and (b) if log® M (r,g) = o{L (M (r,g))} then
lim g™ I M, f)
r=log® M (r,9) + L(M (r,9))

Corollary 35. Let f and g be any two entire functions with p[;)]L* < 00,
0< ,05* < oo where p > 1. Then for any even n,

(a) if L(M (r,g9)) =o {logp] M (r, g)} then

[np2+2]

lim inf — log M (r, fn) <1
= log?! M (r,g) + L (M (r,9))

and (b) if log® M (r,g) = o{L (M (r,9))} then

np+2

logl =" M (r, £,)
lim inf -
r—00 logm M (7“ g) + L (M (7", g))

log M (r,g log M(r,g)
Lemma 5, Theorem 34 and Corollary 35 can be carried out in the line of
Theorem 32 and Corollary 33 respectively. Hence their proofs are omitted.
O()+L(p <6rg)>} _oa )+L(M(Brg)
log® pu(r,g) log!?! 1u(r,g)
1 and with the help of Lemma 6, the following theorem and corollary can be

carried out in the line of Theorem 34 and Corollary 35 respectively.

Using log{l - MM(T)’Q))} ~ QILM(9) ang with the help of

Analogusly using log {1 + for any 8 >

Theorem 36. Let f and g be any two entire functions with p[p I < o0, 0 <
L *

A, < pg < oo where p is any positive integer. Then for any even n and

f>1,

(a) if L(u(8r,9)) = o {log? 1 (r,g) } then

np+2]

log[™ L*
lim sup 6 p(r, fn) pg

r—oo log® i (r,g) + L (1 (81, 9)) ~ Ag
and (b) if log™® pu (r, g) = o {L (11 (Br, g))} then

log[ 2] (7, fn) _
(r,9) + L (u(Br,g))

/\

lim
7T—00 log ,LL



38 Sanjib Kumar Datta, Tanmay Biswas, Chinmay Ghosh, Xiao-Min Li

Corollary 37. Let f and g be any two entire functions with pr]L

0< ,og < oo where p > 1. Then for any even n and > 1,

(a) if L(u(Br,9)) = 0 {1og™ (1, g) } then

< 00,

logl%] ( fn)
lim inf
r~ log® 11 (r,g) + L (1 (Br, g))

and (b) if log® i (r, g) = o{L (11 (Br, g))} then

logl%l ( fn)
lim inf
r~ log® 11 (r,g) + L (1 (Br, g))

<1

=0.

Theorem 38. Let f and g be any two entire functions with p[gqlL* < o0, 0<
)\JLc < pJ’%* < 0o where q is any positive integer. Then for any odd n # 1 and
8 >1,

(a) if L <exp <(’8+1> (Br, f))) =o{logT (r, f)} then

a(n—2)

. log[ =T (r, f) Py
T s (o () T 0))

and (b) if logT (r, f) =o {L <exp <(%> T (pr, f)))} then

q(n—2)]

lim log[ 21T (r, fn)

’"_’oologT(r,f)—l—L(exp((’BH) (Br, f))) -

Corollary 39. Let f and g be any two entire functions with p[q]L

0<,0 < oo where ¢ > 1. Then for any odd n # 1 and > 1,
(@) if L (expo ((53) T(Br.1)) ) = o{log T (r, )} then

q(n 2)

im in logl ]T fn)
T e ()70
and (b) if logT (r, f) = 0{ <exp ((5“) (Br, f) ))} then
lim inf log[q% ST ) ~0.

ST Y ()
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Theorem 40. Let f and g be any two entire functions with pgﬂL* < oo, 0<

/\JLC* < pJLc* < oo where q is any positive integer. Then for any odd n # 1,
(a) if L(M (r, /) = 0 {log M (r, )} then

(n—1)q

[ +1] ¥
lim sup é]Og 2 it < pé*
r—00 log M (7", f) + L (M (Ta f)) )\f

and (b) if log® M (r, f) = o {L (M (r, f))} then

(n—1)q
2

oo loglF M)
r—oolog® M (r, f) + L (M (r, f))

Corollary 41. Let f and g be any two entire functions with p[gq]L* < 00,

0< pf* < oo where ¢ > 1. Then for any odd n # 1,
(a) if L(M (1, f)) = 0 {10g™ M (r, f)} then

(n—1)q
2

. logl ™=+ M (r, f,)
lim inf -
r—oo log® M (r, f) + L (M (r, f))

and (b) if log® M (r, f) = o{L (M (r, f))} then

(n—1)q

. logl ™21 M (r, £,)
lim inf -
r—oo log® M (r, f) + L (M (r, f))

Theorem 42. Let f and g be any two entire functions with pgﬂL* <00, 0<
)\JLc* < p]Lc* < 0o where q is any positive integer. Then for any odd n # 1 and
f>1,

(@) if L(u(Br, ) = o {log ju (r, )} then
lim sup 2]og[("_21)q+1] 1 (7, f) . p_ii
r—00 lOg[ ]:U’(Ta f) +L<:U’ (57’, f)) )\f

and (b) if log® i (r, f) = o{L (u(Br, [))} then
(n—1)q

IOg[ ? —H]M(rafn)

lim =0

rﬂoologp] M (7”, f) + L (:U’ (BT’ f>>
gL~

Corollary 43. Let f and g be any two entire functions with pg < 00,
0< pJ’;f < oo where ¢ > 1. Then for any odd n # 1 and 3 > 1,

(a) i L (8, £)) = o {log™ u(r, f) } then

(n—1)q

o logl )
lim inf B
r—o log ,u(T, f)‘f‘L(,UJ (67"’ f))

<1
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and (b) if log® pu (r, f) = o {L (1 (Br, f))} then

(n—1)q

1 [ 2 ‘H]

r—co log® i (r, f) + L (1 (Br, f))

We omit the proof of Theorem 38, Theorem 40, Theorem 42, Corollary
39, Corollary 41 and Corollary 43 because those can be carried out in view of
the second part of Lemma 4, Lemma 5 and Lemma 6 respectively.

Remark 2. The equality sign in Theorem 32 and Corollary 33 cannot be re-
moved as we see in the following example.

Example 1. Let f =g=expz,p=2,=2and L(r) = %exp (%) where m
18 any positive real number.
Then
pf =N =py =L
Now for any even n,
fn = exp™ z.

Now
T(r, f,) < logM(r,f,) =exp"r
ie., log"T(r f,) < log" (exp[nfl] r)
ie., log"T (r, fn) < logr
and 3T (2r,g) > logM (r,g) =r
i.e., logT (2r,g) > logr+ O(1)
ie., logT (r,g) > logr+O(1) .
Also
log" T'(r, fu) > logr +0(1),
and logT (r,g) < logr .
So
L(exp (3T (2r,9))) = L (M (r,g)) = L (expr) 1 . 1
X = 9 = X = — eX
' ! ! P m P expr

and

L(exp (3T (2r,9))) < L (M (r°,g)) = L (expr®) = %exp <e>ql)7"5) for any 6 > 1.
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Hence
. log" T (r, f1)
im su
oo 10g T (1, g) + L (exp (3T (21, 9))
< limsup logr N = 1
r—00 1
logr + 0O (1) + - exp (expr>
and
. log"™ T (r, f)
lim inf
r—oo logT' (1, g) + L (exp (3T (2r, 9)))
1 1
> liminf— 0870
=% Jogr + Lexp <F{;r >
Therefore

lim inf IOg[n]T(van>

11m 11

r—co logT'(r,g) + L (exp (3T (21, 9)))
log™ T

= limsup 08 (r /)

r—oo 10gT (1, g) + L (exp (3T (2, 9)))
— 1.

Remark 3. Considering f = g = expz, p=2 and L(r) = %exp (%) where
m is any positive real number, one can easily verify that the equality sign in
Theorem 34, Theorem 36, Corollary 35 and Corollary 37 cannot be removed.

Remark 4. Considering f = g = expz, ¢ =2 and L(r) = % exp (%) where
m 1S any positive real number, one can easily verify that the equality sign
in Theorem 38, Theorem 40, Theorem 42, Corollary 39, Corollary 41 and
Corollary 48 cannot be removed.

4 Open Problem

Extending the notion of classical growth indicators order and lower order,
Juneja et al. [4] defined the (p, q)-th order and (p, q)-th lower order of an entire
function f as follows:

log M log” M
s (p,q) = hmsupog—f(r) and s (p, q) = hminfog—f(r)
roo logl!r r—oo  Jogl!y

)

where p, ¢ are positive integers with p > q.
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In the line Juneja et al. [4], one can define the (p,q, m)-th L-order and
(p, g, m)-th L-lower order of an entire function f in the following way :

log?! Mf
pJLf (p,q,m) = limsup 08 (r, f) and
r—00 log[Q] [7“ eXp[m] L(T‘)]
log” M (r. f)

AlPIE ,q,m) = liminf
o pam) r—oe Jogl?d [r explml L(r)]

where p,q and m are any three positive integers with p > ¢. Also using
the inequalities T'(r, f) < log™ M (r, f) < 3T (2r, f) {cf. [3]} and p(r,f) <
M (r, f) <2u(2r, f) {cf. [13]} respectively, the above definition can also be re-
formulated in terms of mazimum terms and Nevanlinna’s characteristic func-
tions of entire functions. Now the following natural question may arrise for
the workers of this branch :

Can the results which we have established in this paper be modified by the
treatment of the notions of (p, ¢, m)-th L-order and (p, g, m)-th L-lower order?
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