Int. J. Open Problems Complex Analysis, Vol. 6, No. 3, November, 201/
ISSN 2074-2827; Copyright (©ICSRS Publication, 2014

WWW. 1-CSTS. 0Tq

A Certain Class of Meromorphic Univalent Functions
with Positive and Fixed Second Coefficients

M. K. Aouf
Department of Mathematics, Faculty of Science, University of Mansoura
Mansoura 35516, Egyptt.
e-mail: mkaoufl127@Qyahoo.com

R. M. EL-Ashwah
Department of Mathematics, Faculty of Science, University of Damietta
New Damietta 34517, Egypt.
e-mail: r_elashwah@yahoo.com

M. E. Drbuk
Department of Mathematics, Faculty of Science, University of Damietta
New Damietta 34517, Egypt.
e-mail: drbuk2@yahoo.com

Received 1 April 2014; Accepted 2 July 2014

Abstract
In this paper we consider the class ¥,(\, o, B, k, ¢) consisting of analytic
meromorphic functions and with fixed second coefficients .In the present paper
we have obtained coefficient inequalities for the class ¥,(\, «, B, k,c). Also we
have shown that this class is closed under arithmetic mean and convex linear
combinations. Lastly we have obtained extreme points, growth and distortion
bounds and the radius of meromorphically starlikeness for functions in the class

E,(\ a, Bk, c).
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1. Introduction

Let ¥ denote the class of functions f of the form :
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f(z) =%+Zanz” (1.1)

which are analytic and univalent in the punctured unit disc

U'={z:2€C;|z| <1} =U\{0}. (1.2)

Let ¥*(B) and 3.(8) be the subclasses of ¥ consisting of univalent mero-
morphically starlike of order (0 < < 1) and meromorphically convex of
B(0 < B < 1), respectively.

Analytically a function f of the form (1.1) is in the class ¥*(5) if and only if

zf' (2)
—Re{ ) }>ﬁ (zelU), (1.3)
similarly, f € ¥.(5) if and only if, f is of the form (1.1) and satisfies
“Re {1 + ZJJ:(S)} > 8 (z €U). (1.4)

Note that
feXp) <= —zf € ¥*(B).

The classes defined by Pomerenke [10], Clunie [5] and studied by Aouf and
Silverman [3], Kaczmarski [7], Juneja and Reddy [6], Mogra [9] and others.

We define the class X, of functions of the form:

o0

f(z) = é +) a2 (a, > 0), (1.5)

that are analytic and univalent in U*.

Reddy et al. [11] introduced and defined the class (A, «, 3, k) of meromorphic
functions as follows:

Definition 1 [11]. A function f € ¥, is said to be in the class 3(\, o, 3, k) if
2F'" (2) 2F'" (2)
-R >k
SV ERGIEL s
Where0§a§A<%,O§ﬁ<1,k20and

+1

(ze€U), (1.6)

F(z)=(1=XA+a)f(z) + (A= a)zf'(2) + Az’ f"(2).



A Certain Class of Meromorphic Univalent Functions... 3

It is noted that
(N a, B k) =2\ o, B, k) N X,

Remark 1. (i) Putting A = a = 0, we have £,(0,0,3,k) = ¥*(8,k) and
A =1a =0, we have 3,(1,0, 8, k) = X*(f, k), the classes of - uniformly
meromorphic functions were studied by Atshan and Kulkarni [4];

(ii) Putting A = a = k = 0, we have ¥£,(0,0,53,0) = X*(8) (see Aouf and
Darwish [1], with ag = 1).

Motivated by Aouf and Darwish [1], Aouf and Joshi [2], Magesh et al. [§] and
others, we shall study the class ¥,(\, o, 8, k, ¢).

We begin by recalling the following lemma due to Reddy et al. [10].

Lemma 1 [11]. The necessary and sufficient condition for a function f € 3,
to be in the class X,(\, «, 5, k) is given by

[e.e]

Z[(n + B)+k(n+1)][(n —1) (nAa+ X —a)+1]a, < (1 —0) (2Aa —2A 4+ 2a+ 1),
n=1

(1.7)
Where0§a§A<%,0§ﬁ<1,k20.
In view of (1.7), we can see that the function f(z) defined by (1.5) in the class
X,(A, a, B, k) satisty the coefficient inequality

(1—=75) (2 \a =2 +2a+1)

- 2k+pB8+1 (18)

a

Hence we may take

(1-05)2A\a—2\+2a+1)c
2+ B8 +1

ap =

0<ec<l1. (1.9)

Making use of (1.9), we now introduce the following class of functions:
Let £,(\, @, 8, k, ¢) denote the subclass of £,()\, o, 8, k) consisting of functions
of the form:

I 1=-p82\a—2 \+2a+1)c

U 2k + B +1

z+ Zanz” (0<ec<1). (1.10)
n=2

We note that:
¥,(0,0,8,0,¢) = %55 (B) [1, with ag = 1].

In this paper we obtained coefficient inequalities for the class X,(\, «, 5, k, ¢),
we have obtained extreme points, growth and distortion bounds. Also we
have shown that this class is closed under arithmetic mean and convex linear
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combinations. Further, the radii of meromorphic starlikeness is obtained for
the class X,(\, a, 8, k, c).
Body Math

Body Math 2. Main Results

Theorem 1. Let the function f (z) defined by (1.10). Then f € ¥,(\, o, 8, k, ¢),
if and only if

o0

DM+ B) +k(n+Dn—1) (nAa+ A —a) + a,

n=2
<(1-B) 2 a—22+2a+1)(1—c). (2.1)
Proof. Putting

(1-5)2 a—2 \+2a+1)c
2k+B+1

ay = ,0<e< 1, (2.2)

In (1.7) and simplifying we get the result.
Remark 1. Putting A = @ = k = 0 in Theorem 1, we obtain the result
obtained by Aouf and Darwish [1, Theorem 1, with ay = 1].

Corollary 1. If the function f defined by (1.10) is in the class X,(\, a, 5, k, ¢),

then
(1-B)(2Aa—2)+2a-+1)(1—c)
n = 3By rh(nt DI(n—1) (nrat A—a) 1]’ nz2. (2.3)

The estimates are sharp for the function f(z) be given by

1 (1-p) (2 a—2 +2a+1)c (1-8)(2 a—2X+2a+1)(1—c¢) n
fle) =2+ T Tk Dn-Dmatr-a) 1>+ " 2( g )
24

Next we prove the following growth and distortion properties for the class
Y.\ a, Bk, c).

z 2k+5+1

Theorem 2. If the function defined by (1.10) is in the class X,(\, a, 5, k, ¢),
then for 0 < |z| =r < 1, we have

L _ @-p@oa-aisatne,  0-p@aaiainio 2 sy

r - 2k+3+1 (3k+5+2)(2Aa+-A—a+1) =
1
(1-8)(2Aa—2X+2a+1)c (1-8)(2Aa—2A+2a+1)(1—c) . 2
= - + 2kt pA+1 T+ " Grrar@atr—aty | (2.5)

The result is sharp for the function f (z) given by

1
o (1-8) (2 a—2X+2a+1)c (1-8)(2Aa—2X+2a+1)(1—c) _2
f(z)= > + Gy 2t GE A et a—atD) ¢ (2.6)
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Proof. Since ¥,(\, o, 8, k, ¢), Theorem 1 yields

(1-08)(2 a —2A+2a+1)(1 —¢)

n < : > 2
=TT B +k(m+ D)[(n—1) (mha+Ar—a)+ 1] "
Thus for 0 < |z| =7 < 1, we have

1 (1-/8)2xa—-2X2+2a+1)c

< —
|f(Z)|_|Z|Jr 2%k + B+ 1 Z|+Zan|zl

1 (1-8)2 =2 A+2a+1)c

< —

=37 2%k + B+ 1 Pt o

n=2

1 1 0-p@ae-22atne, | (1-H@a-D42041)(1=0) 2
, 2kt A+1 Gk+B12)(2hatr—atl) |

and

1 00
|f(2)| > (1-B)(2Aa—22+2a+1)c |Z| B Zan ‘Z|n

|z| 2k+p0+1
n=2
1 1-— 2 a0 — 2X\ + 2
2__( ﬁ)( « +2a+1 7’—7" Zan
r 2k+ 5 +1
S 1 (1-B)@a-2+2a+le _ (1-B)2ha=2A+2a+1)(1-0) 2
= 2k+5+1 (Bk+8+2)2hatr—a+l) ' -

Thus the proof of Theorem 2 is completed.

Theorem 3. If the function f (z) given by (1.10) is in the class X, (), a, 5, k, ¢),
then for 0 < |z| = r < 1, we have

1 (I=f)Ra=22+2a+1)e _ 2(1—p)(2ra—22+20+1)(1—¢) . |f’(z)\

r2 - 2k+B+1 T (Bk+B+2)2hatA—a+1)
1
(1-B)(2Aa—2 A +2a+1)c | 2(1—F)(2ra—22+2a+1)(1—c)
< ﬁ+ 2k+B+1 t TG A @atrat) (2.7)

The result is sharp for the function f (z) is given by (2.6).

Proof. In view of Theorem 1, it follows that

n(1—pB)(2Aa—2X+2a+1)(1—c)
nay < [ B) T k(nt D][(n—D) (mhatr—a)+ 1]’

n>2. (2.8)

Thus, 0 < |z| = r < 1 and making use of (2.8) we have

—1

22

f'(2)] <

(1-58)2 a—2 \+2a+1)c et
2%+ B+ 1 Zna”|z|
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1 (1-08)2M—2 \+2a+1)c
< -
=eT 2k + B+ 1 Zna”
1
(1-8)(2Aa—2 +2a+1)c 2(1-B8)(2Aa—214+2a+1)(1—c)
< 2 + 2kt B+1 T TG @atr—ar)

and

-1 (1-8)R2 —-2X2+2a+1)c 1
/ n—
f(2)] = | %+ B+l Znan|z|
1 (1-8)2 =2\ +2a+1)c¢
2 == - n
— 2 2k+B+1 " Z e
> 1 gop@a-arzatne  20-)@ra-2)0t2011) (10
= 2 2+ At1 GktB+2)2ratr—atl)

Hence the result follows.
Next, we will show that the class ¥,(\, «, 8, k, ¢) is closed under convex
linear combination.

Theorem 4. If

I 1-08)R2x—2 \+2a+1)c

== 2.9
filz) =2+ 2k + B+ 1 = (2:9)
and
1

- (1-58)(2Aa—2X+2a+1)c )(2Aa—2A+2a+1)(1—c)
fn (Z) o ; T 2k+B+1 Zr Z [(’VH—,B +k n+1 Ni(n—1)(nAa+ — a)—l—l] <n 2 2)
(2.10)

Then f € ¥,(\, a, B, k,c) if and only if it expressed in the form
= it (2), (2.11)

n=1

where p, > 0 and Y7 p,, < 1.

Proof. From (2.9), (2.10) and (2.11), we get

1
(1-B)(2Aa—2X +2a+1)c (1-8)(2Aa—2 +2a+1)(1—c)pn n
f(z) = > -+ 2kt B11 +Z [(n+ﬂ)+k (ntD][(n—1) (mrat A l;)+1]z - (2.13)
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Since

(1-8)(2Aa—22+2a+1)(1—c)un [(n+8)+k(n+1)][(n—1)(nAa+A—a)+1]
[(n+8)+k(n+1D)][(n—1)(nAa+A—a)+1] (1-8)(2Aa—2X+2a+1)(1—c)
n=2

:Zﬂnzl_ﬂlgl’
n=2

it follows from Theorem 1 that the function f € X,(\, a, 5, k, ¢).
Conversely, suppose that f € ¥,(\, o, 8, k, ¢). Since

(1-08)(2 a -2\ +2a+1)(1 —¢)

" D k@t Dl - D(ma+i-a 1l "7
Setting
[+ 4k D] =D (ot A-0) 1]
fin = (1-8) (2 \a—2X+2a+1) (1 —c) o
and
we get -

FE) =) pnfa(2). (2.14)
n=1
This completes the proof of Theorem 4.

Theorem 5. The class £,(\, o, 8, k,¢) is closed under convex linear combi-
nation.

Proof. Suppose that each of the function f; (z) given by
— .
fi(@)=Z 4D jange"i=1,2
n=1

is in the class X,(), o, 8, k, ¢). We need to prove that the function h (z) given
by
hiz)=pfi(z)+ (1 —p) fa(2) (0< <)

is also in the class X,(\, o, 5, k, ¢). Since

1 o0
hiz) =~ + > [nans + (1= 1) anp)2"
n=1
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Consider
DI+ B) +k(n+D[(n—1) (nAa+ A=)+ 1[uans + (1= p) an]
= [ [(n+B)+km+1)][(n—1) (nAa+ X —a) + 1a,,
+(1 =)D [(n+B) + k(n+1))[(n—1) (nha+ A — @) + ay o]
< n(1=B)(2ha—22+2a+1)+ (1 —p) (1—B) (2Aa — 22 + 20+ 1)
< (1=08)2 =22+ 20 +1).

Thus from Theorem 1, h (z) € £,(X, a, 5, k, ¢). Hence the class £,(\, o, 8, k, ¢)
is closed under linear combination.

Now we determine the radii of meromorphically starlikeness and convexity of
order ¢ for function in the class ¥,(A\, o, 8, k, ¢).

Theorem 6. Let the function f (2) defined by (1.10) be in the class ¥, (), «, 8, k, ¢),
then f is meromorphically starlike of order 6 (0 < ¢ < 1) in 0j|z| < r(A\, o, B, k, ¢, ),
where r1(A\, a, B, k, ¢, 9), is the largest value for which

(3=0)(2Aa—2X+2a+1)c 2 (n+2—-0)(1-8)(2Aa—2X+2a+1)(1—c) n+1
2kt B+1 LA O e ) o orp ey ey s A (1=0)(n=2).

The result is sharp for the function f (z) is given by (2.4).

Proof. Suppose f € £,(\, «, 8, k, ¢), it is sufficient to show that
2f' (2)
f(z)

Replacing f (z) and zf’ (z) with their equivalent series expansions in the left
hand side of (2.15), we get

<1-4, (for 0 <5< 1,0 < |z] <ri(\a, B,k c0)). (2.15)

i

1 0 1 S
(2Aa—2X4+2a+1)c (2Aa—22+2a+1)c
Zf’(Z) —;+Wz+ Z_%nanz”—l—;—l—wz—l— X_:ZCLnZn
1+ — n= n=
’ f (2) 1 (2Aa—2X+2a+1)c

; + TS e— + n;g Ap 2™
(2.16)
Hence (2.16) holds true if
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[e.e]

22 a -2 +2a+1)c ,
1 nn+1
S Bl r° 4+ :2(n+ ) anr

n

A =22 +2a+1)c ,

< 1-6)|1—- — L
- ) 2k+p8+1 " nz:;ar ’

or,

(3—=190) (2 Aa — 2\ +2a+1)
2k+p8+1

2 4 Z(n +2 = 8)a,r" < (1-96),

n=2
For each fixed r we choose the positive integer ng = ng (r) for which

(n+2-9) .t
(n+B8)+kn+D)n—-1)nrxa+A—a)+1] "

is maximal. Then it follows that

n+1 (no+2—9)(1—8)(2Aa—22+2a+1)(1—c) no+1
D (2= Q) < e e Tt A

n=2

Then f is meromorphically starlike in 0 < |z| < r1(\, «, 8, k,¢,0) of order &
provided that

(3=8)(2Aa—22+2a+1)c_ 2 (no+2—8)(1—=B)(2Aa—2A+2a+1)(1—¢c)  ng+1
2k+B+1 r +[(no—(liﬁ)-&-k’(no—&—l)][(no—l)(n())\a-i-)\—a)—I—l]T < (1=9). (2.17)

We find the value 79 = ro(A\, «, 5,k,c,0) and the corresponding integer
no () so that

(3—8)(2Aa—2A+2a+1)c_2 (no+2—38)(1—B)(2Aa—2 +2a+1)(1—¢c)  mo+1 __
1B+ 70t Tyt B Tt Do Tmsatrarr o = (1—=6). (2.18)

Then this value rq is the radius of meromorphically starlikeness for functions
f(z) belonging to the class X,(\, a, 5, k, ¢). This completes the proof of Theo-
rem 6.

3. Open problems

The authors suggest to study the above problem for analytic p-valent mero-
morphic functions with fixed a, coefficient, also discusses the neighborhood
and partial sum problems for the new class
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