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Abstract

In the present paper we establish several differential superordi-
nations regarding the operator RDY', defined by using Ruscheweyh
derivative R™f (z) and the generalized Sdldgean operator DY f (z),
RDY, : Ay — A,, RDY, f(2) = (1 —a)R"f(2) + aDY f(2), z € U, where
m,n € N, ya >0 and f € A,, A, = {f € HU) : f(z) = 2+
Z;’inﬂ a;z, z € U}. A number of interesting consequences of some
of these superordination results are discussed. Relevant connec-
tions of some of the new results obtained in this paper with those

in earlier works are also provided.
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1 Introduction

Denote by U the unit disc of the complex plane, U = {z € C : |z| < 1} and
H(U) the space of holomorphic functions in U.

Let A, ={f € H(U) : f(2) =2z +ap,1z" +..., 2 € U} and H[a,n] =
{feHU): f(z)=a+ap2"+ ap 12" + ..., z€ U} fora € C and n € N.
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Zj{//é;) +1>0, z¢€ U} , the class of normal-

Denote by K = {fE.An:Re
ized convex functions in U.

If f and g are analytic functions in U, we say that f is superordinate to g,
written g < f, if there is a function w analytic in U, with w(0) = 0, |w(2)| < 1,
for all z € U such that g(z) = f(w(z)) for all z € U. If f is univalent, then
g < fif and only if f(0) = ¢(0) and ¢g(U) C f(U).

Let ¢ : C?* x U — C and h analytic in U. If p and ¢ (p (2),2p' (2) ; 2) are
univalent in U and satisfies the (first-order) differential superordination

h(z) = ¥(p(2),20'(2);2),  z€U, (1)

then p is called a solution of the differential superordination. The analytic
function ¢ is called a subordinant of the solutions of the differential superor-
dination, or more simply a subordinant, if ¢ < p for all p satisfying (1).

An univalent subordinant ¢ that satisfies ¢ < ¢ for all subordinants ¢ of (1)
is said to be the best subordinant of (1). The best subordinant is unique up
to a rotation of U.

Definition 1.1. (Al Oboudi [9]) For f € A,, A > 0 and n,m € N, the
operator DY is defined by DY : A, — A,,

Dif () = f(2)
Dyf(2) = (L=X)f(2) +Azf'(2) = Daf (2) -y
Dytif(z) = (L=NDYf(2)+ A2 (DY f(2)) = DA(DYf(2)), 2€U.

Remark 1.2. If f € A, and f(2) = 2+ 32 a;27, then DY f (2) =
24> I+ G =D N a2, z € U.

For A\ =1 in the above definition we obtain the Salagean differential oper-
ator [15].

Definition 1.3. (Ruscheweyh [14]) For f € A,, n,m € N, the operator R™
is defined by R™ : A, — A,
R'f(2) = f(2)
R'f (2) 2f'(z)
(m+1)R™f(2) = 2(R"f(2)) +mR™f(z), z€U.
Remark 1.4. If f € A,, f(z) = 2z + > i1 052, then R™f(2) = 2 +
2 jmnt1 Omyja;?’, 2 €U
Definition 1.5. [/ Let a, A > 0, n,m € N. Denote by RDY', the operator
given by RDY,, : A, — Ay,

RDY f(z) = (1 —a)R"f(z) +aDY'f(z), z€U.
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Remark 1.6. If f € A,, f(2) =2+ 32, a;27, then
RDY f(z) =2+ 322 o {all+(G-DN"+(1 - a) Cm i1 bai, zeU.
This operator was studied also in [6], [7], [4], [10], [11], [12].

Remark 1.7. For a = 0, RDYf(2) = R™f(z), where z € U and for
a=1, RDY, f (2) = D' f (2), where z € U.

For A = 1, we obtain RDY', f (2) = L f (2) which was studied in [1], [2],
[5].

Form =0, RDY ,f(2) = (1 —a)R°f (2) + aD{f (2) = f(2) = R°f (2) =
DV f (2), where z € U.

Definition 1.8. We denote by Q) the set of functions that are analytic and
injective on U\E (f), where E (f) = {¢ € oU : lin%f (z) = oo}, and are such
2
that f'(¢) # 0 for ¢ € OU\E (f). The subclass of QQ for which f(0) = a is
denoted by Q (a).

We will use the following lemmas.

Lemma 1.9. (Miller and Mocanu [13, Th. 3.1.6, p. 71]) Let h be a convex
function with h(0) = a and let v € C\{0} be a complex number with Re v > 0.
If p € Hla,n|NQ, p(z) + l,zp’( ) is univalent inU and h(z) < p(z) + %zp’(z),
z € U, then q(2) < p(2), z € U, where q(z) = — fo (t)t/"ldt, z € U. The
function q is convex and is the best subordmant

Lemma 1.10. (Miller and Mocanu [13]) Let q be a convex function in U
and let h(z) = q(z) + %zq’(z), z € U, where Re v > 0. Ifp € Hla,n]NQ,
p(z)—i—%/zp’( 2) is univalent in U and q( )+1zq’( ) < p(z)+%zp’ (2), z € U, then
q(z) < p(z), z € U, where q(z) = —= fo (t)t/"=Ydt, z € U. The function q
15 the best subordinant.

2 Main results

Theorem 2.1. Let h be a convex function, h(0) = 1. Let n,m € N,
m o)y 6—1
Na, 6 >0, f e A, and suppose that <RD+J()> (RDf\'faf(z))’ s univa-

lent and (%‘”(z))é eH[LndNQ. If
m 5—1
h(z) < (M) (RDY,f(2))',  z€Ul, (2)

then 5
q(z) < (M) L z€el,

z
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where q(z) = 25 I h(t)t%_ldt. The function q is convex and it is the best

nzn

subordinant.

Proof Consider 5
p(z) = <M> _ ( +5°22 o {4+ G—DN"+(1-a)C, _ ba ]) st

z z

Prss12™t + .., zeU.
: L (RDY N ' L
Differentiating we obtain (T) (RD3, f(2)) = p(2) + 520 (2),
zeU.

Then (2) becomes h(z) < p(z) + 52p/(z), z € U. By using Lemma 1.9

LN

where ¢(z) = 5 Jo (t)t»—dt. The function ¢ is convex and it is the best
nz

for v = 0, we have q(z) < p(2), z € U, ie. q(z) < (

z

subordmant

Corollary 2.2. Let h(z) = % be a convex function in U, where

0<pB<1 Letn,meN, \,a,6 >0, f € A, and suppose that
<M> (RDX?af(z))/ is univalent and (M) eHI[L,n)NQ. If

z

z

h(z) < (w) i (RDY. f(2)), =€, (3)

RDT_f(2)\° L
then q(z) < (+> , z € U, where q is given by q(z) = 26 — 1+

5
2(1—6) Z tn~
5
et Jo T
dinant.

dt z € U. The function q is conver and it is the best subor-

Proof Following the same steps as in the proof of Theorem 2.1 and con-

RDY, f(2)°

sidering p(z) = ) , the differential superordination (3) becomes

z

h(z) = HED2 < pz) + 2p/(2), 2 € U

By using Lemma 1.9 for v =0 , we have ¢(z) < p(2), i.e.,
a(2) = 2 [ h( (£)t" tdt = —‘}fo o1 gy

nz™

5 s
5 fo [25_1 tn 1+2(1—5)t1T} dt:@ﬁ_l)"‘z(lig)& OZtlth dt

nz

nz

L CION R

The function ¢ is convex and it is the best subordinant.
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Theorem 2.3. Let q be convez in U and let h be defined by h(z) = q(z) +

m )\ 6—1
2¢'(2). Ifn,m e N, \,a,0 > 0, f € Ay, suppose that (MA'T‘W) (RD;\’:‘af(z)),

m )\ 0
s univalent and (RDA’T(J()) € H[1,nd] N Q and satisfies the differential su-

perordination

q (2) < <—RD%J[(2)

o—1
. ) (RDY.F(2)), z€U, — (4)

q(z) < (RDT’—C‘f(Z))é, zeU,

z
S5
where q(z) = =25 [ h(t)t" ~dt. The function q is the best subordinant.

Proof Following the same steps as in the proof of Theorem 2.1 and con-
RDY, f(2)°
q(z) +2¢'(2) < p(z) + 2/ (2), z € U.
Using Lemma 1.10 for v = §, we have ¢(z) < p(z), z € U, i.e. ¢(z) =
5 m 2 1)
o foz h(t)t™ ~tdt < (M) , 2z € U, and ¢ is the best subordinant.

nz

sidering p(z) = ( , the differential superordination (4) becomes

Remark 2.4. Forn=1, A\ = %, a =2, 0 =1 we obtain the same example
as in [8, Example 4.3.2, p. 156].

Theorem 2.5. Let h be a convex function, h(0) = 1. Let \,a,6 > 0,
n,m €N, f € A, and suppose that

541 BDUF() | 2 RDY () (RDY, 1(2))’ B (RDTF () | .
5 (RDPALG) 8 (RDYEG)) | FDRLIG) 2 RDT7(2) is univalent and
RDY f(2)

§+1 RDY,f(2) N
0 (RDIFf(2)°

(D) (RDROE)]
RDy.fG)  RDyEyG) |0 C€U B

h(z) < z

2 RDPLf(:)
0 (RDYA'f(2))°
then

RDY,f (2)
(RDLI ()"

q(z) <z zeU,

where q(z) = % I h(t)t%_ltdt. The function q is convexr and it is the best

nzn

subordinant.
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RDT . f(2) , 5 B
ROT ) and we obtain p(z) + 3p'(2) =

541 RDYLJG) 2 RDYJ()
(RDYIE)T 0 (RDYIE)
(RDYF() 2(RD’"+1f(z>)’
RDY o f(2) RDY' 3 f(2)

zeU.
By using Lemma 1.10 for v = §, we have ¢(z) < p(z), z € U, i.e. q(z) =
S [En(tytn dt < 2 DS oI (2)

(RDYS ()
the best subordinant.

Proof Consider p(z) = z

. Relation (5) becomes h(z) < p(z) + %p'(2),

, 2 € U. The function ¢ is convex and it is

Theorem 2.6. Let q be convex in U and let h be defined by h (z) = q(z) +
% "(z) Ifn,m € N, Aa,6 2 0, f € Ay, suppose that 25#% -
2 RDRLf() | (RDRI() ) (RDVE() DTS (2)

z . .
T<RDT,I1f(Z))2 RDf\’faf(Z) -2 RD;Y?:%C(Z) 1s univalent and Z—(RDQII (z))

H[0,n] N Q and satisfies the differential superordination
§+1 RDY,f(2)
) m+1 2+
(RD)\,a f(Z))
(RD.f()"  (RDT'(2))

Rt . zeU, (6
RDY. (=) RDYITf(2) ] : (6)

h(z) < z

2> RDTf(2)
0 (RDYA'f(2))”
then

RDY S (2)
(RDYZ S ()
where q(z) = 25 [ h(t)t»='tdt. The function q is the best subordinant.

nzmn

q(z) < z

zeU,

W;A+—%’ z € U. Differentiating, we obtain p (z) +

() _ S8kl o () 2 RDP.f() | (RDLF) O (RDYER)
() =25 (RD’"“ﬂ ) (rog @) | FPRTG) 2RO
U, and (6) becomes h(z) = q(2) + 2¢' (2) < p(2) + 20/ (2), z € U.

By using Lemma 1.10 for v = §, we have ¢(z) < p(z), z € U, i.e. ¢q(z) =

L z é*l RD)\ af(z)
5 Jo h(t)tntdt < Z—(RD”fglf( T z € U, and ¢ is the best subordinant.

Proof Let p(z) =

z

, 2 €

Theorem 2.7. Let h be a convex function in U with h(0) = 1 and let
Na, 0 >0,n,meN, feA,

! 1" I 2
22842 (RDL, /() | 8 [(RDA,af(Z)) _ ((RDA,af(Z)) ) is univalent and

6 RDYf(2) 5 | RDY,f(2) RDYf(2)
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(RDY,£(2))

noindent z? 2"
RDAﬂf(z)

EH[0O,n]NQ. If

,0+2(RDY [ (2))
o RDY.f (2)

2 | (RDYLf (2))" - ((RD;ffaf (z))'>2 LeU

+

0| RDY.f(2) RDY,f (2)
then ( : ))/
o, (RDY, f (2
CI(Z)%Z W, ZEU,

where q(z) = -5 [ h(t)tw=tdt. The function q is convex and it is the best
subordinant.

o (RDL, f(2))’
RDY f(2)

! 14 ! 2
Differentiating, we obtain z”i—(RDT’“f(z)) +2 Cetel) <(RDZtaf(Z)) ) ]

Proof Let p(z) =z ,z€eU.

5 RDY (=) ' 6 | RDy.1(2) RDY', [ (2)
=p(2) + 30’ (2), z € U. Using the notation in (7), the differential superordi-
nation becomes h(z) < p(z) + 3p'(2), z € U.

By using Lemma 1.9 for v = §, we have ¢(z) < p(z), z € U, i.e. q(z) =
S o byttt < o2 (BB I)

ROy ) 0 ¢ € U. The function ¢ is convex and it is
the best subordinant.

z

Theorem 2.8. Let g be a convex function in U and h(z) = q(2) + 24’ (2).
Let \,a,0 >0, n,m €N, f e A,, suppose that

/ " ’ 2
2042 (FDR1()) | oo | (BDRaf()”  ((RDRLI@) 7| (0 ,
S R ) + 5 RD{ (=) ROy 1) is univalent in U and

o (RDY,f())

z € H[0,n| N Q and satisfies the differential superordination

RDY'_f(2)
§5+2 (RDY,f (2))
h(z) < 2° 5 RDYJ(2) +
S| (RDPF ()" ((RDE ()
5 | BDEL ) _( rDy,7() )| P ®
then .
q(z)—<22—(RD§’laf(z)> zeU

RDY, f (2) ’
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where q(z) = 5 [ h(t)tn—'dt. The function q is the best subordinant.

nzn

_ alang o)
Proof Let p(z) = 2 W

! " / 2
ZMLQ—(RD*"’JC(Z)) + ? (RDLSG) ((RDA’af(Z)) ) ] , z € U. Using the nota-

. Differentiating, we obtain p (2)+%p' (2) =

0 RD;\’faf(z) RD;’faf(z) RD;\’?af(z)

tion in (8), the differential superordination becomes h(z) = q(2) + 2¢/(2) <
p(z) +50'(2).
By using Lemma 1.10 for v = ¢ we have ¢(z) < p(z), i.e.,

L%foz h(t)t%_ldt < 22%, z € U. The function ¢ is the best

subordinant.

Theorem 2.9. Let h be a convex function, h(()) 1. Letn,m € N, \, o, 0 >

0, f € A, and suppose that 1_RD§'3[?; (D);'Sf()f)l;r ) 18 univalent and—(RZi;Z];(;))),
eEH[L,nNQ. If
M) <1 RDY, f (2) - (RDgfafZ(z))"’ e o)
(RDY,f ()]
then
q(z) < BRI ) - U,

2 (RDTaf (2))"
tﬁ_ldt, z € U. The function q is convex

where q is given by q(z
and it 1s the best subordmant

Ao

=p(2)+2p' (2), z € U, and (9) becomes h(z) < p(z) +

z € U. Differentiating, we obtain 1 —

"

RDY', f(2)-(RDY, f(2))
12
[(rRDY ()]
2p'(z), z € U.
Using Lemma 1.9 for v = 1 we have ¢(2) < p(z), z € U, ie. q(z) =

L fOZ h(t)t%—ldt < (R];[)l))‘z—a‘;(:)))/’ z € U. The function ¢ is convex and it is the
nz" z Aol \Z
best subordinant.

Corollary 2.10. Let h(z) = % be a convex function in U, where

0 < B < 1. Let nym € N, )\a5>0 f € A, and suppose that 1 —

RDY, f(2)-(RDT,1(2))" DY, f(2)
’ - s univalent and ’—, eH|L,nNQ. [
[(rD3. )] gy € LT !

RDY f(2)- (RDY.f (2))"
(BDF.f ()]

h(z) <1-— , z€eU, (10)
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then RDY f(2)
m z
q(z) < Ao ., zeU,
2 (RDY, f (2))
2(1-8) 2z tn-}

where q is given by q(z) = (28 — 1) + = z € U. The function q is

0 14t
convex and it is the best subordinant .

Proof Following the same steps as in the proof of Theorem 2.9 and consid-

ering p(z) = %, the differential subordination (10) becomes h(z) =
% <p(z)+2p/(2), z € U.
By using Lemma 1.9 for v = 1, we have ¢(z) < p(z), i.e.

1_ 1+(28—1)t , 1
q(z) = —1% fOZ h(t)t=—tdt = L% OZ +(+t)t" Lt —
nz nz

T o %_1[2 —1 —2(1‘6)]6& — (28— 1) 4 2Bt BDRLIG)
e I e S B 7 ow=) 4
ze U

Theorem 2.11. Let q be convex in U and let h be defined by h (2) = q(z) +

2¢'(2). If n,m € N, \,,0 > 0, f € A,, suppose that 1 — RD%f(Z)'(RD%,fQ(Z))
(R0 5))]

is univalent and &iﬁ—“];((z))), € HI[1,n|NQ and satisfies the differential super-
z Vo f(z
ordination
RDY f (2) - (RDy f (2))"
h(z) <1— Yol (2)-( *vffz( ) . zel, (11)
[(RDF.1 ()]
then RDY [ (2)
" f(z
q(z) < Ao -, 2z €U,

2 (RDLf (2))
where q is given by q(z) = = [ h(t)tw—dt, z € U. The function q is the best
subordinant. "~
M. Differentiating, we obtain
2(RDY f(2))
RDY f(2)-(RDY  f(=))"
112
[(RDg 1))’
q(2) + 2q'(2) < p(z) + 2p'(2), z € U.
Using Lemma 1.9 for v = 1, we have ¢(z) < p(2), z € U, ie. q(z) =

N h(t)tndt < M, 2z € U. The function ¢ is the best subordi-
nz™ 0 Z(RDQQf(Z))
nant.

Proof Let p(z) =

1 - =p(2)+ 2p (2), z € U, and (11) becomes h(z) =
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Example 2.12. Let h(z) = }fﬁ a convex function in U with h (0) = 1. Let

f(R)=z2+42%2€U. Forn=1,m=1,\= %, a =2, we obtamRD;Qf(z) =

—~R'f (z)—l—QDéf (2) = —zf"(2)+2 (%f (z) + %zf’ (z)) =f(z) =2+2% 2€U.

Th (RDl f( ))/ fl(z)=1+2 031 2tz Ltz
en z = Z) = Z7 7 = P . = > J—
12 Z<RD11 Qf(z)) (1+22) — 1+2

gﬂ

RDY _f(2)-( RDY _f(2) ! 2122).2 ) L
i ( N ) =1- ((1+2z))2 - 2?13:225;51' We have q(2) = 3 [y idt =
[(#2},.7) ]

—1+ 21n(21—|—z).

Using Theorem 2.9 we obtain

11—z 2224+ 2241

< - evu,
14z (1+22)
induce
2In(1 1
-1+ n(+z)< +Z,ZEU.
z 1+22

Theorem 2.13. Let h be a convez function, h(0) = 1 and let \,a > 0,
2
n,m €N, f € A,, suppose that [(RDg\’faf (z))l} +RDY, f(2)- (RDY, f (Z))”

DY, f(2) (RDY, 1(2))

. ) R
1s univalent and

l eEH0,nNQ. If

"

h(z) < [(RD;’jaf (z))’}2 + RDY f (2) - (RDY,f ()", z €U, (12)

then
RDY. f (2) - (RDY, f (2))

z

, z€eU,

q(z) <

where q(z) = = [ h(t)tn—Ydt. The function q is convex and it is the best

subordinant.

Proof Let p(z) = F2¥al G (RD5./0)

2
(RDf ()] + RDYLf (2) - (RDYf (2))
(12) becomes h(z) < p(z) + 2p/(2), z € U.
Using Lemma 1.9 for v = 1, we have ¢(z) < p(z), z € U, i.e. q(z) =
et < S (D)

zZ
it is the best subordinant.

, 2z € U. Differentiating, we obtain

/,

"= p()+2p(2), z € U, and

, z € U. The function ¢ is convex and
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Corollary 2.14. Let h(z) = H(f:;;l)z be a convex function in U, where

2
0<pB<1 Let \,a>0,nméeN, feA,, suppose that [(RDZ}af (z))/} +

DY f(2)-(RDY £ (2))

RDY, f (2)- (RDﬁfaf (z))” is univalent and =
If

e HI[0,n]NQ.

n"

h(z) < [(RDgfaf (z))’}2 +RDY.f (2) - (RDY.f(2))", z €T, (13)

then .
RDY', f () (RDY, f (2))
z

q(z) < , z€eU,

1 4
2w
0 1+4t>°

where q is given by q(z) = (26 — 1) + 2(1—16) z € U. The function q is

convezr and it is the best subordinant.

Proof Following the same steps as in the proof of Theorem 2.13 and consid-

ering p(z) = RDQ“f(Z)'(ZRD%ﬂz)) , the differential superordination (13) becomes

h(z) = H(ffr;j)z < p(2) +2p'(2), z € U.
By using Lemma 1.9 for v = 1, we have ¢(z) < p(2), i.e.,

1

g(2) = L [Fh(ytde = L [7 Uy gy

0 1+t

z 1 — - z g !
I%k,1ﬁ@ﬁ—n+%ﬁﬁyﬁ=@5—n+%ﬁﬁkﬁﬂ

~ RD;'jaf(z)-(RDgfaf(z))’

,zeU.
z
The function ¢ is convex and it is the best subordinant.

Theorem 2.15. Let q be a convex function in U and h be defined by h (z) =
2
q(z)+z2¢ (2). Let \,a > 0,n,m € N, f € A,, suppose that [(RDT;Qf (z))/] +

ngaf(z)-(RD;faf(z))’

RDY, f(2)- (RDf\’faf (z))” is univalent and =

and satisfies the differential superordination

EHI[O,nNQ

"

M=) =4 (2)+ 24 (2) < | (RD}f (z))/]2+RD§"jaf (2)- (RDY.f (2))", 2 €T,
(14)
then

o < PRI (DRSO

where q(z) = =L [ h(t)t=~dt. The function q is the best subordinant.

Proof Following the same steps as in the proof of Theorem 2.13 and consid-
RDY', f(2)-(RDY, ()’

ering p(z) = . , the differential superordination (14) becomes
h(z) =q(z)+2¢ (2) < p(z) + zp/(2), z € U.
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By using Lemma 1.10 for v = 1, we have ¢(z) < p(z), e, q(z) =
L fEn(ytatdr < 2RO EPRIO) g gy e

z

Example 2.16. Let h(z) = =% a convex function in U with h (0) = 1. Let

f(z)=z242%2z€U. Forn=1,m=1, =3, a=2, weobtamRD1 f(2) =
—RUf (2)+2D1 f (2) = —2f' (2)+2 (3 (=) + Zf’())—f(2)22+22;2’€U-

' RD} ,f(2)( BDY ,7(2) ()
Then (RDll Ni (z)> — f'(2) = 1422, —2° < ) _ (2+2%)(1+22) _
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z z

"

222 43z + 1, {(RD;J (z)ﬂ 2 +RDY,f (2) - (RDY,f () = (1+22)" +

(2+2%)-2=0622+6z+1. We have q(z) =1 ozh;dt +M_
Using Theorem 2.13 we obtain

1+=2
induce
2In(1+ 2)
z
Theorem 2.17. Let h be a convex function, h(0) = 1. Let \,a > 0, § €
(0,1), n,meN, f € A,, and suppose that

. S RDYH () ((RDYES(2) 5(RD;faf(z))’
RDY, f(z) 1-0 RDY' I f(2) RDY f(z)

—1+ <22 43241, z€U.

) 1s univalent and

RDYI () :
21O (i ) €HOA(-0)]NQ. If

Z P ey

h(z)<< p > RDYf (2) ((Rpg';;l (=) §(RD;rfaf(z))>,

RDY,f (2) 1-9 RDYf (=)  RDY.f(2)

(15)

z € U, then
5
RDJf (2) z
9 . U

where q(z) = 1 R 0 t%_ldt. The function q is convex and it is the best

subordmant
RDTHf(z) g . . .
Proof Let p(z) = > . (RDmZ f(z)> , z € U. Differentiating, we obtain
Ao
. 8 RDY 1 f(2) (((RDYEf(2)) (RO f(2)) 1
(RD’” f(2)> 15 RD?\%ilf(z) - RDZ’%af(z) =p(2) + 520 (2),

z € U, and (15) becomes h(z) < p(z) + 152p'(2), z € U.
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Using Lemma 1.9, we have ¢(z) < p(2), z € U, i.e.

s = 15 RDYHf(z) . J .
q(z) = % o bt = tdt < —2= : (RDS’faf(Z)> , 2 € U. The function ¢

nz
is convex and it is the best subordinant.

Theorem 2.18. Let g be a conver function in U and h (2) = q (2)+1354 (2).
If\,a>0,6€(0,1),n,meN, f e A,, suppose that
(i) BB (o se) ()
RDY  f(2) 1-9 RDY' M f(2) RDY f(2)

ROV ( :
RDYJ(2)

) 18 univalent and

5
) € HI[0,n (1 —0)]NQ satisfies the differential superor-

z

dination

0 m—+1 m41 / m ,
h(z) < < : > RO f(2) <(RD/\,;F f(2)) 6(RD)\,af(Z))

RDY, f (2) 1-6 RDVE'f(z)  RDYf(2) )
(16)

z € U, then

RDm+1f( ) 5 4
q(z) < ~ (RD;’faf(Z)> , zeU,

where q(z) = 129 5 0 tfé_ldt. The function q is the best subordinant.

m+1 P
Proof Let p(z) = fiPRa 1) (RDm e > Differentiating, we obtain

. O RDTHf(z) (RDm+1 ()’ (RO f(2)) L
<RD§ffaf(z)> Af—a RDYIT () 0 RD>;" NiO) =p(2)+ 1__5219/ (2), 2 €

U.

Using the notation in (16), the differential superordination becomes h(z) =
q(2)+54 (2) < p(2)+ 15520/ (2). By using Lemma 1.10, we have ¢ (z) < p(z),

B m+1 1
2 eU, e q(z) = L5 [F Rt tdt < 2 SO ( Zf(z)) ,z €U, and

nz RDYa
q is the best subordinant.

z

3 Open Problem

The definitions, theorems and corollaries we established in this paper can be
extended by using the notion of strong superordination. One can use the
operator from Definition 1.5 and the same technique to prove earlier results
and to obtain a new set of results.
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