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1 Introduction

Jacobi polynomials are a class of classical orthogonal polynomials which have
many important applications in such areas as mathematical physics,

approximation theory, numerical analysis, combinatorics, and others, see

12, 8, 11, 2, 4, 1, 10].

S. Bochner characterized classical orthogonal polynomials in terms of their
recurrence relations. These relations occur in a variety of mathematical

contexts. They can be used to define the sequence of polynomials. They also
lead to concise algorithms which are useful for either manual or automatic
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calculations. In general, recurrences with more than three terms are harder to
treat, see [13, 14, 3.

In the present paper our aim is to establish explicit formulas and
recurrence relations, with more than three terms (six terms), for the
Jacobi-Dunkl polynomials 4(*" o > —1, > —1, m € Z, see [5], defined on

T
53] ™
(2.6) ) (a+1,5+1)
" 20)) +i— in(20) R 20
BB () = B (cos(26)) iy sin(20) By (cos(20)) 0
" if m € Z ~ {0},
1 it m=0,

where Rﬁla’ﬁ ), n € N, is the normalized Jacobi polynomial of degree n such
that R (1) =1, and

AP = 2sgn(m)/|ml(jm| +p), m € Z, (2)

with
p=a+p+1 (3)
Then, we study the asymptotic behavior of these polynomials and we give

the upper and lower bounds of the module of each Jacobi-Dunkl polynomial
wf?ff’ﬁ), m € Z.
In the sequel, we take @ > —1, § > —1. We drop the exponents (a, )
when there is no confusion.
We consider the Jacobi polynomial
Pu(8) = 07(0) = R (cos(20)), neN, e |-7.7]
Note that
VneN, ¢,(0)=1, (4)
and Vn € N, V0 [—g g] L on(—0) = 0n(0).

For all n € N, the equation

Aa,ﬁu = _4’7nu7
u(0) = 1,
w'(0) = 0,

™
admits a unique solution on [O, — [ which is the fuction ¢,,, where A, 3, is the

Jacobi operator defined on C? G 0, g D by

2

IAVE

[y ]

do
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with -, is given by

T =2 = (i + ), )
and p is given by (3).
We remark that

wect(0.3), weloZ[ auuo =g [0 5uo).

where A is the function given by

220 (sin |6])2** (cos 0)25+! if 0 € } —g, g [ < {0},

6
0 it 6 =0. ®)

A() = A p(0) = {

Note that

T A'(0)
ve o]
Vo € |0 5 A(0)
In the following, we recall some basic properties of the Jacobi polynomials, see
[12].

= (2 + 1) cot — (25 + 1) tan 6.

™ SLla+ DB +n+1)
neN, u(z) =1 TB+ Dlatntl) (M)
Vn €N, V0 € [o, g] o) (g) = %. (8)

In hypergeometric form, we have
Vn e N, VO e [O, g[, on(0) = oF1 (—n,n+p;a +1; (sin@)z) ,
where 5 F7 is the Gaussian hypergeometric function defined by

+o00
2 Fi(a,bica) = (Z,)'Egik a*,
k=0

with (d)o =1, (d)p=d(d+1)(d+2)..(d+k—1), k>1, deR.

We also have

a,b,ce R, |z| <1,

d n a
vn e NN {0}, Vo€ |0, 5], Ziea(0) = -2 sin20)a T (0),

where 7, is given by (5).
d
In particular, Vn € N, @gon(O) = 0, and the Gegenbauer (ultraspherical)

polynomials satisfy the following relations : Vn € N, V6 € [0, g],

4 (3) = Voo )
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and p
At (5) = ool oo

The orthogonality property is given by

™

Vm e N, Vn € N, /2 o (0)on () A(0) O = k=16, (10)
0
where
Cn+p)l(a+n+1)(p+n) .
fn e N\ {0},
= e . ] 2227 (D(a+1))*n!T(8 +n+1) e 1) (11)

22— 1T (a+ DB+ 1)

A generating function

+00
0w e fTtS—1 :c+S+1
Z( " (2>(p"(9)jlj 57 (Zx sin )2 ’
T
2

n=0

where S := /1 — 2z cos(20) + 22, |z| <1, 0<6<

The operator A, s defined on C"! G —g, g D by
Ausu(6) = d%u(e) + [(2a +1)cot — (28 + 1) tan 9] M (12)

ue ! G —g, g D, is called the Jacobi-Dunkl operator on ] —g E[ It is the

analogues on }—g, g[ of the Jacobi-Dunkl operator on R. It corresponds to
the function A given by (6), see [5, 6].
The operator Aa,_% is the Opdam operator related to the roots system A, see
9].
From [5], for all m € Z, the equation

Aopgu = i\pu,

u(0) = 1,

admits a unique solution sur ]—g, g[ which is the Jacobi-Dunkl polynomial
Yy = wf,f"ﬂ) given by (1). It is related to the Jacobi polynomial ¢, and to
its derivative by
T om o) — Lo 0) itmez~ {0}
v e}—— —[, () = 4 PmlO) = 3 gem(0) ifm € Z~ A0},
22 1 if m=0,
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where A, 3 and )\, are respectively given by (12) and (2).
The orthogonality property is given by

Vm ez, VneZ, | (@) on@A®0)d) = hl6,, (13)
where
) Kim
z ! 2 it moe Z {0},
b= h? = ([ ene)a@)a8) =3 (14)
-3 5 ifm=0,

with k,, n € N, is given by (11).

In [5], the author has studied the harmonic analysis associated with the
Jacobi-Dunkl operator.

In [7], C.F. Dunkl has defined similar functions to the Jacobi-Dunkl

polynomials.

2 Explicit representations

Notations : We denote by

(n)F(a+1)F(p+n+k) tn>1 0<k<n

a(k,n, e, 8) == ¢ \k)T(a+k+1)I(p+n)
1 ifn=~kF=0.
(15)
b(k,n,a,B) := Wzﬂ (k—n,n+k~|—p;a+kz+1;%> ,
0<k<n. (16)
* (n) Fla+DI'(B+n+1)l(p+n+k)
c(k,n,a,p) = k)T(e+n+1I(B+k+1)(p+n) (17)

ifn>1 0<k<n,
1 fn=k=0.

We can write
()" * T (a+k+ DB +n+1)
FTatnt DEG k1) o maed)

1
X 2F1<k‘—n,n+k+p,ﬁ—l—k‘+1,—), nZl,OSk‘Sn

b(k,n, o, f) =

2



54 Frej CHOUCHENE

2.1 Explicit formulas of ¢,

From [12, 8, 11}, for all n € N and 0 € [0, g], we have

on(0) = T(a+1)T (5+n+1)

(=D*()
—Tla+k+DI'(B+n—k+1)

= (= )"( DE@B+n+1)

(sin 0)%F (cos 0)2F) (18)

M:

X i D G) (sin 6)2 "9 (cos 0)%*. (19)
MNa+n—k+1)I(B+k+1) '

k=0

(—1)*a(k,n, a, B)(sin 6)". (20)

> " b(k,n, a, B)(cos(26))*, (21)

k=0

where a(k,n, a, B) and b(k,n, «, B) are respectively given by (15) and (16).

In the following proposition, we give a new explicit forms of ¢, n € N.
Proposition 2.1. Vn € N, V0 € [0, g] ,ona:

n

oa(0) = Y (=1)"Felk,n,a, B)(cos )™, (22)
k=0
- 3 3 1 p—lkl( 2p )2—2p n,a, 2ik0_
k:zn z%l( ) p+ k| alp,nsa,B) | e
o - - p' b(p7n7aaﬂ) 2:k6
- 2\ ey
. . n— 2p ) 2ik0
— —1)P 9—2p
k;n I;;l( ) (p_|_ ’kl) C(p7n7a7ﬁ) € )

where a(k,n,a, ), b(k,n,a, 8) and c(k,n,a, B) are respectively given by (15),
(16) and (17).

Proof. We replace in (20), 6 by g — 6. Then we use (8), (7) and (15). Finally

by interchanging o and § we obtain the first expression. For the others, it
R ol _ =it
suffices to use cosf = — and sin f = — m
1
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Examples 2.2. For alln € N et 0 € [0, g} , we have

po(0) = 1( 1) cos(20) + |
p+1)cos p+ . 9
v1(0) = 2(a+1) —1—a+1(81n9).
(p+2)(p + 3)(cos(26)) + 2(a — B)(p + 2) cos(26)
dla+1)(a+2)
(a—B?—p-3
dla+1D)(a+2)
(p+2)(p+3)(cos0) —2(p+2)(B + 2)(cos 6)?
(a+1)(a+2)

L B+DE+2)
((aiégg&i??;‘ 2(p +2)
_ P 14 . g 20p+2) e
" (a+D(a+2) (sin6)* - a1 (sin 8)%(cos #)? + (cos 0)*.

2. o) (9) = cos(2n).
_ sin((2n +1)0)

(z-3)
( S AT g 4.
5 ¢ (©) @n+Dsmo’ 70
(-1.3) cos((2n + 1)0) T
n 0 = 3 .
4. ¢ (0) cos 0 0 # 2
(3.2 sin(2(n + 1)0) 7T
5. wn 0) = 5 ' "
on " (0) (n+ Dsim(ze) 703
Remarks 2.3.
i Bla+1,+n+1)
1. v N n - - _1 " :
nes ¢ <2> (=1) Bla+n+1,5+1)
2. WneN, VkeN; 0<k<n, soﬂ“”(z);p"(f)-
2/ i (3)
(cptn—1) (x
5. Vne N~ {0}, VheN, ¢ (2) = (- [ M. )
2 o (5)
_ (8,6) — (_1\n (0 (T
4. Vn €N, V6> —1, gon(2>90n (2> (=1)"¢y (2)

5. VneN, VkeN; 0<k<n, oo (2) = (—1)npleetnh) (g)
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The relationships between the coefficients a(k,n, «, 8), b(k,n,a, f) and

c(k,n,a, ), n,k € N; 0 <k <n, are given in the following propositions :

Proposition 2.4. For alln,k € N; 0 < k < n, we have

n ootn_1) (T
b d) = (1)E0 T (F)) nz

= o bk, B).
Pl 2’””’“ (5)

= f%““()<knam

E Qe

Proof.
—~ (P
VneN, VpeN; p<n, Vx e R, 2= ()(m—l)’g

Using (15), (7), (16), (17), (20), (21) and (22), we get the above formulas. [
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Proposition 2.5. For alln,k € N; 0 < k < n, we have

b(ka n, &, B) = 2—k90201_2k:6+k) <%) Cl(k, n,a, B)

= (1R (D ek ny o, 9)

ny,— a,ptn—1) (T a+k,B+k) (T
- (k)2 (=) )<§>90§Hg )<Z>’ n=>1

n o inr) - min{k,n—p} - L n—k
czaer @2 66

g=max{k—p,0}

y zn: dm () m%p} (1) (k> (n - k;)

=0 g=max{k—(n—p),0} 1 \P—4

e E 06

p=0 g=max{k—(n—p),0}

> 2 () mm{ki_p} B( n—Fk
X Qonoip "5 (_1)q( >( - )
p=0 2 g=max{k—p,0} q P+q k
= v (F)atpnan)

p=k
= Z(—l)n_pQ_p(Z>c(p,n,a7ﬁ),

p=k

Proof. For all n,p € N; p <n and x € R, we have

(1-z)P= zp:(—nk(];) 2, (14a2)P = po <i)xk

k=0 k=

and
n min{k,n—p} n—op P
oy =303 (M) () )
k=0 \ g=max{k—p,0} q — 4

We complete the proof by using (18), (19), (20), (21), (22) and (7). O
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Proposition 2.6. For alln,k € N; 0 < k < n, we have

c(k,n,a, B) = <Z) (—1)" e, (E) prn Y (E) , n>1

Proof.

Vn € N,

2 2
n— aTk, T

= (R () alkona,8).
= —(_1)n—k2k b(k,n,a, )

- B+k,a+k J ) 10y & .

o™ (5)
n— p
= 2 (Ve
p=k

p
VpeN; p<n, Vx eR, 2= Z (Z)(—l)p_k(at—i— 1k,

Using (17), (7), (15), (16), (20), (21) and (22), we get the cited formulas. O

2.2 Explicit formulas of v,

)

Proposition 2.7. For all m € Z and 0 € [—g g] , we have

1.

2.

3.

m(0) = 1.
Q/me<_9) = wmw)

iﬂm(@) =
R (0) =

Sthm (0)

wfm(e) = wm(_e)'

m 0) — m —0 )\m 3 @
_ ( ( ) ;P ( ) _ 4<a+ 1) Sln<29)90‘(m‘+jiﬁ+l)<9)’ m # 0.

Vi (E> = Ym <_E) = Piml (E) = (—1)m£(a + D0+ [m[+ 1)

B+ DT (a+|m|+1)
23)

—~
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w (643
9¢g®w¢:¢( ﬂ”, “T<g<o
m (3) 2
Proof. We use (4), (1), (9), (7) and (8), to get the above formulas. O
Remarks 2.8.

e, Su(g) oo (§) = on () = on () e ()
sumen i (5) - (w (3)

Explicit forms of ¢,,,, m € Z ~ {0}, are given in the following theorem :

Theorem 2.9. For allm € Z ~ {0} and 6 € [—g, g}, we have

a V()
Ym(0) = T(a+1)I(B+ |m|+1) Z T(a+k+DD(B+|m|—k+1)

2
X [1 —i— [kcot @ — (Jm| — k) tan 9]} (sin 0)% (cos #)2(mI=F),

Am
9¢Qig
= () (sin6)?" D+ DO + m| +1)
X Til (_1>k(|7,:|) (sin 9>2k(COS 9)2(\771\—]4:)
2 Ta+ k4 DI+ [m— k1)
o Am(Im| = k) -
< i) 075
= (cos®)?™ £ T(a+ 1)T(B + |m| + 1)
X |Zm£ <_1)k(|7€1|) (sin Q)Qk(COS 9)2(|m|_k)
2 Tt bt DT(B+m —h+ 1)

X [1—2’ Amk
2lm|(jm| —k+ B+ 1)

cot@] , 0F#0.
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(=)™ (a4 DT(B + |m| + 1)

i (_1)16('7:') (Sin 0)2(\m\—k)(cos Q)Zk
(ot |m|—k+1DI(F+k+1)

.2 U
{1—Z>\—[(|m|—k‘)cot@—ktan@]] : H%O,ig

m

. (g) (sin 0)2™ 4 (=)™ (a + 1)T(B + |m| + 1)

i (_1)k(|rl:|) (Sine)Q(\m\—k)(Cose)Qk
—T(a+|m[—k+ 1B +k+1)

. Amk ™
[1+12|m|(|m|—k—|—a—|—1) tan@} , G%j:g.

(cos 0)2™ 4 (=)™ (o + DB + |m| + 1)

(sin 8)2(m=F) (cos §) 2

|m|—-1 m
<_1)k(|k|)
; Mo+ m|—k+1I(B+E+1)

R )
l1_22|m|(k:+ﬁ+1)60t0]’ 0 # 0.

Im|

1+ (—DFfa(k, |m|, a, B) <1 - 1§—k cot 9) (sin 6)2*,

= 6+0.
Do+ 1C(p+ 2|m|)
(a+ |m|+1)I'(p+[m|)

(—1)im! - (sin §)2™!

Im|-1

> (=1a(k, |m|, a, B)(sin )*

(Im| = K)(Im| + £ + p)
{1—” Am(k+a+1)

sin(29)] .

m|

Ol (%) + Zb(k, iml, a, 8) (1 n z% tan(29)) (cos(20))F,

9¢i£
F(a+ 1)I(p + 2|m|)
2mT (o + |m| + 1)T(p + |m])

lm|-1

>, {b(k, ml, a, §) + 2k F Dbk + L |m), @ ) sin(QQ)}

A
k=0 m

(cos(26))".

(cos(26))™
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.
_ I+ 1)I(p + 2im)) im|
VYm(0) = T (e + m| + DT (p + |m’>(cos(20))
= alk, ml, o, 8) .
+ Z T(COS(ZQ))
k=0
<oy (=l = 0.l ka3
e
X o) (—(\m[—k)—i—l,]m\+k‘+p+1;a+k‘+2;%)}.
0.
jm| i o
U (0) = +Z c(k,|ml, «, ) (1+zm tan6’>
x  (cosf)?, (9 # j:§
I'(a+ DI'(p +2|m|) 2fm|
s+l + DG+ ) ™
1
+ > (DI, ml, o, 5) (cos 6)*
k=0
|m| k)(Im| +k+p)
X [1 AT D) 1n(29)1.
7.

Im| Im|
) = 3 (Z(1>p’f(pipk)22pa<p,m,a,m>

k=—fm] \p=Ik]
2 .
% 1_'_%) 621k0.
ml [ Iml
= 3 X e ) (1 ) e
k k .
k=—|m| \p=[k| QPF p+ +1>F(pT+1) Am
ml [ Im] )
S Dy (M
k=—fm| \p=Ik| p+ [kl
X

2k ,
(]-_I_E) 621,/69,

where a(k,n, o, B), blk,n,a,p) and c(k,n,a,5), n € N, 0 < k < n, are
respectively given by (15), (16) and (17).
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Proof. We obtain the above results from (1), (18),(19), (20), (21) and (22). O

Remark 2.10. The function v,,, m € Z, is a trigonometric polynomial in
0 of degree 2|m|, and of degree |m| as a polynomial in 26.

Proposition 2.11. For allm € Z ~ {0} and n € N, we have

d2n d2”
1. me(o) = WSOVM(O)'
g2t (=1)r2zn-1y, & ok (20 + 1\ d (aq1841)
2. me(O) e E— a+1 Z 2 ( 2k )d92k90|m| ! (0)

Proof. Let m € Z . {0}, 0 € [0, g] and n € N. The equalities

dn d" A " /n\ dvF .,
— U (0) = ——m|(0) + i —Z <k:) g ——[sin(20)] - prl ‘(m‘+_1i5+1)(0),

don aon Ao+ 1)
n—k o T
7T ——[sin(20)] = sin [29 +(n— k>§] ;
, m 1—(=1)n* [nb1]
and sin [(n - k)ﬂ = #(—1) > 1) give the above formulas. [
Examples 2.12. Let m € Z and 6 € [—g, g]
1.
Po(0) = 1.
p+1 \/p +1 .
= 1- 20).
1(0) ( —)i—(l( sin )9) 2(a +<1) sm)( 0)
p+2)(p+3), . 4 200+2), .
ot Dot ing)* — | (sinf)” +1

. V2(p+2)
200+ 1)(a+2)

sin(20) [+ 2 — (p + 3)(sin6)?] .
9. w’r(n% %)( ) €2im9.
3. If m#0 and 0 # 0, then we have

sin((2|m| + 1)0) i
(2lm|+1)sin® — 2(2|m| 4 1)\/Im|(|m| + 1)
[ (2|m| + 1 + (cot #)?) sin(2mb) — 2m cot QCOS(QmQ)].

i) =

X
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4. If m #0 and 0 # j:g, then we have

cos((2|m|+ 1)0) i

cos 0 2/l (ol + D

X [ (2|m| + 1 + (tan6)?) sin(2m0) + 2m tan 6 cos(2mo) | .

W) =

5 Ifm+#0 and 0 # 0, ig, then we have

sin(2(|m| 4+ 1)0) i
(Im|+1)sin(20) ~ (|m| + 1)y/|m|(jm| + 2)
[ (Jm] + 1+ (cot(26))?) sin(2md) — m cot(26) cos(QmH)} .

w3 0)

X

3 Recurrence relations

3.1 Recurrence relations of ¢,

From [12], the following formulas are given

Vo e o,g . cos(20)00(0) = aoer (0) + bowo(0),

with 5 .
(
ap = aéa’ﬂ) = o +1 )7
o (24)
_ep . PB-a
bO — bO . .
\ p+1

For all n € N~ {0} and 6 € [0, g], we have

ot @0t p+ D@+ p— 1 eos(20) +a — 7]
enn(0) = 2(n+a+1)(n+p)(2n+p—1) n()

n(n+B8)2n+p+1)

— _1(0).
ot D+ pent -
cos(20)pn(0) = anon1(0) + brpn(0) + crnpn—1(0), (25)
with )
a0 = a9 .— 2(n+a+1)(n+p)
! (2n+p)(2n +p+1)°
— plap) . pr-a 2
b=t = HE T (26)
() 2n(n + B)
cp =0 = .
\ (2n+p—1)(2n + p)
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(sin(20))? (a+15+1)

4(Oé + 1) Pn-1 (9> = Q,Pn+1 (0) + bn@n(9> + Cngonfl(e% (27)
with
( (@,8) 1 n+a+1
a =a*” = —
" " (2n—|—g)(2n—|—p—|—1)’
o, =bod = TP
/ (a,B) 1 n+p
o =c*P = .
. " (2n+p—1)(2n+p)
, d 2nja — B — (2n+ p — 1) cos(26)]
20) L () = —
sin(20) (0 e oul0)
dn(n + 5)
_ TR L (6). 9
LD 0) (29)
. +1)
0 2, (a+1,8) 0 _ (Oé— o ]
EndPer 0 = 50— pun(®), neN (30)
+a+1 n+p+1
9)2p @B+ gy — nrTtoTl a1(6 — T o )
(sl 0) = 2L o)+ 2 0), nen
1
pul®) = " (50 0) + (cos 02T (0),
n € N.
(a—1,8) 9) — (n+a)(n+p_ 1) 0) — TL(TL—}-B)
o 0) cont -1 9 Senr,m @)
a > 0.
(@8-1)(g) — n+p—1 0 n
AIN0) = T O+ e ena(O), B30
@819y — _" > a-1p)
on " (0) 1O e (0), >0, 8>0.
Remarks 3.1.
T
1. VO € [O, 5},
©1(0)po(0) = ¢1(0) = 2o+ 1)%%01(9) + 2a+1) wo(0).

2. Vne N~ {0}, V0 ¢ [Og}

000 = a0+ LRI )
+ ptl Cnpn—1(0).

2(a+1)
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5. v eR, R™(@)Ry™(x) = B"7(a)

(p+1)by+a—p

__ptl ) )
= Yot 1)a0R1 (x) + 2o +1) Ry (x).
4. VneN~{0}, Vo eR, R™ ()R (z)
__ptl (a,B) (p+ Dby +a—p (a,B) p+1 (a,B)
- Q(Oé—l— 1)an n+1 (LL')—I— 2(a+ 1) Rn (I)+2(Oé+ 1) ntin—1 (:E)
. ag + bg =1.
6. V/n e NN {0}, a,+0b,+c, =1
p+1 (p+1Dbg+a—p
. ao =1.
2(a+1) 2(a+1)
1 1)b, — 1
8. Vn € N~ {0}, P (p+ Dbt =5 Pt cn = 1.

ot )T T 2@t 2@t
9. Yn e NN A0}, a,+b,+c, =0,
10. ¥n € N~ {0},

a, = —2(n+pal,.
a—pf
by = (1—p,=—2"F o .
(L= p)b, S T— (n+ p)b,
2
Cn = 2nci‘:2n<7—li———;€)l_2(n+p)c;'

where ag, by, Ay, by, Cn, al,, bl and ¢, are respectively given by (24), (26) and (28).

n’-n

3.2 Recurrence relations of ,,

Proposition 3.2. For all 0 € [—g, g], we have

1.
c0s(20) v (0) = 19011(0) + spv0(0) + worh—1(),
where ry = wy 1= atl and sl = o
0= O_p—|—1 0_p—|—1
2.
sin(20)1o(0) = r511(0) + sgibo(0) + woo-1(0),
where ry = —wp = —i(a Ve and sy := 0.

p+1
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3.
e?040(0) = (ro + irg ) (0) + (sg + isp)o(0) + (wo + iwg )1 (6).
/.
cos(20)Y1(0) = ripa(0) + s1901(0) + (L1 + u1)bo(0) + vi_1(0)
+ wi_s(6).
COS(29>w,1(9) = T_1+ w71>¢0<0) + Sflwfl((g) + tfﬂﬂfg((g)
+ u_19a(0) +v_1i(0),
where
(et 200+ 1)+ V20 + D(p+2)
ne T 20 +2)(p +3)
e o _PB-a
T b+ D +3)
tih=u=7r_1=w_1 = +
+1)(p+2)
N (p | )_pﬁ )
T b+ D(p+3)
(@) 200+ 1) =20+ D0+ 2)
R 2(0+2)(p +3)
5,
sin(20)1(0) = 7102(0) + s101(0) + (£] + vy )o(6) + viv_1(6)
+ wih_o(0).
sin(20)y_1(0) = (' +w'y)o(0) + 519 1(0) +1 10_5(0)
+ w1 9a(0) + vl (0),
where
;o (at2)p+1
rl__tfl T _Z2<p+2>(p+3) <2+\/2<:0+1)(p+2))7
sy=—s, = 0,
t/:u/:—T‘/ :_wl — (/6+]‘> p+1
Y L p+1)(p+2)

p+1)(P+2)—2>.
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6.

€2i9w1 ((9)

equ ((9)

+ 4+ I+ + 1

(r1 4 4r1)ha(0) + (51 +is1)1(0)

[(t1 +wr) + ity + uy)]eo(0) + (v1 +iv))Y_1(0)

(w1 + 1wy)Y_o(6).

[(roy +w_y) +i(r +w' )]e(0) + (s_1 +is" ) )w_1(0)
(ty it )Y_o(0) + (u_y +iu’)ha(0)

(voy + v’ ) (0).

Theorem 3.3. For all 0 € [—g, g], we have

1. Vn e N~ {0,1},

cos(20)1,,(6)
cos(20)Y_,(0)

+ I+

annJrl(e) + Snwn<9) + tnwn71<9)
Un¢—n+1(0) + Unz/}—n (‘9) + wn¢—n—1(0)'
" ni1(0) + 3—n¢—n(0) +t ) n1(0)
Uy Vry1(0) +v_nn(0) + w_nPn_1(0),

m+a+1)[4n+1)n+p) + Mrai]

Y

4n+1)2n+p)2n+p+1)
p(B— )

@n+pP -1

(n+p)[4n(n+p—1) + X\ 1]

dn+p—1)C2n+p)2n+p—1)
(SLH—F 5p) [4n27§ f P —p )18 Z Anp)\nlf

- 4(n+pgl)(2n—|—p)(2n+p—1)’

where
T, =1t_p,
Sp = S_n
t, =1r_, =
Uy = W_p,
Up = U_p
Wy = U_y =

2. VYn € N\ {0, 1},

sin(26)v,,(0)
sin(260)v_,,(0)

+ 0+

W

-
n+a+ DAM + D0+ p) = Adus]

1)
4n+1)2n+p)2n+p+1)

T;Lwn+1 (9) + Siﬂﬁn(@) + t;’L/l/}TL—l(Q)
u:ﬂ/}—n—&-l (0) + UW—n(Q) + wW—n—l(Q)-
e on1(0) + 81,0 (0) + tL 01 (6)
u/_nwn+1 (9) + U,_nwn(e) + w/_nwnfl(QL
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(n+a+ Ddn(n+1) + X\ i

T S+ D2nt p)2ntp+ 1)

dn+p)n+p—1)+ A,

n —1)(2n
4(: fz p)(T)l(-i- p+—p1>

where
rl = —t =
s =—s, = 0,
to=—r", = i\, (n+5)l
8(n+ p)f
U,/ = —’LU/_n = Z)\n (<n + 5)
v, =—v = -
" - nEZn +p)? —
wh=—u, = i\,

) )‘n 1]
2n+p—1)
) A )‘n 1]
(

8n+p)n+p—1)2n+p)2n+p—1)

n+a+ 1) A1 — 4n(n + 1)]

3. Vm e Z~ {-1,0,1},

e2i0wm<9)

Proof. Let n € N~ {0,1} and k € Z ~ {0}.

= (rm +iry,)bmia(0) +
+  (tm + it Vm_1(0) +
+ (U + 00, )P (0) +

Sn(n+1)2n+p)2n+p+1)

(8m + 28%1)%(9)
(W + 13, )Y —mr1(0)
(Wi + 1wy, )Y n—1().

/_j cos(20) ¢, (0)14(6) A() 922/02 cos(20)pn (8) 01 () A(6) d6

T [ e e
0

32(0;—1— 1)2
= 2 [ cos(20)6. (01 (0)A(0) o

™

A / " cos(20) LD (g) ot
0

32(a + 1)?

(0)4(sin(20))*A(0) do

(0)Aas1,541(0) db.

Since cos(20)y,,(0) is a trigonometric polynomial and by (25), (26), (10) and

(13), we obtain

/_i c08(20) 1 (0) 1 (0) A(6) d6 = 0,

[

and

’k| §é {n—’_l?n?n_l}?

COS(29)17/)n(9) = ann—i—l(e) + Sn%(@) + tnwn—l(e)

+ un¢fn+1 (9) + ’Unwf

n(e) + wnwfnfl (9)7
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with
e R G R
2ankn+11 32)EQA:_+11 _ glatlgﬂ (k a+15+1)) L wnh;}rlv
2,k + 32(< 2bfﬁlﬁ“ (k"‘ 15“) oo e,
ank‘;l 32(<an Qbfzatlﬁﬂ (k‘a 1’8+1> - = vnh;1
i G (50 <

An A -1
1 n—1 (a+1,6+1) a+1,+1) o -1
2enkns = e 12 (KZ0) = iy

We use (14), (26) and (11) to get the expressions of r,,, Sy, tn, Uy, v, and wy,.

[ s o0
B Zﬁ/ (sin(26)) 2L PV (@) oy (0) A(8) dO
Ak

iy | @) e )0, (0)A0) o,

™

:1

Since sin(20),,(0) is a trigonometric polynomial and by (27), (28), (10) and
(13), we obtain

/_i sin(29)wn(9)wk—w)A(G) a9 =0, |kl ¢ {n+1,nn—1}

¥

and
sin(20)¢n(0) = rnsa(0) + 5,0 (6) + 1001 (6)
+ Uoni1(8) + 0 (0) +wpon1(8),
with
2Nk ty — 2001k = b
2i\nay kg — 2001k, = wnh;}rla
i\ kot —2iM 0k = s Rt
20\, Y Lkt 420N, b;knl = o h*,
2\ cnkznll 20\, 1a kb= et
i\ + 20N, 1al, kit = ul k.

We use (14), (28) and (11) to get the expressions of 7/, s, ¢ ul v/ and w],

n’Tnr'n) 'n) Un

By the same way we get the other formulas. D

Remarks 3.4.
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" "
1. 1o, 85, w0 € R, 19+ 55 +wy = 1.
" / " . " / "
o5 So, Wy € (IR), 1y + sy +wy = 0.

(ro-+iry), (sg+isy), (wo+iwy) € R, (ro+irg)+(sy+isy)+(wo+iwy) = 1.

VYm € Z~ {0}, Ty Sm, b, U, Uy Wy € R,
Tm + S + L + Uy, + Uy + W, = 1.
5. YmeZ~ A0}, st ul v w € (iR),
ro+s A+t +u v +w, =0.
6. VYm € Z ~ {0},
(rmiry), (sm+ish,), (tm+itl,), (um+iul,,), (U +i0),), (W +iw),) € R,
(T Fir5,)+(SmA1s,,)+ (tm it )+ (U +iu, ) +(Vn+iv,, )+ (W, +iw;,) = 1.
Proposition 3.5. For allm € Z ~ {0} and 0 € [—g, g] , we have

1.

SYin(0) = @}y Ppmi+1(0) + by Plim) (0) + i Plimt—1(6),

where aj,,, b}, and ¢, are given by (28).

2. R Kcos(%) - iﬁ;\ sin(29)) %(9)}

__a—-Fp
S 2lm|+p—1

2(jm[ + B)

AP ().
olm| +p—17"™ 1(6)

Plm) (0) +

9 R Kcos(ze) + im sin(29)) wm(H)]

= 2(fm| +a+1)
2lm|+p+1

b —«
+—
2im[+p+1

Plm)+1(0) Plm| (0).

J. R Kcos(ze) - z'p/\

m

sm<2e)> wmw)]

_m|+a+1
2lm| +p

Im| + 3

—————Pn—1(0).

Olml+1(0) +

Proof. We obtain the above formulas by using (1), (27),(29), (25), (26) and
(28). O
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4 Bounds and asymptotic behavior

/

A
First we study the sign of i where A is given by (6).

Lemma 4.1.

1. VGE]O,%[, i/((g))>Oifand0nlyif—1<ﬁ§—%§aand
1 1
(o, B) # (—57—§>'
2. VGE]O,%[, %<Oif¢md0nlyif—l<a§—%§ﬂand
1 1
(@,5)#(—57—5
3. V@G]O—[ i/((g)):Oifandonlyifozzﬂz—§.

A'(9) A'(0y) T A'(6)
V0 €]0, 6y, 10 7" 2y =" vee]eo,i[, 10 <"
(b) If =1 < min{a, f} < max{a, f} < —1, then
A'(9) A'(0y) T A'(6)
W E0.0l i <O T = vee]eo,g[, 10 "
where , 5 a
0o := 5 arceos < ; ) . (31)

Proof. Tt suffices to view the expression of

A'(0)
A(0)

2la — B+ pcos(26)] T
sin(26) ’ 06}0’5['

= (2a+1)cotd — (28 + 1) tanb =

]
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4.1 Bounds and asymptotic behavior of ¢,
From [12, 8, 11, 1], we have

1
Fffa>—— —1 < a, then Vn € N ()] =1
et < < a, then Vn € N, Ogleglw()l :

and

dk
VkEN, —zen(8) = 0(n™), n— oo, 0<6< g (32)

1
*If B> —3 —1<a<p, thenVn € N, max |p,(0)] =

0<6<Z

and
dk
Vk € N, ngn(e) = O’ n— 4oo, 0<6<

- . (33)

bo |

1
*If —1 < min{a, f} < max{a, f} < —3 then
. /
Vn €N, Hs on(0)] = [on(0')],

where ' := cos(26’) is one of the two maximum points nearest

Ty = B—oz7 and
p

dk 1 +k‘ v
R = 2T« <0< —.
VkEN,  —on(0) o(n ; ) oo, 00T (34)
Remarks 4.2.
1
1. Ifa> —3 —1 < B < a, then

Vn €N, Hes |0n(0)] = max ¢, (0) = ¢,(0) = 1.

2. If =1 < B < a, then max |¢1(0)| = max p1(6) = p1(0) = 1.
0<6<Z

0<0<%
3. If =1 < a < f, then

e s B‘I‘l
e (3)l =0 (5) = a7 > 1 =20 = mx en)

X, p1(0)] =

From [8], for all § € ]O, g [, we have

6~ 2Lt n (o)
RRRVC I PR ()

cos [(Qn +p)0 — 2a + 1)%] , N — 400.
(35)
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4.2 Bounds and asymptotic behavior of v,
From (23) it is clear that

Lemma 4.3. For all m € Z ~ {0}, we have

™

1. Ifa =B, then ’% (§>) —1

Bla— 5,8+ |m[+1)

Bla-g.p+1) -

2. If B < a, then 0 < ‘¢m<g)’:

3 0o <, then i (3] = B<§(_ﬁa_,ff|l|li n b

The following theorem gives the bounds of |¢,,|, m € Z ~\ {0}.

Theorem 4.4. For all m € Z ~ {0}, we have

1
1 —%ng%)ég |Ym(0)| = 1 <= max{a, B} = a > 5

2. max |¢Yn(0)] = ‘¢m <g>‘ < max{q,} = > —1.

—Tp<z 2
1
3. max [V (0)] = |Ym(6p)| <= —1 < min{a, } < max{a, B} < —5

4. min |¢,(0)] =1<= —1 <min{e,f} =a < —%.

5. min_ |1n(0)] = ‘wm (g)] s 1 < minf{a, B} = B < — .

—T<h<T 2
6. min_ [tn(0)] = [thm(60)] = min{a, } > — -
_gn%lg%g m = m\Uo min Oé, 2,

where Oy is given by (31).
Proof. For all m € Z ~. {0} and 6 € }O, g [, we have

5 (n®OP) = 25500(0) (m (@) + 55 Ggzm )

2 (d 2 A(0)
- % (@m0) T

Then Lemma 4.1 finishes the proof.
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Corollary 4.5. For allm € Z ~ {0} and 0 € [—g, g] , we have
1
1. Ifa=p= —5 then

L= min_[n(@)] = (@) = max_[on(@) = 1

—2<e<s —2<e<E
1 1 1
2. [f—1<6§—§§aand(a,5)7é 373 , then

0<|m (5)| = min_lon0) < m®@)] < max_|vm(6) =1,

2 —3<¢<3% —5<¢<%
T
and | 5
1
3. [f—§<5§a, then

0 < [¢m(bo)] = min |im(d)] < [¢Ym(0)] < max |m(d)] =1,

E<gs<I —r<e<t
and [, (00)] < 1.

1 1

4. If —1<a< —% < B and («a, B) # <—§,—§), then

Y

1= min_[¢h(0)] < |¢hm(6)] < max Wm@)\:\% (5)

—5<¢<% ~5<¢<3 2

and 1 < ‘wm (g)‘

1
d. ]f—§ < a<f, then

0< [Yn(B0) = _min_ [ (0) < [Un®)] < max_ (@) = |vn (3)|

us us us
~2<¢<% ~3<¢<%

™

and [ (00)] < 1 < ‘wm (5) ‘

1
6. [f—1<a§ﬁ<—§, then

1= min |¢n(9)] < [Ym(0)] < max [¢m(@)] = [¢m(0o)l,

s s us s
—5<¢<% ~5<¢<%

and 1 < |1, (6p)].
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1
7. [f—1<ﬁ<a<—§, then

o<fon (5)|-

min
us us
—5<¢<%

m
Um (5)] <1< Wonl00)]
where Oy is given by (31).

~E<4<3

and

75

|¢m<¢)| < |¢m(9)| < max |¢m(¢)‘ = |¢m(90)|7

The following theorems give the asymptotic behavior of v,,, m € Z.

Theorem 4.6.
1
1. Ifa > —5 —1< g <a, then

k

d
Wk eN,  —ptm(0) = O(Im[*™),  |m| — o0,
1
2. If B> —5 —1<a<p, then
dk
Vk €N, ——1,(0) = O(|m|?~*T2* 1) |m| — oo,

do*

1
3. If =1 < min{a, f} < max{a, f} < —5 then

dk

Vk € N, a0

Un(6) = O (Im|577*) . fm| = oo,

Proof. For all 0 € [—g, g} and k£ € N, we have

dk dk i dk+1
g ¥m(0) =~ opm (6) — EW%'(Q) and Ay, & 2|m|,

Using (32), (33) and (34), we get the above relations.

Theorem 4.7. For all 6 € ]—z u [ ~ {0}, we have

279

1. Sum(jo)) ~ 2Rt |~ (e+8)

VT A2 6)
Im| — oo.
(o]
2. ¥ (|0]) = 2T(a+1) |m| (o) @m0 (2041)7]
" ﬁ A2a4—1,2ﬁ4—1 (0)
2T (a+1) |m| (**2)
3. m(0)] ~ :
W’ ( )| \/7_1- Ahglygﬁél_lw) |m| — 00

Proof. 1t suffices to use (1) and (35).

sin | (2l + p)|6]

[
m
2 1)—
a+ 1]
O]



76 Frej CHOUCHENE

5 Open problems
5.1 Problem 1

Find a positive sequence (ay)ren such that

n—1
vn e NNA0), W0 € [0.2], wal0) = 1- (sind)2 > anel™7(0),
k=0

5.2 Problem 2

Find a positive sequence (by,)nen such that

VneN, Vo e [o, g} . on(0) > 1~ by(sinf)>.

5.3 Problem 3
Write the Jacobi-Dunkl polynomial ¢,,, m € Z, in the following form :

Vm € Z, vee]—g,g[, Un(0) =3 Eom AL (0),

where My, k € N, is a C° function on } —g, g [

5.4 Problem 4

Find, for n € N and 0 € [—g, g} , the sign of the following expression :

2n +1 2(n+p) +1

QY _
nal )\n+1§R¢n(9)\9¢n+1(9) n+p

5.5 Problem 5

What is about Rodrigues formula for the Jacobi-Dunkl polynomials
Y, M E LT
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