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Abstract

In the present paper, the authors introduce a generalized class
B.(\, o, 1, 8,9(2)) of Bazilevié function of type a+in and of order [3.
The subordination relations and inequality properties are discussed
by making use of differential subordination method. The results
presented here generalize and improve some known results, and
some other new results are obtained.
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1 Introduction

Let H, denote the class of functions of the form
+oo
fR) =24+ > azf n=12.- (1)
k=n+1

that are analytic in the unit disk U = {z : |2| < 1}. A function f € H, is said
to be in the class S’ () of starlike functions of order § (0 < 5 < 1) in U, if it
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satisfies the inequality
2f'(z)
f(z)

Let B, (a, i, 5,9(2)) denote the class of functions in H, satisfying the in-
equality

Re( ) >0, p(0<pB<1) zel. (2)

Re{w<@>a+m}>ﬁ,a20,p€R,0§B<1,zeU (3)

f(z) \g(2)
where g(z) € S;(5). The function f(z) in this class is said to be g-Bazilevic
function of type o + ip and of order 8. (See [1])
In the present paper, we define the following class of analytic functions.
Definition 1.1. Let B, (A, a, i, 5, g(2)) denote the class of functions in H,
satisfying the inequality

(-5 E) T TR Y eeen

where 0 < A< 1,a>0,peR0< B < 1,9(2) € SE(B).

All the powers in (1.4) are principal values, below we apply this agreement.
The function f(z) in this class is said to be (), g)-Bazilevi¢ function of type
a+ip and of order . Clearly, the class B, (1, «, i, §, 2) is the class of Bazilevi¢
functions of type a + i and of order f3, the class B, (1, a,0, 3, 2z) is the class
of Bazilevi¢ functions of order f3, the class B,,(1,0,0, 3, ) is the class S}(/3) of
starlike functions of order /.

Let f(z) and F(z) be analytic in U, then we say that the function f(z) is
subordinate to F(z) in U, if there exists an analytic function w(z) in U such
that |w(z)| < |z|, and f(2) = F(w(z)), denoted f < F or f(z) < F(z). If
F(z) is univalent in U, then the subordination is equivalent to f(0) = F(0)
and f(U) C F(U). (See [2])

In this paper, we will discuss the subordination relations and inequality
properties of B, (A, «, i, 3,9(z)). The results presented here generalize and
improve some known results, and some other new results are obtained.

2 Some lemmas
To prove our main result, we need the following lemmas:

Lemma 2.1. [3] Let f(2) = 2z + ap2™ + a1 12" + - - - be analytic in U,
h(z) be analytic and convez in U, h(0) = 1. If

£+ 22f'(2) < h() o)
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where ¢ £ 0 and Re ¢ > 0, then

n

f(z2) < —zn /Oz t=n L h(t)dt < h(z2)

and ﬁz_ﬁ foz t=nth(t)dt is the best dominant for differential subordination
(2.1).

Lemma 2.2. [4] Let u = uy + ugi, v = v1 + voi and ¥(u,v) : D(C C?) — C
be a complex-valued function satisfying:

(1) 0(u,v) is continuous in a domain D C C2.

(2) (1,0) € D and Re 6(1,0) > 0,

(3) Re O(iug,v1) < 0 when (iug,v1) € D, vy < —n(1+u%).

Let f(z2) = 2z + apz™ + an 12" + - -+ be a function regular in U with
(f(2),2f'(2)) € D and Re 0(f(2),zf'(2)) > 0,z € U, Then Ref(z) > 0,z €
U.

Lemma 2.3. Let0<A<l,a>0,peRa+in#0,0<p<1,g(2) €
S:(B). Then f(z) € Bo(\, a, 1, 8,9(2)) if and only if

Re{F(z) + - ji\wzF'(z)} > f3 (6)
where
Fo = ()™ ¢

Proof. If A = 0, we obtain the result from the definition of B,, (X, «, i1, 3, g(2)).

If A\ >0. Let F(2) = (%)aﬂu, then F(z) = 1+ c¢12 + 2%+ - - - is analytic
in U. By taking the derivatives in the both sides, we have

G (LN PG (FEN .
o) em) e Ge) POt e ®

Since f(z) € B,(\, a,p, 8,9(z)), we have
Re(F(2) + —2F/(2)} > B. ()

o+l

3 Main Results

Theorem 3.1. Let0 < A< 1l,a>0,p e Ra+in#0,0< 5 <1, and
9(2) € S3(B). If f(2) € Bu(X, v, 1, B, 9(2)), then

(I 20 4 vk

g(2) 2(a? 4 p?) + nla (10)
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Proof. Let F(z) = (fég)a””, then F(z) =14 ¢1z + c22® + - -+ is analytic

in U. Suppose that f(z) € B,(\, a, 1, 8, 9(2)), by Lemma 2.3, we know

«Q

R {F _F } > 8. 1
{FE) 4 P ()} > (1)
Let
F(z)=p+(1—p)p(2) (12)
where p = W < 1, then p(2) = 1+ pp2" + ppy12™™! is analytic in U.
Thus that
A A1 —p)
F Fl(2)—B=p— 1— — T (2). 1
(Z)+a+wz (2) =B=p—PF+(1—=pp(z)+ P zp'(z).  (13)
Now, we taking
Al —=0p
Ou,v) = p— B+ (1 pp(z) + 2oyt (14)

o+ i

then 0(u, v) is continuous in a domain D C C?, (1,0) € D, Rey(1,0) =14 >
0, and

. Aa(l —p) nAa(1—p)(1+u3)
Re O(iug,v1) =p— B+ T2t v Sp-P+ g (15)
nia(l—p)(14+u2
= - <0 (16)

where (iug,vy) € D, v < —n(1+u%). From (3.4) we have (p(2), zp'(z)) € D and
Re(p(2), zp'(2)) > 0, then by Lemma 2.2, we obtain Rep(z) > 0,z € U.
Thus, by applying (3.3), our proof of Theorem 3.1 is completed.
Corollary 3.1. Let 0 <A< l,a>0,peR,a+in#0and0 < <1,
If f(z) € B,(\, oy, B, z), then

f)otie  2B8(a® + p?) + nia
ﬁ{e(T) ~ 2(a? + p2) + nla

(17)

Corollary 3.2. Leta > 0,p € Ria+iu # 0 and 0 < 5 < 1, If
f(z) € B,(1,a, 1, B, 2), then

f)\otim _2B(a® + p?) + na
%e( z ) ~ 2(a? + p?) + na

(18)
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Corollary 3.3. Let a > O0,p € Ria+ipu # 0 and 0 < g < 1, If
f(2) € B,(1,,0, 8, 2), then

f(z))a - 2Ba+n

19
200+ n ( )

Since the proof of Theorem 3.2 is similar to the proof of Theorem 3.1, we
state the theorem without proof.

Theorem 3.2. Let 0 < A< l,a>0,p € R a+iu#0,6>1,9(z) €
S (B) and f(z) € H,, satisfies

ol (1 (SN LTI

9(z) / \g(z) f(z) \g(2)
then
N 28(a? 4+ 4?) + nda
fRe(g(z)) < 2(a? + p?) + nha (21)

Theorem 3.3. Let 0 < A< 1l,aa>0,u e R, 8 #1,9(2) € S:(B) and
f(2) € H,, satisfies

(S G < v

then

FEy (= Batin) [M14 s e
<g(z)> < B+ A /0 l—zu du, z € U, (23)

Proof. Let F(z) = (fgz;)am then F(2) = 1+ c¢12 + 2% + - - - is analytic

in U. By taking the derivatives in the both sides, we have

(G

From (3.10) we have

A :
o WZF (). (24)

(2 < 1+ (1 —20)z

F
<Z>+a+i,u 1—=z

,2 €. (25)

Clearly, h(z) = 1(11—25) is analytic in U and h(0) = 1.

Thus, by applying Lemma 2.2, our proof of Theorem 3.3 is completed.
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Corollary 3.4. Let 0 < A< l,a>0,pe Rand0 < g < 1, If
f(z) € Bp(X o, 1, B, 9(2)), 9(2) € S;(B), then
f(2) a—l—z’,u/ll—i-zu atin
0

me(_fw > B+ (1—p) inf ‘ﬁe( uH —1du) 2 € U.(26)
g(2) z€U nA 1—zu ’

We can see that inequality (3.17) is sharp.
Corollary 3.5. Let 0 < A< 1l,a>0,ue R, B> 1,9(z) € S(B) and
f(2) € H, satisfies

sm{ (1 _ Azg/(z)) (@)W” L) (M)Mw} < B, (27)

9(2) / \g(2) f(2) \g(2)
then
f(z)\otin . a+in P14 zu atin_y
%e<g(z)> <6+(1—ﬁ);r61£9“‘w( .Y /0 Tl du),zeU(QS)

We can see that inequality (3.19) is sharp.
Corollary 3.6. Let0 <A <1,a>0,8+#1,9(2) € S:(S) and f(2) € H,
satisfies

(123 (R (@ ey 1022y

?

g9(z) 7 \g(z) f(z) \g(z) 1—2
then
1-Ba [fl1-u o, 1\*
f+ ot /0 ot < 9e(19) (30)

< B+ % 01 i'—Zu%_ldu, zeU. (31)

4 Open Problem

We define the following class of analytic functions:
Definition Let B, (\, a, 1, A, B, g(z)) denote the class of functions in H,
satisfying the condition:

(L)) S L e

where
0<A<lLa>0,peR -1<B<1,A#B,AcR g(z) € S*

We can using the differential subordination method introduced by Miller and
Mocanu consider the subordination relations, inclusion relations, distortion
theorems and inequality properties, etc.
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