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Abstract

In this paper we introduce new classes containing the linear
operator RS : A — A, RS f(z) = (1—a)R"f(2)+aS"f(2), z € U, where
R"f(2) is the Ruscheweyh derivative, S™f(z) the Saldgean operator
and A, ={f e H{U): f(z) = z+ ap12" + ..., 2 € U} is the class of
normalized analytic functions with A, = A. Characterization and
other properties of these classes are studied.
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1 Introduction

Denote by U the unit disc of the complex plane, U = {z € C : |z| < 1} and
H(U) the space of holomorphic functions in U.
Let A, ={f € H{U): f(2) =24+ an12"™ +..., 2€ U} with 4 = A

Definition 1.1. (Sdlagean [7]) For f € A, n € N, the operator S™ is defined
by S": A — A,

S°f(z) = f(2)
Slf(z) = 2f'(2), ..
S"™f(z) = z(S"f(2), =zeU.



34 Alina Alb Lupag

Remark 1.2. If f € A, f(z) = 2+ 3 2 a;27, then S"f(z) = z +
>y gra, for z € U.

Definition 1.3. (Ruscheweyh [6]) For f € A, n € N, the operator R" is
defined by R" : A — A,

Rf(z) = f(2)
Rf() = 2f'(2), -
(n+1)R"™f(2) = 2(R"f(2)) +nR"f(z), z€U.
Remark 1.4. If f € A, f(2) = 2+ > 72,027, then R"f(2) = z +
Py %ajzj, zeU.
Definition 1.5. [1] Let v > 0, n € N. Denote by L’ the operator given by
LY A— A,
LIf(z) = (L =mER"f(2) + 75" f(2),  z€U
Remark 1.6. If f € A, f(2) = 2+ > 2,052, then LIf(2) = z +
>, (Vj" +(1—7) (:!J(rj__ll))!!> a;jzl, z € U.
This operator was studied also in [2], [3], [4].

Definition 1.7. Let f € A. Then f(2) is in the class S}, (1) if and only

of
2 (L3f(2)
Re| —-—~—|>u 0<pu<l, 2€U.
( Lif(z) )~ 7=t
Definition 1.8. Let f € A. Then f(2) is in the class C} , (1) if and only
of
= (151(2)
L P sy 0<u<t, zel.
(L5/(2)

We study the charaterization and distortion theorems, and other properties
of these classes, following the paper of M. Darus and R. Ibrahim [5].

2  General properties of L

In this section we study the characterization properties and distortion theo-
rems for the function f (z) € A to belong to the classes 87 (1) and C? (1) by
obtaining the coefficient bounds.
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Theorem 2.1. Let f € A. If

Z(j—u){aj +(1—a)%}laﬂ<l p, 0<p<1, (1)

then f(z) € S (u). The result (1) is sharp.
Proof Suppose that (1) holds. Since
L= > Y5250 — ) {agm + (- a) B Y oy >
s {adm + (1 - ) S oy - 32, {aj + (1= ) 20 o)

n+j7—1)!

14332, j{esm+(1- a)(n,?f_llﬂ }ayl
y !

14352y { g+ (1—a) U= Hay|

>p, 0<pu<1, ze€U Wehave f(z) € 8" (), which

o

then this implies that > . So, we deduce that

Z(L’Wlf(z)),
Ly f(2)

evidently completes the proof.

The assertion (1) is sharp and the extremal function is given by f(2) =

oo (1—p) j
z+ Z]:Z (j—u){ajn-i-(l @) (SI-(I—J_J_E))!!}Z .

Re

Corollary 2.2. Let the hypotheses of Theorem 2.1 satisfy. Then
1 —p
] ] i)
G = ) {ajm + (1= o) Gt
Theorem 2.3. Let f € A. If

S e+ (- SR bl <1 0<p<1 @)

then f(z) € C (u). The result (2) is sharp.

Proof Suppose that (2) holds. Since
L= > 52,56 — ) {ag" + (1 - a) B0 )| >

DIy {ocjn +(1—-a) (Z,J(FJJ 11), } lajl = 323257 {aj +(1-a) (:'J(rjy 11 } 4]
143252 2]2{011"-&- (1—« %J(rjj 11)).'}|a]\
1+ Z] Qj{aij, (1-« (:'-6] 11))“}| aj
z(L7 f(z s
Re (%) >, 0< <1, ze€U Wehave f(z) € C%(u), which
~y z

evidently completes the proof.

The assertion (2) is sharp and the extremal function is given by f(z) =

(1—p) i
zZ + —
Z] =2 (- u{a]”+ 1— a)%f{fﬁfﬁf}

|aj| <

then this implies that > . So, we deduce that
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Corollary 2.4. Let the hypotheses of Theorem 2.3 be satisfied. Then
I —p

jG = {agm+ (- o) G

Also, we have the following inclusion results:

Theorem 2.5. Let 0 < iy < pig < 1. Then 87 (p1) 2 S (u2) .

Proof By Theorem 2.1.

Vj>2.

|aj| <

Theorem 2.6. Let 0 < iy < pp < 1. Then C? (u1) 2 C (o) -
Proof By Theorem 2.3.

We introduce the following distortion theorems.

Theorem 2.7. Let the function f € A and

= n n+j—1
E}J—M{w +U—a¢7f——l}|ﬂ<1 pw 0<p<l
= n!(j—1)!
Then for z € U and 0 < p < 1,
n L—p o
L2 f(2)] > || — 2=, |2

and
1—
9 _
Proof By using Theorem 2.1, one can verify that
2= 53 {am + (1 - ) G oyl <
S, — ) a4 (1 — a) R |aj| < 1 — p. Hence,
J (-1
> e {aj” +(1—a) ("J(” 11), } |aj| < 37%. We obtain
|Lnf ‘_‘Z+Z]2{a] —|—(1 )%}aj,z]
n 1)!
2]+ 232 { o™ + (1 — ) S Hagl 2F <

o] ‘0 n 1)!
21+ 52 {aim + (1 — @) S Loyl 2 < 121 + 327
The other assertion can be proved as follows

L2 f(2)| < |2 + M|z|2.

<

|Lnf ’ = ‘Z + Zj =2 {04.7 +(1—-a) (guJ(r]j_11))|! } a;z’| >
n 1
2= 52, {ag" + (1= 0) S Hagl 2 >
n 1)! -
2] = 3275, {047 +(1—a) (n.J(;] il } la||2)* > |2 — Tu “z|*. This completes

the proof.
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Theorem 2.8. Let the function f € A and

;j(j—u){&j”+(1—a)%}\aj|<1 p, 0<p<l.

Then for z € U and 0 < p < 1,
I —p 2
L >z — ————

and

L f(2)] < el + E

1—
2(2- u)
Proof By using Theorem 2.3, one can verify that
22— 1) S, {ag" + (11— a) 550 o) <

Zj:2](] — ) {Oéjn + (1 —a) (:.EJ 11 } |a]| < 1 — p. Hence,

> e {aj +(1—a) (Z,J(rj 11), } la;| < 55-t~. We obtain

L2 f(z)| = ‘z—i— > e {ozy +(1—a) (:,J(r]? 11)) }ajZJ <

2+ 55 {aim + (1= a) S a2 <

2+ o5, {ai + (1= 0) SET Hagl 12 < [2] + sty 12
The other assertion can be proved as follows

L2 f(z)| = ‘z +2> 0 {aj +(1—a) (:!27:11))!!}ajzj‘ >

n 1)! j
2] = 5552 {agm + (1= ) S a2 >

n 2 .
2] =252 {04] +(1-a) (n,J(rjj 11) } la ] |2” > |2] — 2—‘2) |z|”. This completes
the proof.

Also, we have the following distortiin results.

Theorem 2.9. Let the hypotheses of Theorem 2.1 be satisfied. Then

o L —p o2
1) 2 - g g e

and -y
2—mfaz + (1 —a)(n+1)]

[f ()] <z + s

Proof In virtue of Theorem 2.1, we have
2—p)o2" + (1 —a)(n+1)] 372, la;] <
3200 — ) {0 + (1= @) S Flagl < 1= g thus,
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> e laj] < (Q_M)[a2n£r_(’i”_a)(n+l)]. We obtain |f (2)] = |2+ > 72, a;27| < |2] +

> e laj] 12)* < |2|+ (qu)[a2"i:(ilfa)(n+l)] |2|* . The other assertion can be proved
o0 2 — 2 .

as follows: [f (2)| > |2 = 22725 lay] [2]" > |2] - (2—#)[0{2"3—(?—&)(1@—&-1)} |z|”. This

completes the proof.

In the same way we can get the following result.

Theorem 2.10. Let the hypotheses of Theorem 2.8 be satisfied. Then (j —
1) {aj" +(1—a) ("H*l)!} >0 and 0 < p <1 poses

nl(j—1)!
1L —p 2
A PR T Yy
" < Jel+ — oI
T T (e TSy Ll

Proof In virtue of Theorem 2.3, we have
22—p)[a2"+ (1 =a)(n+1)] 372, lay] <

00 - ‘n n+j—1)!
5252006 = 1) {ag" + (1= @) BES sl < 1 g, thus,
5520 105 € s We obtain [f ()] = |2 + 5%, 027 | < J2]+

-2 +(1-a)(nt D]

2 _ 2 .
Z;’ig lajl 2] < |z + 2(2_M)[a2n1+(’1_a)(n+1)] |z]”. The other assertion can be

proved as follows: /|f (2)| = ‘24— > ies ajzj‘ > |2 = 377, lay 12)* > |2] -
2(2_”[&2”1“’;_&)(”“)] |z|”. This completes the proof.

3 Open Problem

For the defined classes find distortion theorems, extreme points, closure the-
orems, neighborhoods and the radii of starlikeness, convexity and close-to-
convexity of functions belonging to these classes. Use another differential op-
erator and define and study the other classes of analytic functions using the
definitions 1.7 and 1.8.
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