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Abstract

We consider a singular integro-differential operator A on the
real line which includes as a particular case the Dunkl operator
associated with the reflection group Z, on R. We build intertwining
operators of A and its dual A into the first derivative operator d/dzx.
Using these intertwining operators, we firstly establish a Paley-
Wiener theorem for the Fourier transform associated to A, and
secondly introduce a generalized convolution on R tied to A.
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1 Introduction

Consider the second-order singular differential operator on the real line

Af) = T+ G+ ata) (@), )




Intertwining operators associated with a singular integro-differential operator 59

where ¢ is a real-valued C'*° even function on R, and

1
Ala) = [z B(a), a> -,

B being a positive C* even function on R. Lions [7] has constructed an
automorphism X" of the space &.(R) of C* even functions on R, satisfying

X p = ARS and XF(0) = (0 )

for all f € £.(R). The construction of the Lions operator X was aimed to allow
the resolution of certain mixed value problems. Delsarte and Lions [2] have
exploited the intertwining operator X to define in & (R) translation operators
corresponding to the differential operator A. Later, Trimeche [12] investigated
the dual operator 'X of X, and obtained a Paley-Wiener theorem for the
Fourier transform associated with A.

The main intention of this paper is to establish analogous results for the
first-order singular integro-differential operator on R

df Az x)— f(—x v -
oy = & A0 (S Sy (0 Y, g
3
For A(z) = |z[***! and ¢(z) = 0, we regain the differential-difference
operator
_df 1 f@) = f(=2)
Dol =g tloty) =

which is referred to as the Dunkl operator with parameter a + 1/2 associated
with the reflection group Z, on R. Such operators have been introduced by
Dunkl in connection with a generalization of the classical theory of spherical
harmonics (see [3, 4, 11, 13] and the references therein). Besides its mathe-
matical interest, the Dunkl operator D, has quantum-mechanical applications;
it is naturally involved in the study of one-dimensional harmonic oscillators
governed by Wigner’s commutation rules [5, 10, 15].

More precisely, we show in Section 2 that the solutions ®, (A € C) of the
eigenvalue problem

Af(z) =irf(z), f(0) =1,
possess the Laplace type integral representation

|z A
(I)/\(x) = K(Zlﬁ', y)elkydy’ T 7& 0.

— x|
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Such a representation allows us to introduce in Section 3 a pair of integral
transforms defined by

|z

V(z) = _|$|K(:E,y)f(y)dy if x # 0,
f(0) ifx =0,

V f(y) = / _ K@f@AEd, y <R

Mainly, we show that V' is the only automorphism of the space £(R) of C*
functions on R, satisfying

d
V%f =AVf and Vf(0)= f(0)
for all f € E(R). Moreover, we establish that V' is an automorphism of the

space D(R) of C* compactly supported functions on R, satisfying

dt _ ty/A
—'Vi="VAf. [eDR)

A being the dual operator of A defined by

K f(z) = ;i_f . if)) (f(x) —2f<—x>) o) / (W) it (4)

—00

The integral transform V' (resp. V) is said to be an intertwining operator
between A (resp. A) and the first derivative operator d/dz.

Section 4 deals with the generalized Fourier transform defined on the space
E'(R) of compactly supported distributions on R by

Fa(S)(N) =(S,®_5), reC.

This transform is factorized as the product of the usual Fourier transform
on R and the intertwining operator V. Such a factorization gives rise to
a Paley-Wiener theorem describing the spaces D(R) and £'(R) through the
properties of their generalized Fourier transforms. Furthermore, an inversion
type formula for the generalized Fourier transform F, is provided.

In Section 5, we exploit the intertwining operators V and 'V to introduce a
generalized convolution on R corresponding to the integro-differential operator
A. Such a convolution is mapped firstly by the generalized Fourier transform
F into the simple product, and secondly by the intertwining operator V' into
the ordinary convolution on R. The paper concludes with a Plancherel type
formula for the generalized Fourier transform Fj.
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It is pointed out that all the results obtained in [9] may be recovered from
those stated in the present article by simply taking ¢ = 0. As for Lions oper-
ators [8], it is believed that our intertwining operators will be of great utility
in the study of integro-differential problems, and will lead to generalizations
of various analytic structures on the real line.

2 Laplace integral formula

In order to study the eigenfunctions of A, we need those of the differential
operator A. Our basic reference about A will be the paper [12] from which we
recall the following result.

Lemma 2.1 (i) For each A € C, the differential equation
Au=—-Nu, u0)=1, 4(0)=0, (5)
admits a unique even C'™ solution on R denoted by ¢,.
(i1) For every x € R, the function X — py(x) is analytic.

(111) For nonnegative x and complex A\, we have the majorization :

|TmA|z x
oa()] < O exp (C— / Ix(t)ldt) ,
VB(x) (1 + |Nz)at+l/2 L+ [z Jo

where C' is a positive constant, and
W) = ot is () 41 (32) e o

Remark 2.2 (i) For A(x) = |z|*** and q(x) = 0, the differential operator
A is just the so-called Bessel operator. Furthermore,

pA(r) = Ja(AT),

where

i) =P+ 03

n=0
is the normalized spherical Bessel function of index a (see [14]).
(ii) For A(z) = (sinh |z])**™ (cosh )2t and q(z) = (o + 8 + 1) with
p > —1/2, the differential operator A reduces to the so-called Jacobi operator.
Moreover,

(z€C) (7)

(@) =" (@),
where wg‘“’ﬂ) is the Jacobi function of index (c, 5) given by
. a+B4+14i)N a4+ 8+1—i)
w/(\ 7ﬂ)<x> — QFI( /B 7 6
2 2
oy being the Gauss hypergeometric function (see [6]).

;04+1;—Sinh2x), (8)
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Theorem 2.3 For each A € C, the integro-differential equation
Au = idu, u(0) =1, (9)

admits a unique C* solution on R, denoted ®, given by

D5(1) = pr(r) + Aia) / ROV (10)
Proof. Write u = u, + u, with
)= HHUD) )~

Then (9) is equivalent to the system
(Au,) = i\Au,,

(Aul) + Aqu. = —\? Au,,

ue(0) = 1.
Identity (10) is now immediate. O

Remark 2.4 (i) Assume that q(x) = ¢, where ¢ is a given real number.

Then (1) and (5) yield

o == [ oA

From this and (10) it follows that

A d .
()0)\<I)— /\2+C%¢)\(ZE) Zf/\2+07é07
Dx(z) = N\ e
7
1+ /Atdt if N2+ c=0.
@) Jy A

(ii) If A(z) = |z|>*** and q(z) = 0, then according to [4],
D)\ (2) = eq(irx),

where e,, is the Dunkl kernel of index o given by

z

mjaﬂ(iz) (z € C),

ea(2) = jaliz) +

Jo being as in (7).
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(iii) Assume that A(z) = (sinh |z])***" (cosh )21 and q(z) = (a4 F+1)?
with 8 > —1/2. As by [6],

d (a Nt o
& = Gy e BT,
we deduce from (i) that

Oy(z) = v\ (z) + sinh(2z) "t (1),

(a+1)
q/}/(\oa,,é’) being as in (8).
Proposition 2.5 (i) For every x € R and A € C, we have the estimate :
[@a(@)] < mla)(1 + Al

where m is an even continuous function on R.
(i1) For every x € R, the function A — ®,(x) is analytic.
(111) For every x € R and \ € C, we have

(I)_)\(.I) = (I))\<—LL’), (I))\<I> = (I)fx(l‘). (11)

Proof. Assertions (i) and (ii) follow directly from (10) and Lemma 2.1. As-
sertion (iii) is easily checked. O

Trimeche [12] obtained for z # 0 and A € C the following Mehler type
representation for the eigenfunction ¢, (x) of the differential operator A :

||
oa() :/ K(z,y) cos Ay dy, (12)
0
where

20 (a + 1) |z|7** | B(0)
Vil(a+1/2) \ B(z)
H(x,-) being an even continuous function on R, with support in [—|x|, |x|].

Lemma 2.6 For x € R\ {0} and A € C , we have

K(z,y) = H(z,y) + (@ =) (13)

iA i 1 o] 0 (2N7]
Alz) /0 PABAWdE = =570 / gy Ol ey

where

||
/ Kt AW if ly] < e,
Grley) = { Jw (15)

0 otherwise .
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Proof. Recall first (see [9]) that the function Gx(x,-) is continuous on R, of
class C' on | — |x], |z|[, and a% Gr(z,-) is integrable on R. By using (12) and
Fubini’s theorem we obtain

/fa) /0x| eA(t)A(t)dt = Ai():;) /Olw (/Otlc(t7y)cos>\ydy) A(t)dt

i\ || ||
- M/o (/y IC(t,y)A(t)dt) cos Ay dy

i\ ||
= A(x)/o Gr(z,y) cos \y dy.

An integration by parts yields

ix o[l i rlly

— G ANydy = —— —dG in \y dy.

A<x)/0 k(@ y) cos Ay dy A<x)/0 gy (@ y)sin Ay dy
Identity (14) is now obvious. O

By combining (10), (12) and (14) we obtain the following result.

Theorem 2.7 For x € R\ {0} and X € C, the eigenfunction ®,(z) has the
Laplace type integral representation

|z

O\ () = " K(z,y) e™ dy, (16)
where . 5
K(e) = 5K(e) — 2 50 Gelann) a7

3 Intertwining operators

Notation. We denote by E£(R) the space of C*° functions on R, provided
with the topology of compact convergence for all derivatives. &'(R) stands
for the space of distributions on R with compact support. Clearly A is a
bounded linear operator from £(R) into itself. If S € &'(R), we write AS for
the compactly supported distribution on R defined by

<ASaf>:_<SvAf>a ng(]R)

Recall that each function f in £(R) may be decomposed uniquely into the sum
f = fe+ fo, where the even part f is defined by fe(x) = (f(z)+ f(—z))/2 and
the odd part f, by fo(x) = (f(x)—f(—x))/2. E.(R)(resp. &,(R)) stands for the
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subspace of £(R) consisting of even (resp. odd) functions. For a > 0, D,(R)
designates the space of C' functions on R supported in [—a,al, equipped
with the topology induced by £(R). Put D(R) = (J,., Pa(R) endowed with
the inductive limit topology. D.(R) (resp. D,(R)) denotes the subspace of
D(R) consisting of even (resp. odd) functions Let (resp J) denotes the
map defined on E(R) (resp. D(R)) by Zh(z) = [ h(t)dt (vesp. Jh(z) =

JZo ()t

Starting from the Laplace representation (16), we construct in this section
a pair of integral transforms which turn out to be intertwining operators of A
and its dual A into the first derivative operator d/dx.

Definition 3.1 We define the integral transform V' on E(R) by

o]
K(x,y)f(y)dy if v #0,
Vf(x)=4q 7l (18)

f(0) if v =0,
where K(x,y) is given by (17).
Remark 3.2 (i) It follows from (16) that
®y = V(e?), forall\eC. (19)

(ii) If A(x) = |z|>**™" and q(z) = 0, then the integral transform V is given
by

Vi = ot [ - e 0

and referred to as the Dunkl intertwining operator of index av+ 1/2 associated
with the reflection group Zo on R (see [11]).

Trimeche [12] has proved that the Lions operator X may be written as

||
| K@y it 2o
Xf(x) =4 70 (20)
f(0) if z =0,
where K(z,y) is given by (13). For A(z) = |z[***! and ¢(x) = 0, the Lions
operator X is just the Riemann-Liouville integral transform of order o defined

by

2T (a+ 1) yo1/
R.(f)(z) = \/_Fa—|—1/2/ftx V2at, zeR.

Identity (20) will enable us to express the integral transform V' in terms of X.
The following technical lemma, stated without proof, will be useful.
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Lemma 3.3 (i) The integral operator
1 x
Mf(@) = 5= [ f0A@@ 21)

is an isomorphism from E,(R) onto E,(R), and its inverse operator is just A.
(i1) For all f € E.(R), we have the relations

A2f = Af,
Af = MAFY, (22)
sgn(x) [1
st =) [7 Getan s, (23)

where Gi(x,y) is given by (15).
(1i1) For any f € E(R) and g € D,(R), we have

[ Mi@at)4 / f(@)Tola (24)

Theorem 3.4 For all f € E(R) we have

Vf= X(fe)+MX —(fo)- (25)

Proof. If f € &(R), then (25) follows by combining (17), (18) and (20). If
f € E(R), then by (17), (18), (23) and an integration by parts we get

sgn(z) [l
viw = -2 [T 2 et sty

sgn(z) [l
= 2 [T Gctw s way

d

Therefore, identity (25) is true for every f € E(R). O
Remark 3.5 (i) It follows from (2) and (22) that

2

d d
X%(fo) = M‘X@I(fo) = MAXI(f,) = AXL([,).

So

Vi =X(fe) + AXLI(fo) (26)
for all f € E(R).

(11) If g(x) = 0, then by (3) and (26),

V= X(f)+ S XT() 27)

for all f € E(R).
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Theorem 3.6 The integral transform V' is the only automorphism of E(R)
satisfying

VA AVS and V) = 1(0) (28)
for all f € E(R). The inverse transform V1 is given by
VL = XN (L) + TAA(). (29)

Proof. Notice that the first derivative operator d/dz is one-to-one from &,(R)
onto &,(R), and (d/dz)™' = Z. So according to (25) and Lemma 3.3(i), V is
an automorphism of £(R). Let us check (28). If f € £.(R), then by (2), (22)
and (25),
d d?
V—f=MX—f=MAXf=AXf=AVf.
dx dx?

If f e &(R), then by (25) and Lemma 3.3(i),
d d d
AVf=AMX—f =X f =V

Finally, assume that V is another automorphism of £(R) satisfying (28). Set

Ox(z) = V(e?)(z), » € R, A € C. By (28) we have

AOy(z) = AV (e™)(z) = pd

dx(eM')(x) = iAV(e™)(z) = iN0y(x),

0x(0) = V(e™)(0) = 1.
From this and Theorem 2.3 we deduce that 0)(z) = ®,(x). As the functions

x — e? )\ € C, are dense in £(R), it follows that V = V. This clearly
achieves the proof. O

Remark 3.7 (i) By Theorem 3.6, V is an intertwining operator between A
and d/dx on the space E(R).

(11) If q(x) = 0, it follows from (27) that

d
Vilf = Xﬁl(fe) + _X711—<f0)
dz
for all f € E(R).
(iii) The inverse transform X' has been determined in [12, Theorem 5.3]
in the form of an integro-differential operator.
(i) For a > 0, let E,(R) be the subspace of E(R) consisting of functions
vanishing inside [—a, a]. Then from (18), (29) and [12, Theorem 5.3], it is not
difficult to prove that the integral transform V is an automorphism of £,(R).
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Theorem 3.8 (i) The dual transform 'V of V', defined on &' (R) by

('VS. f)=(S.\Vf), fe&),

is a bijection from E'(R) onto itself. More precisely, supp S C [—a,al if, and
only if, supp'V'S C [—a,a]. Moreover,
d

%tVS = '"VAS, forallS e & (R). (30)

(ii) If f € D(R), then the distribution "V (Af) is given by the function
Vi = [ Keaf@ae ye®, B1)
x|y

where K(x,y) is given by (17).

Proof. Statement (ii) is obtained by using (18) and Fubini’s theorem. Let us
check (i). The fact that 'V is one-to-one from &£'(R) onto itself follows readily
from Theorem 3.6. Identity (30) is a direct consequence of (28). Let S € £'(R)
be supported in [—a, a]. If f € £(R) with support in |z| > a, then there is § > 0
such that f =0 on [—d —a, a+ 0], which implies that V f =0 on [0 —a,a+ ]
by virtue of Remark 3.7(iv). Then suppVf C |z| > a+§ C || > a, and
consequently (*V'S| f) = (S,Vf) = 0. This proves that |z| > a is a nullity
open for ‘V.S, that is, supp’VS C [—a,a]. The same argument shows that
supp 'V~1S C [~a,a]. O

Remark 3.9 Theorem 3.8(ii) means that the integral transforms V and 'V,
given respectively by (18) and (31), are transposed, i.e.,

/R Vf(2)g(x) Alx)dz = / £(9)'Vo(y)dy (32)

for any f € E(R) and g € D(R).

In order to study the integral transform ‘V, we introduce an auxiliary
integral transform ‘X defined on D.(R) by

)= [ Koy f@)A@)dr, yeR, (33)

|yl

where K(z,y) is given by (13). It was shown in [12] that ‘X" is an automorphism
of D.(R) satisfying the intertwining relation
d2

o5 ' Xf="XAf, fED.(R). (34)
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Moreover, X and X" are dual in the sense of the relation
/ X f(x)g(x)A(x)de = / fly) ' Xg(y)dy, (35)
R R

which is valid for any f € &.(R) and g € D.(R). For A(x) = |z[**™! and
q(z) = 0, the intertwining operator X" is exactly the Weyl integral transform
of order « defined by

 2l(a+1) >
Theorem 3.10 For all f € D(R),

Wo(f)(y) f(z) (2* — yQ)a’l/Qxdx, y € R.

V= (L) + KT (30)

Proof. If f € D.(R), then (36) follows directly from (17), (31) and (33).
Suppose f € D,(R). By (24), (25) and (35), we have

/RVg(x)f(:c)A(x)dm = 4MX%(QO)(x)f(x)A(x)dx
= - [ X @IS A
- - [ o) 2T @

— /Rgo(x)di;thf(m)dm

— /Rg(x)%t?(jf(x)dx

for any g € £(R). This ends the proof in view of (32). O
Remark 3.11 (i) It follows from (1), (4) and (34) that

dt _ d2t _ 7t _ Tty N
% Xj(fo)_j@ Xj(fo)_j XAj(fo)_j XA(fo)

So
W ="tX(f)+ T XA (37)

for all f € D(R).
(11) If g(x) =0, then by (3), (4) and (37),

Vf="X(f)+ T XA(fo)
for all f € D(R).
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A generalization of the classical integration by parts formula is as follows.

Lemma 3.12 Let f € E(R) and g € D(R). Then

/ Af(e / f(@)Rg(z (38)

where A is given by (4).
Proof. We have

/R Af(@)g(x) Alx)d = / (Af)e(2)g (@) Alx)de + / (Af)o(@)gol) Alx)da

= K1+ Kao.

By (3), (4) and (24) we get

o = [ (#0045 L) o awi

- / A(e) o)) ge(2)de

= /ﬁ )ge (T
Z—AﬁxA%x

py = / 12 (2)go(@) Ale)de + / M(gf.) (@) go(x) A(z)dz
_ / e Yo — / 1(@)f.(2) T (90) (@) Ala)da

- [ 1w (gom ngo(x)w(x)ﬂga)(x)) Aw)ds

— _/Rfe(x)(/NXg)e(x)A( )d

Hence

m+@==—4ﬁ@@%@ﬂ@w—éﬁ@@%@MUd

_— / f (@) Rg(x) A(z)d

This clearly yields the result. U

and
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Theorem 3.13 (i) The integral transform 'V is an automorphism of D(R).
More precisely, f € D,(R) if, and only if, 'V f € D,(R).

(ii) The inverse transform 'V =1 is given by
ty—1 typ—1 d 1,1
v f: X (fe)‘i_%‘x j(fo)

(iii) The transform 'V satisfies the permutation relation

d t _ ty A
T Vf="VAf, feDR). (39)

Proof. Observe that J is one-to-one from D,(R) onto D.(R), and J ! =
d/dx. So (i) and (ii) follow from (36). Moreover, by (28), (32) and (38),

|2 Vi@ = — [ Vi) gtads

= [ f@) Vi@ A
- / /() AVg(x) A(z)da
_ /R R f(2) Vg(z) A(z)da
= [ VAr@ (e

for any f € D(R) and g € £(R). This proves (39). O

Remark 3.14 (i) From Theorem 3.13, we deduce that'V is an intertwining
operator between A and d/dx on the space D(R).

(ii) The inverse transform 'X~' has been expressed in [12, Theorem 6.3]
in the form of an integro-differential operator.

4 Generalized Fourier transform

Notation. We denote by

— H,, a > 0, the space of entire, rapidly decreasing functions of exponential
type a; that is, f € H, if and only if , f is entire on C and for all m =0, 1, ...,

Pm(f) = sup [(L+ )™ fF(A)e ™| < oo

The topology of H, is defined by the semi-norms p,,, m = 0,1, ... .
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— H =U,-0H,, endowed with the inductive limit topology.

— Ha, a > 0, the space of entire, slowly increasing functions of exponential
type a; that is, f € H,, if and only if, f is entire on C and there is m = 0,1, ...
such that,

sup |(1 + |/\|)_mf()\)e_a“m>‘|‘ < 00.
AeC

- H - Ua>0Ha.
Definition 4.1 (i) The generalized Fourier transform of a distribution S €

E'(R) is defined by
Fa(S)(A) = (5, @-y), AeC.

(11) The generalized Fourier transform of a function f € D(R) is defined
by
AW = [ f@e@A@ds, rec
R

Remark 4.2 For A(z) = |z|*** and q(z) = 0, the transform Fy is exactly
the Dunkl transform with parameter a+1/2 associated with the reflection group

Zo on R (sce [3)).
Theorem 4.3 (i) We have
FAS)N) = Fu(VS)(\),  for all S € £'(R), (40)
FAHHN) =Fu(VI)(N),  foradlfeDR), (41)
where F, denotes the usual Fourier transform on R given by
Fu(S)(N) = /R e AS(x), S e&(R).
(ii) For all f € D(R) and A € C,

Fa(F)N) = Falf) (=X),  Falf )N = Falh)(=N),

where f~(x) = f(—x), z € R.
(111) We have

FA(AS)(N\) = iAFa(S)(\),  for all S € E'(R),

FAASYN) = iNFA(H)(N),  for all f € D(R). (42)
(iv) For all f € D(R),

FAF)N) = Falfe)(N) + A FaT (fo)(N), (43)
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where Fa stands for the Fourier transform related to the differential operator
A, defined (see [12]) on D.(R) by

Fa(h)(N) :/h(x)gpA(:c)A(:v)dx, A eC,
R
o being the eigenfunction of A defined by Lemma 2.1.

Proof. Assertion (i) follows directly from (19), Theorem 3.8 and Definition
4.1. Assertion (ii) is a consequence of (11). Assertion (iii) follows by applying
the usual Fourier transform to both sides of (30) (resp. (39)) and by using (40)
(resp. (41)). Assertion (iv) follows by combining (36), (41) and the identity

Fa(h)(N) = fu(t)(h) (A), heD.(R),
(see [12]). O

Remark 4.4 (i) For A(z) = |z[***! and q(z) = 0, the transform Fa is
jJust the Fourier-Bessel transform of order « (see [14]).

(ii) For A(z) = (sinh|z])**™ (coshz)2?*! and q(z) = (a + B + 1)? with

—1/2, the transform Fa coincides with the Jacobi transform of order

B>
(v, B) (see [6]).
We can now state the main result of this section.

Theorem 4.5 (Paley-Wiener) (i) The generalized Fourier transform Fa
is a bijection from E'(R) onto H. More precisely, S has its support in [—a, al
if, and only if, Fx(S) € H,.

(11) The generalized Fourier transform Fa is an isomorphism from D(R)
onto H. More precisely, f € Dy(R) if, and only if, F(f) € H,.

Proof. The result follows by combining Theorems 3.8 and 3.13, identities (40)
and (41), and the classical Paley-Wiener theorem. d

Trimeche [12] has obtained for the transform Fa the following inversion
result.

Theorem 4.6 For all f € D.(R),

f(x) = / Falh)(Nea(@)dm () + / Falh)iNga(@)dim(y),  (44)

where py 1s an even positive tempered measure on R, and sy is an even positive
measure on R satisfying

/e“'yld,uQ(y) < oo, foralla > 0.
R
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Remark 4.7 (i) The pair (ui1, pe) is called the spectral measure associated
with the differential operator A.

(11)) When q(x) = 0, it was shown in [9] that pus = 0. Furthermore, if the

function x defined by (6), is integrable at infinity, then according to Bracco [1],

d)
[e(IADI?

where c(s) is a continuous function on ]0,00[ such that c(s) ~ k/s**/2  as
s — oo, for some k € C.

(iii) If A(z) = |z|***! and q(z) = 0, then by [12],

1
22042 (I(a + 1))2

dpa () =

duy(N) = IAP“TdX  and  py = 0.

(iv) For A(x) = (sinh|z|)**™ (coshz)?**! and q(z) = (a + B+ 1)? with
a> B> —1/2, we know by [6] that

d\
le(IADI?

duy(N) = and o =0,

where

VT R2eHBT2TE (8 T + 1)

Nm+6+1+wymm@_5+1+wvm,s>a

c(s) =

A direct consequence of Theorem 4.6 is as follows.

Theorem 4.8 For all f € D(R),

f(@) £ Mg T o)z / Fa(HN B (@)din (V) + / Fa(f) N @ (2)dria(N),

(45)
11 and pe being as in Theorem 4.6.

Proof. By (5), (10), (21) and (43),
[ RO = [ Fa)Wesdn)
- [ RETEIN M) @)
= [ Rl ()
v ma / fAj(fo)M)w(-)dm(A)) @)
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and
[ RO @a@d0) = [ Fa@en@dn)
n / N2 FAT (£2) (N M () dpia ()
- / Falf)(iN) (@) dua(N)
N N ICNG TR IO

But by (3), (22) and (44),

/R Falf) (Vegr(@)du () + / Falf) iV ean()dpa(N) = fu(x)

and

MA(/R Fad (fo)Nea(-)du(A) + /RfAJ(fa)(M)%A(')dm()\)) (z) =

- MAJ(fo)(x)
= AJ(fo)(=)
= Jolx) + M(q T fo) (),

which concludes the proof. O

5 Generalized translation

With the help of the intertwining operators studied in Section 3, we introduce
in £(R) translation operators corresponding to the integro-differential operator
A, and which generalize the usual translation operators on the real line :

f=7f) = flz+y).
Definition 5.1 We define the generalized translation operators T®, x € R,
on E(R) by
T f(y) =V.V, [V f(a+y)], yeR

This generalized translation shares several properties with the ordinary trans-
lation on R.

Theorem 5.2 (i) For allxz € R, T" is a linear bounded operator from E(R)
into itself; the function x — T* is C°.
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(ii) We have
T° = identity, T°TY =TYT", AT®=T"A.
(1i1) For all f € E(R),
T*f(y) =TV f(x).
(iv) For each A € C, the eigenfunction ® satisfies the product formula :
T*(@x)(y) = Pa(z) A (y).
(v) For f € E(R), the function u(x,y) = T f(y) is the unique solution of

the problem
{ AIU(.Z', y) — Ayu(x> y)a

u(0,y) = f(v).

In order to construct a convolution product tied to the integro-differential
operator A, we need to compute the transposed operators of 7%, x € R.

Theorem 5.3 For all f € E(R) and g € D(R), we have

/R T £ (y)g(y) Aly)dy = / £(9) T2 g(y) Aly)dy,

where
Trg(y) =Va('V7),['Vely—2)], yeR.

Proof. By (32) and Definition 5.1,
[T e AGr = [ ViV, [V ) oAy

=V, </RVy V= (2 + )] g(y)A(y)dy)
=V, (/vaf(:vw)t‘/g(y)dy)
_ v ( /R V() V(s — x)dz)
= ([ 1) [Vat - o) A
_ /R FE VLV [z — 2)] Az)dz
= [ 16T AR

which is the desired result. O
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Remark 5.4 (i) According to the proof of Theorem 5.3, the operators ‘T,
r € R, may also be formulated as

T fy) = (V) Ve ['VIy-2)], yeR
(it) If q(x) =0, then by [9], 'T* = T~*, for all x € R.

Theorem 5.5 Let f be in Dy(R), a > 0. Then for all x € R, 'T*f is an
element of Dy s (R) and

F('Tf)(\) =@ 5(2) FF(N), AeC. (46)
Proof. Set
K(x,) ifx#0,
K, =
50 if v = 0,

where K (z,-) is given by (17), and ¢y is the Dirac measure at the point z = 0.
It is not hard to see that

tTa:f — tvfl [Kaz* tVf] ’

where x stands for the usual convolution on R. The result is now a consequence

of (16), (41) and Theorem 3.13. O]
Remark 5.6 Let f € D(R). From (11), (45) and (46) we get
TH0) = / FuON )i + [ Fa(i0@a(=)din()
= (quo)( )-

Delsarte and Lions [2] have defined in & (R) translation operators S?,
r € R, related to the differential operator A, and which generalize the usual
symmetric translation operators on the real line :

More explicitly,
S f(y) = X &, [UIX_lf(y)} , yeER.

The S%, x € R, are linear bounded operator from & (R) into itself, and possess
the following fundamental properties :

SO =identity, S“f(y) =SYf(r) and AS* = S"A. (47)

Trimeche [12] pointed out that the S* map D.(R) into itself, and satisfy
the relation

Fa(57F)(A) = ealx) Fa(f)(A), [ € De(R). (48)

In the following theorem, the operators "I are expressed in terms of S*.
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Theorem 5.7 For all f € D(R),

T f(y) = S (y) — ASUT fula) + a%swjfo(y) - %M(Syfe)(x)-

Remark 5.8 Notice that for f € D.(R),

_ T fy) + T (=)

S*f () ;

In order to simplify the proof of Theorem 5.7, we first establish the following
technical lemma.

Lemma 5.9 For all f € D(R),

/R ASYT folw)or(y) Aly)dy = —NMipa(2) FalT L) (V).

[ M L) or ) Ay = Mir(@) Fa(£)N),
Proof. By use of (21), (22), (47), (48) and the identity
Fa(AR)(A) = =22 Fa(h)(N), h € D(R),

(see [12]), we obtain

/R ASUT fo(@)or(y)Aly)dy = / MAST fo()or(y) Aly)dy

- /R(ﬁ /Om Asyjfo(t)A(t)dt) X

X oa(y)Aly)dy

_ /]R (A<1;U> /0 ’ stAjfo(y)A(t)dt) x

X oa(y)Aly)dy

1 z ¢
- 5 /O Fa(S'AT L) (N A(t)dt
1

- & /O " o (AL Fa(AT )N
= —NMox(z) Fa(Tf)(N)

and

[ Mstr@awaws - [ <ﬁ / ISyfe(t)A(t)dt) oA ) Aly)dy
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This ends the proof. Il
Proof of Theorem 5.7. Let f € D(R). Put

_ T fy) + T () _ Ty = T (=y)

U (y) 5 and v, (y) = 5
A combination of (10), (43) and (46) yields
Falua)(A) = oa(@) Fa(fe) (N) + N Mpa(2) Fa(T fo) (V) (49)
and
JT'.A(j'Ux)()‘) = @A(x)‘FA(jfo)()‘) - M‘;OA(QT)‘FA(]C@)(A) (50)
As by (48),

pa(2) Falfe)(A) = Fa (57fe) (A) and ox(2)Fa(T fo)(A) = Fa(S*T fo)(A),
it follows from (49), (50) and Lemma 5.9 that

ugp(y) = S*fe(y) — ASYT fol)

and
jvx(y) = Smjfa(y) -M (Syfe> (l’)
This clearly yields the result. 0

Definition 5.10 For f € D(R) and g € £(R), the generalized convolution
product f#gqg is defined by
fhoa) = [ TH@eWAW. e R
R

Theorem 5.11 (i) Let f € D,(R) and g € Dy(R). Then f#g € Dyyp(R)

and
Falf#9)(A) = Falf) (M) Falg)(A), reC. (51)
(i1) For all f,g € D(R),

WV(f#g) ="VfxVyg (52)
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Proof. Assertion (i) follows from Theorem 4.5(ii) and formula (46). Identity
(52) follows by applying the usual Fourier transform to both its sides and by
using formulas (41) and (51). O

We conclude the paper by a Plancherel type formula for the generalized
Fourier transform F,.

Theorem 5.12 For all f,g € D(R),
/f )dy+4Q(y)5fo(y)Jgo(y)A(y)dy =
/ FACH)ONFa(0) N (V) + / Fa(F)NF(@)iN)dps (),

p1 and po being as in Theorem 4.6.
Proof. By (24) and Remark 5.6,

f#9(0) = /R TV (0)g(y)Ay)dy
_ / (o) — M@ T £2) ()] 9(9) Aly)dy

= [ feng AWy~ [ MaT L)) Aty
= [ Fa=nAwds+ [ a0 1) Ta ) Aty
Moreover, it follows from (45) and (51), that
F9(0) = [ FADOEDON ) + [ FDENFAG N0,
This completes the proof. 0

6 Open Problems

The most important open questions about the integro-differential operator A
are as follows :

1. Is-it possible to determine sufficient conditions on the function A, in
order to ensure the positivity of the kernel K(x,y) in the Laplace integral
formula (16).

2. Is-it possible to obtain a product type formula for the eigenfunctions
®, (), namely,

Dy ()0 (1) — /R B(2) 0y (2),



Intertwining operators associated with a singular integro-differential operator 81

where (1, , are finite Borel measures on R satisfying
Q) < C forallz,y € R,

for some constant C' > 0.

The resolution of these problems will certainly allow us to extend many
mathematical theories on the real line to the integro-differential operator A.

Acknowledgements. The author is deeply grateful to Professor H.M. Sri-
vastava for his kindness and encouragement.

References

[1] O. Bracco, Propriétés de la mesure spectrale pour une classe d’opérateurs
différentiels sur |0, +oo[, C. R. Acad. Sc., Paris, Série I, 329 (1999), 299-
302.

[2] J. Delsarte and J.L. Lions, Moyennes généralisées, Comm. Math. Helv.
Vol. 33, No. 1 (1959), 59-69.

[3] M.F.E. De Jeu, The Dunkl transform, Invent. Math. 133 (1993), 147-162.

[4] C.F. Dunkl, Integral kernels with reflection group invariance, Can. J.
Math. 43 (1991), 1213-1227.

[5] S. Kamefuchi and Y. Ohnuki, Quantum Field Theory and Parastatistics,
University of Tokyo Press, Springer-Verlag, 1982.

[6] T.H. Koornwinder, A new proof of a Paley-Wiener type theorem for the
Jacobi transform, Ark. Math. 13 (1975), 145-159.

[7] J.L. Lions, Equations d’Euler-Poisson-Darbouz généralisées, C. R. Acad.
Sc. Paris, 246 (1958), 208-210.

[8] J.L. Lions, Equations différentielles opérationnelles et problemes aux lim-
ites, Springer-Verlag, Berlin, 1961.

9] M.A. Mourou and K. Trimeche, Transmutation operators and Paley-
Wiener theorem associated with a singular differential-difference operator
on the real line, Anal. Appl., Vol. 1, No. 1 (2003), 43-70.

[10] M. Rosenblum, Generalized Hermite polynomials and the Bose like oscil-
lator calculus, In Operator Theory : Adv. and Appl., Vol. 73, Birkhauser
Verlag, 1994, pp. 369-396.



82 Mohamed Ali Mourou

[11] M. Roésler, Positivity of Dunkl’s intertwining operator, Duke Math. J. 98
(1999), 445-463.

[12] K. Trimeche, Transformation intégrale de Weyl et théoréme de Paley-
Wiener associés a un opérateur différentiel singulier sur (0,00), J. Math.
Pures Appl. 60 (1981), 51-98.

[13] K. Trimeche, Paley- Wiener theorems for the Dunkl transform and Dunkl
translation operators, Integ. Transf. Spec. Funct. 13 (2002), 17-38.

[14] G.N. Watson, A treatise on the theory of Bessel functions, Cambridge
University Press, London and New-York, 1966.

[15] L.M. Yang, A note on the quantum rule of the harmonic oscillator, Phys.
Rev. 84 (1951), 788-790.



