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Abstract
In this paper, we define a generalized class of starlike functions
defined by convolution with negative coefficients and obtain some
geometric properties for this class such as coefficient estimates, dis-
tortion theorems, radii of close-to-convexity, starlikeness and con-
vexity, closure theorems and extreme points. Further we obtain mod-
ified Hadamard produt, for functions belonging to this class.
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1. Introduction

Let S denote the class of functions of the form

f) =2+ ak, (1.1)
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which are analytic and univalent in the open unit disc U = {z : |z| < 1}
and normalized by f(0) =0 = f’(0) — 1. We denote by S*(a) and K(«) the
subclasses of S consisting of all functions which are, respectively, starlike and
convex of order o (0 < o < 1). Thus,

2/ (%)
f(z)

S*(oz)z{féS:Re( )>a(0§a<1;zeU}

and

2f"(2)
f'(2)
The classes S*(a) and K (a) were introduced by Reberston [11] .
Let f € S be given by (1.1) and g € S given by

K(a):{fes:Re(H )>a(0§a<1;zeU)}.

g(z) =2+ b (b > 0). (1.2)
k=2
We define the Hadmard product (or convolution) of f and g as follows:
(fx9)(2) =2+ abez* = (g f) (). (1.3)
k=2

We denote by Sa g (f,g,0,6,7) (1< A<B<1, 0<B<1) the subclass
of S, where f and g are given by (1.1) and (1.2), respectively and satisfies:

!

() () 4
T ),((f’;g)(z) — <B(relU;0<a<1;0<b<1),
z(fxg) (= z(f*g) (2
2(B—A)y <—<f*g)<z> - O‘) - B (—u*g)(z) - 1)
(1.4)
o B —2(B?A)a a7 0
where (f * g) (2) is given by (1.3) and smm <V S . =0
We also let
TA,B (fagaa7677) = SA,B (faga a?ﬁ?ﬁ/) mT?
where
T={f€S:f(z)=z—Z|ak|zk;ZEU}. (1.5)
k=2
We note that:
. z
(1) TA,B (f7 ‘515’057/67’7) (S5 = (1 — 2)2(176)’0 S 6 < 1)
2(S5) () _ g
— fGTZ (f*Ss5)(2) <5 (ZGU) ’

2(f*S5) (2) 2(f*S5) (2)
2(B - A)y (29— a) - B (W0 1)
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(see Magesh et al. [6 with m = 0]);

) 1+b Al(k+n—2)!
(mjkB(ﬁz+z:(k+b>.(n—UMk+A—1ﬂ
(n>2A>—-1,peCbeC\{Z, =0,-1,-2,...})

(@)
Tanf(2)

B A7 1) o (Fie)
2(B A)”/( P ) B\ e
(see Owa et al. [9]);

(iii) T 5 (f,Z—i- i (F(n+1))2f(2+ﬁ—u)F(2—n)

fﬂﬂﬁ)

= fel:

<B (z€U),

Zk’a,/B’f‘)/

= T'(n+n—p+1)I'n-n+1)
m—1l<p<n<?2)

&Q

2(304()

f
if(2)
z(%uf(z) ! Z(\fuf( ))l
(see Murugusndramoorthy and Thilagvathi [7]);

. ) QF (p1 +A1 (TL— 1)) (pg—f—Ae (n— 1))
(Wyaﬂ<ﬂ”+z(n—mmm+3mn—nylmw+&ﬂn—nf’mﬁﬁ)

1 m
(¢ <m+1im e Ny =NU{0},N={1,2,.}1;2 = {[] T(p)} " {I] T(a)})
t=0 t=0
2Wlprailf ()" 4

-1

K

= fel:

N—

<B(zel),,
)

/T z(Wip ]I;E[];; s (Wip1,a1]f(2))’ <pel),
1,41 z 1,91 z
2(B - A)< Wi /) a)_B< Wi /) _1>
(see Murugusndramoorthy and Magesh [8]).
Also we note that:
(1) TA,B(fu ﬁa Q, 67 ,7)
) _q
f(z)
=Tap(a,pB,y) =1 feT: 0 e <P (z€U) yp;
ﬂB—A)(ﬂd—a)—B<m)—o
(11) TA,B <f7 ﬁu «, 57 7)
zf/"(z)
= Kap(a,8,7) = feT: NTE —5| <8 (ev)
2(B - A)y (1+ 48 —a) - BELE
(111) TA,B (fa z+ Z ank? O[,B,’)/) (7’1, S NO)
k=2
Dtf(z) 1
:SA,B(TIHC%ﬁv’Y): fGTZ D) <ﬁ (ZEU) 9

Dn+l 2 Dn+l z
2(B = A)y (G — ) - B (%5 1)
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where D™ is the Salagean operator (see [13]);

(iv) Ta g (f,z—i— ioj 14+ Nk — 1)]"2’“,04,[3,7) (A > 0;n € Ny)
k=2

DR
=Sap (N a,B,v)=<feT: D6 S <p (zEU)},
o () ()
where DY is the Al-Oboudi operator (see [2]);
) Taa (124 £ () a80) 1> -1)
k=2
B -1
=Sap(Aafy) =4 feT: (DM (2)) 2D () <flzel)
2(B - A)y (55— o) - B(HA 1)

where D? is the A-th order Ruscheweyh derivative of f(z) € S (see [1], [12]);
14+04+ Ak — "
(vi) TA,B( z+ Z < i —1:_(5 )) z’ﬂoz,ﬁ,y)
(A>0;(>—-1;m 6 Z ={0,+1,...})
OOIE)
IO f(z)
2(JJm MO f(2) _ 2(JJmNOF(2)
2(B - A)y (aHE o) - B (Sears” 1)
where J™ (), 0) is the Prajapat operator (see [10], [3], [5], with p = 1);
()poy - (@g)py 1
(Vll) TA,B <f z+ Z ' Zkﬂ%ﬁa’?
(61)k 177 (Bs)k—l (k - 1)!
(ai >OJZ: 17" Jq 6 >0 .] - 17"’78; qSS+17Q7SENU)
A(Hgs()(2) 4

— f 6 T Hq,s(al)f(z) < /B(Z e U) ,

2(Hg,s(01)f(2)) o 2(Hg,s(a1)f(2))
2(B—A)y ( Hys (o)) O‘) B ( Hyalan) () 1)

where H, s (1) f (2) is the Dzoik-Srivastava operator (see [4]).

=< feT:

<B(zel),,

2. Coefficient estimates

Unless otherwise mentioned, we assume in the reminder of this paper that
—1<A<B<1,0<B<1,0<a<1,0<p<1,zeUand g is given by
(1.2).

Theorem 1. Let the function f(z) be defined by (1.5). Then f(z) is in the
class Ta g (f,g,a,5,7) if and only if

D R2(B—=A)By(k—a)+ (1= BB)(k—1)]blax] <2(B—A)By(1—a).

(2.1)
Proof. Assume that the inequality (2.1) holds true, we find from (1.5) and
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(2.1) that
(f29) ()= (F29) ()]
B2(B= )y [2(f+9) ()= a(f+9) (2)] = B[2(/+g)

= Z (k‘ — 1) bkakzk —
k=2

(B—A)~ 1—az+z (k — @) — B (k —1)] bpag2*

’

(2) = (f+9) ()|

B2

<

M8

(k — 1) bpar*—2(B — A) By (1 — o) r+3 Z [2(B—A)y(k—a) = B(k—1)] byapr"

2 k=2

i

NE

(k= 1D)+8[2(B = A)y(k — a) = B (k= 1)]bragr*~2(B = A) By (1 — o) r

i
[}

[M]¢

2(B — A) By (k—a)+(1=BB) (k — ]buax—2 (B — A) fy (1—a) <0 (z € U).

Eol
[\

Hence, by the maximum modulus theorem, we have f(z) € Ta 5 (f, 9, @, 3,7) .
Conversely, Let

() (2) _ q
(Fr9)(2)
_ Af+9) () ) 2(f*9) (2)
2(B AW( (Fo)2) O‘) B ( (Fo)®) 1)

i( —l)bkakz
— <B (zel).
2(B-A)y(1-a)z— EZJ[( A)y (k= a) + B (k — 1)] bparz*

Now since Re {z} < |z| for all z, we have

Z (/{7 — 1) bkakzk
Re =2 < B.
2(B—A)v(1—a)z— > [2(B=A)y(a—k)— B(k—1)] bragz*
k=2
(2.2)
Choos values of z on the real axis so that Z((J’f:g)) (i')z) is real. Then upon clearing

the denominator in (2.2) and letting z — 1~ through real values, we have

S [R5 - 4) 53 (k= o) + (1= AB) (k = D] b 2B = 4) B (1 — ) < 0.
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This given the required condition.
Corollary 1. Let the function f (z) defined by(1.5) be in the class Ta g (f,g,,B,7) .
Then we have

2(B—-A)py(1—-a)
2(B—A)py(k—a)+(1=BB)(k—1)b

ap <

(k= 2), (2.3)

the result is sharp for the function f(z) given by

2(B—A)By(1—-a)
2(B—A)By(k—a)+(1—8B)(k—1)]b

f(z)=2z-— 2k >2). (24)

3. Distortion theorem

Theorem 2. Let the function f (2) defined by (1.5) be in the class Ta g(f,g,, 3,7).
Then for |z| =r < 1, we have

Q(B_A)ﬁ’)’(l_o‘) 2
R Y VY~ gy oy ey (3.1)

" 2(B~ 4) 57 (1- a)
- T T 2
z S r+ T,
NS B A me - 0Bk
provided that by, > by (k > 2). The equalities in (3.1) and (3.2) are attained
for the function f(z) given by

(3.2)

— 2(B-=A)By(1—-a) 52
I = B A -+ 0= FB)bh (3.3)

at z =71 and z = re’®+IT (k> 2).
Proof. Since for k > 2,

2(B—A)pr(2-0)+(1- 6B b a

hE

2(B = A) By (k= a) + (1 — BB) (k — )] bax

2(B - A) By (1—a)

IN

that is, that

3 2(B-A4)8y(1-0a)
;aks[2(3—14)57(2—04)4—(1_BB)]b2- (3.4)




Subclasses Of Analytic Functions Defined By Convolution 7

From (1.5) and (3.4), we have

& 2(B—4)Bv(1-a) :
F@Izr=r) ozr A T

k=2

and

2(B—A)By(1-a) 2
2(B—A)By(k—a)+(1-p8B)(k—1)]by

FEI<r+S o<+
k=2

This completes the proof of Theorem 2.

4. Radii of close-to-convexity, starlikeness and
convexity

In this section we obtain the radii of close-to-convexity, starlikness and con-
vexity for the class T4 5(f, g, a, 5,7).

Theorem 3. Let the function f (z) defined by (1.5) be in the class T g(f, g, 3,7).
Then f(z) is close-to-convex of order n (0 < n < 1) in the disc |z| < ry, where

[ 2(B = A) By (k—a)+ (1= BB) (k= 1)]b] T

L k>2 2(B— A) vk (1 —a) (41)

The result is sharp for the function f (z) given by (2.4).
Proof. We must show that

[/ (z) =1 <1—n, for |z[ <r,

where 7, is given by (4.1). Indeed we find from the definition (1.5) that

' (2) =1 < Y ka2
k=2

Thus
[ (z) =1 <1—mn,

i (%) a |2|" 7t <1 (4.2)

k=2

if

But, by Theorem 1, (4.2) will be true if

( k )|Z|k1S 2(B—-A)By(k—a)+ (1 —BB)(k—1)]b

= 2(B—A) By (1—a) |
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that is, if

(1—n)[2(B—A) By (k—a) + (1 - BB) (k — 1)] b ] =
'Z’S{ 2(B - A) fyk (1 —a) } (k=22

).
(4.3)
Theorem 3 follwos easily from (4.3).

Theorem 4. Let f (z) be in the class Tap(f,g,a, 5,7). Then f(z) is starlike
of order n (0 <n < 1) in the disc |z| <r,, where

1
1-— 2(B—A k — 1—8B)(k—1)]by|**
v — inf ) [2( ) By (k—a) + (1= BB) (k= 1)] by ] =+ (4.4)
k22 [\ k=17 2(B-A)By(1—a)

The result is sharp, with the extermal function f (z) given by (2.4).

Proof. It is sufficient to show that

2f' (2)
f(z)
where ry is given by (4.4). Indeed we find, again from the definition (1.5) that

-1 <1—nfor |z] <r,, (4.5)

o0}

> (k= 1ag 2"

k=2

oo
1= a2
k=2

2f' (2)
f(z)

_1‘§

Thus
2f' (2)
f(z)

if

o0

> (%) ap 2| < 1 (4.6)

k=2
But, by Theorem 1, (4.6) will be true if
(£ s < BB A1 =) 0 5) 6= Ul
1—n - 2(B—-A)py(1-a) ’
that is, if

_ 1 1=\ [2(B—A) By (k—a) + (1 - BB) (k= 1)] b ]
== | (=2 i |~

(4.7)
Theorem 4 follwos easily from (4.7).
Corrolary 2. Let the function f (z) defined by (1.5) be in the class Ta 5(f, g, v, 3, 7).
Then f (z) is convez of order n (0 <n < 1) in the disc |z| < r3 where

K 1 ) [2<B—A>ﬁv<k—a>+<1—ﬁ8><k—1>1bk]ffl
k(k—n) 2(B=A)py(1-0a) '
The result is sharp, with the extermal function f(z) given by (2.4).

= inf
E>2

r

3
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5. Closure theorems

Theorem 5. Let p; > 0 for j = 1,2,..m, and ) pu; < 1. If the functions
j=1
[ (2) defined by

z2)=1z— Zamzk(am >0;7=1,2,..m), (5.1)

are in the class Ta p(f, g, o, B,7), for every j =1,2,....m. Then the function

h(z) defined by
h(z) = Z—Z (Z,u]akj) :

k=2

is in the class Tap(f, g, 0, 5,7).
Proof. Since f;(z) € Ta p(f,g,a,3,7), it follows from Theorem 1, that

Y 2(B-A)By(k—a)+(1-FB)(k—1)]bar; < 2(B—A4)py(1-a),

for every j = 1,2,...,m. Hence

S [2(B - A) By (k—a) + (1 BB) ( (zywm)m

_ Z (Z 2(B—A)By(k—a)+ (1—63)(k—1)]bkak,j>
< 2(B-A)p 1—azm: 2(B-A)py(1-a).

By Theorem 1, it follows that h(z) € T4 5(f,9,a,3,7), and so the proof of
Theorem 5 is completed.
Theorem 6. Let fi(z) =z and

2(B-A)py(1-0)
2(B—=A)py(k—a)+ (1= BB)(k—-1)]b

Then f(z) is in the class Ta p(f, g, . 5,7) if and only if it can be expressed
i the form:

fi(z) =2z — Fk>2). (5.2

2) = mfu(2), (5.3)

where py, > 0(k>1) and > u, = 1.
k=1
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Proof. Assume that

f(2) = Y mfel(2)

o0 2(B—A)By(1—a) p
— [2(B—A)6’7(/{2—04)—|—(1_BB)(]€_1>}bk/$k .

g Z —

2

Then it follows that.
— 2(B=A)By(k—a)+(1—=BB)(k=1)]b
— 2(B—A)By(1—-a)
_ 2(B—A)fvy(1—a)
2(B—A) By (k—a)+ (1-BB) (k- 1o *

k=2

807 by Theorem 17 f(Z) € TA,B(f797 Oé,ﬁ,”)/)
Conversely, assume that the function f(z) defined by (1.5) belongs to the class
TA,B(f? g, /67 /y) Then

2(B-A4)By(1-0a)

S BB Ak —a) T 0 BB) e 2P
Setting
B4y (k—a)+ (- BB) (- 1]b
= 2(B—A) By (1-a) L=
and

py=1- Zﬂk.
k=2

We can see that f(z) can be expressed in the form (5.3). This completes the
proof of Theorem 6.

Corrolary 3. The extreme points of the class Tag(f, g,a, 3,7) are the func-
tions f1(z) = z and fr(z) given by (5.2).

6. Modified Hadamard products

For the functions

filz) =2 =) ar;2¥ (ar; > 05 =1,2), (6.1)
k=2
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we denote by (f1 * f2) (2) the modified Hadamard product (or convolution) of
f1(2) and fy(z) that is

(frxfo) (z) =2 — Zak 1ap 27", (6.2)

Theorem 7. Let the function fi(z) defined by (6.1), be in the class Ta (f, g, c, 3, 7).
Suppose also that a function f5(z) defined by (6.1), be in the class Ta g5(f, 9,0, 3,7)-

Then (f1 f2) € Tap(f,9,€ B,7), where
2(B-A)py(1-a)(1-6)(1+2(B—A)py—BB)

€:1_A1(Oé,ﬁ,’y,A,B,2)A2(5,6,’7,14,3,2)()2—4(B—A>262’72(1—Oé)(1—5)’
(6.3)
and
Al(a7677>Ava2) = 2(B_A)ﬁ7<2_a)+(1_63)7

This result is sharp for the functions f;(z)(j = 1,2) given by

PSR 10 EP) 1 o1 St N
2(B—-A)By(2—a)+(1-[B)]b
and
fg(z):Z— Z(B_A>57(1_6) 2

2(B—-A)By(2—20)+(1—p5B)]b,
Proof. Employing the technique used earlier by Shild and Silverman [14], we
need to find the largest ¢ such that

i2B A) By (k=& + (1 —BB) (k—1)]by
ps 2(B-A)By(1-¢)

g, 10,2 < 1, (O < 5 < 1)

(6.5)
(f1(2) € Tap(f,9,a,8,7) and fa(z) € Tas(f,9,6,8,7)).

Therefore, by the Cauchy’s-Schwarz inequality, we obtain

f: [Al (O‘a577aA>Bak)]% [AZ (67ﬁ77714787k)]% bk
k=2 \/(l—a)(l—é)

where

Vs <1, (6.6)

A (o, 8,7, A, B, k)=2(B—A)pvy(k—a)+ (1 - 5B) (6.7)
and
Ao (0,8,7,A,B,k)=2(B—A)py(k—9)+(1—-p5B). (6.8)
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Thus we only need to show thatfind largest ¢ such that
i 2(B—A)By(k—&) +(1—-pBB)(k—1)]by

2 2(B—A) By (1)
G [Al (a76777A7 Ba k)]% [A2 (5aﬂa’77A’B7 kj)]% bk
=2 smamvi-au-y Ve 09
or, equivalently, that
1-¢  [A(@, 8,7 A B K7 [ (6,58,7, A, B, k)]?
VARG S R = 2 (B = A) py (k= &) + (1— BB) (k— 1) (k=2).
(6.10)
Hence, in light of inequality (6.6), it is sufficient to prove that
2(B—A)Byy/(1—a) (1—26) (b)”"
[Ar (@, 8,7, A, B, K)]? [A3 (8, 8,7, A, B, k)]?
-6 M@ ABRE MG A0 ABRE ),

= Va—a1-5) 2B-A)5 -8+ —pB) h-1)
It follows from (6.11) that
£<1- 2(B-A)py(1-a)(1-6)(k-1)(1+2(B—A)py—BB)

N A1 (Oé,ﬁ,’)/,A,B,k’)Ag (5767’77AaBak)bk _4(B_A)26272 (1 —Oé) (1 _5)
(6.12)

Now, defining the function ¥ (k) by

2(B-A)py(1-a)(1=0)(k=1)(1+2(B—A) By - pB)
Al (a757’77AaB7k)A2 (57677714’ B7 k) bi _4(3 - A>2B272 (1 - Oé) (1 - 6)
(6.13)
We see that (k) is an increasing function of k (k > 2). Therefore, we conclued
that

U(k) = 1—

2(B-A)py(1-a)(1-6)(1+2(B—-A)py—pBB)
Al (aaﬁvvaA>B72>A2 (575777*’4’B72)b2 _4(B - "4)2/62’)/2 (1 - OZ) (1 - 5)7
(6.14)
where A; («a, 5,7, A, B,2) and Ay (6,5,7,A, B,2) are given by (6.4), which
evidently completes the proof of Theorem 7.
Using arguments similar to those in proof of Theorem 7, we obtain the following
results.

Corollary 4. Let the functions f;(2)(j = 1,2) defined by (6.1) are in the class

TA7B(f,g,CY,ﬁ,'7)- Then (fl * f2) € TA,B(f797§7677)7 where
2(B-A)By(1—a)*(1+2(B—A) By~ BB)

Ay (a, 8,7, A, B,2)% by, —4(B — A %2 (1 — a)*

E=0(2) = 1-

E=1-— (6.15)
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The result is sharp for the functions f;(2)(j = 1,2) given by
2(B-4)8y(1-0a)
2(B—A)By(2—a)+(1—-0BB)]b

Theorem 9. Let the functions f;(2)(j = 1,2) defined by (6.1) be in the class
Tap(f,g,a,8,7). Then the function h(z) defined by

fi(z) =2 — 22 (j=1,2). (6.16)

= Z ajq + ais) (6.17)

)
k=2

is in the classTa g(f,q,&, 5,7), where

4(B—A)By(1—a)*(1+2(B—A) By - BB)

(1+2(B—A)By(2—a) - BB b —8(B—A)° 2 (1 - )"
(6.18)

c=1-

The result is sharp for the functions f;(z)(j = 1,2) defined by (6.16).
Theorem 10. Let the function f(z) defined by (1.5) be in the class Ta g(f, g, @, B,7).

Also let g(z) = 2— 52, by* for || < 1. Then (Fx)(2) € Tan(f,g, 0 4,7).

7. Open problems

The authors suggest to study :

(1) Factor sequence problem for the class Sa 5(f, g, @, 3,7);

(2) Neighbourhood problems for the class T4 5(f, g, @, 3,7);

(3) For f(z), g(z) € >_ the class of univalent meromorphic functions, construct
the analogous class ZAB(f, g,a, 3,7) as follows:

2(f29) (2)
g 1

2(fxg) () B 2(fx9) ()
2(B—A)y ( (F=0)) +O‘> B ( (o)) +1>

< B, zeU".
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