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Abstract

In the present paper we establish several strong differential su-
perordinations regarding the extended new operator RI, ,, defined
by using the extended Ruscheweyh derivative and the extended
multiplier transformation, RI, ,, : A, — Ay, RIo, f(2,() = (1 -
QR f(2,¢) + ol (m,\1) f(2,¢), z € U, ¢ € U, where R"f(z,() de-
note the ertended Ruscheweyh derivative, I (m,\,l) is the extended
multiplier transformation and A;, = {f € H(U x U), f(z,¢) =z +
ans1 () 2"+ ..., 2 €U, ¢ € U} is the class of normalized analytic
functions.

Keywords: strong differential superordination, convex function, best sub-
ordinant, extended differential operator.
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1 Introduction

Denote by U the unit disc of the complex plane U = {z € C : [z] < 1},
U={z€C: |z] <1} the closed unit disc of the complex plane and H(U x U)
the class of analytic functions in U x U.
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Let
e ={f €HU xT), f(2.0) =2+a, ()" +..., 2€U,(el},
where a; (¢) are holomorphic functions in U for k > 2, and
Ha,n, ] ={f e H(U xU), f(2,0) =a+an () 2"+ anpy () 2"+ ...,

2e U (eU}, B
for a € C, n € N, a; (¢) are holomorphic functions in U for k > n.
Denote by

27 (2,¢)

Ky ={feHHUxU):Re 1.0

+1>0}

the class of convex function in U x U.

We extend the Ruscheweyh derivative [15] and the multiplier transforma-
tion studied in [1], [2] to the new class of analytic functions A; . introduced in
[14].

Deﬁmtlon 1.1 /5] For f € A}, n,m € N, the operator R™ is defined by
R™ AL — AL,

Rf(z¢) = [f(20),
R'f(2,0) = zf(20),..,
(m+1)R™™f(2,() = z(R"f(2.().+mR"f(2,¢),z€ U eU.

Remark 1.2 [5] If f € Ay, f(2,0) =2+ 372 1 a; (C) 2/, then
R f(2,0) =2+, 100 ()2, z€U, ¢ € U.

Definition 1.3 [(S’/Forn eN,meNU{0}, A1 >0, fe A, f(2(=
z+ Zj:n—l—l a; () 27, the operator I (m,\,1) f (z ,C) is defined by the following
infinite series

ImMDf(z0) =2+ > T

j=n+1

(1+>\ ‘7_1)+l> a; () 2',2€ U eU.

Remark 1.4 /8] It follows from the above definition that

(+DI(m+1,\1) f(2,0) =
[L+1=MNT(m, A1) f(z,C)+ Xz (I (m,\1) f(2,0).,2€ U, eU.

As a dual notion of strong differential subordination G.I. Oros has intro-
duced and developed the notion of strong differential superordinations in [13].
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Definition 1.5 [13] Let f (2,¢), H (2,¢) analytic in U x U. The function
f(2,Q) is said to be strongly superordinate to H (z,() if there exists a func-
tion w analytic in U, with w(0) = 0 and |w (2)| < 1, such that H (z,() =
fw(2),¢), for all ¢ € U. In such a case we write H (2,() <= f(z,(),
zeU CeU.

Remark 1.6 [15] (i) Since f (z,() is analytic in U x U, for all ( € U, and
univalent in U, for all ¢ € U, Definition 1.5 is equivalent to H (0,¢) = f(0,¢),
for all ¢ € U, andH(UXU) Cf(UXU).

(1)) If H(z,{) = H(2) and f(2,{) = f(z), the strong superordination
becomes the usual notion of superordination.

Definition 1.7 [7] We denote by Q* the set of functions that are analytic
and injective on U x U\E (f,(), where E (f,¢) = {y € OU : lim,,,f (2,{) =
oo}, and are such that f (y,() # 0 fory € OU x U\E (f,(). The subclass of
Q* for which f(0,¢) = a is denoted by Q* (a).

We have need the following lemmas to study the strong differential super-
ordinations.

Lemma 1.8 [7] Let h(z,() be a convex function with h(0,() = a and let
v € C* be a complex number with Re v > 0. If p € H*[a,n, (] N Q", p(2,() +
%zp’z(z, () is uniwvalent in U x U and

M%O<<M&O+%aﬁao,z€U£€U}

then B
q(z,¢) =< p(z,¢), z€U( e,

where q(z,() = 1 Joh(t,0) Yt=—ldt, z € U, ( € U. The function q is conves
and is the best subordinant.

Lemma 1.9 [7] Let q (2, () be a convex function in U x U and let h(z,() =
q(z,¢) + %zq;(z, (), z€ U, ¢ € U, where Re v > 0.
If pe H* [a,n, (] NQ*, p(z,{) + %zp’z(z, ¢) is univalent in U x U and

ﬂ%0+%w%z0<<M%O+%WH%OJ€U£€U,

then
q(z,¢) << p(2,¢), zeU(el,

h(t,()t="tdt, z € U, ¢ € U. The function q is the best

where q(z,¢) =
subordinant.
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We extend the differential operator studied in [3], [4] to the new class of
analytic functions A,

Definition 1.10 [10] Let a, Al > 0, n,m € N. Denote by RI, ,, the
operator given by RIy ;@ A%- — Anc,

RIG i f(2,0) = (1= a)R™ f(2,¢) + ol (m, A1) f(2,C), z€UCeU.

Remark 1.11 [10] If f € A, f(2,0) =2+ 3272, 1 a;(C) &, then

RIgaaf(2,0) = Z+Zj:n+1 {O‘ (%) +(1—a) Cg;-f—j—l} a; (()#, » €
U CeU.

Remark 1.12 For a =0, RI), , f(2,{) = R"f(2,¢), where z € U, ¢ €
and for « = 1, RI} af (2,0 = T(m,\ 1) f(2,C), where 2 € U, ¢ €
which was studzed in [8/ [9], [11]. For I = 0, we obtain RI ,f (z,()
RDY' f (2,¢) which was studied in [6], [12] and for | =0 and A = 1, we obtain
RIY  of (2,Q) = L f (2,¢) which was studied in [5], [7].

Form =0, RI§y f(2.¢) = (1 —a) R°f (2,¢)+al (0, 1) f (2,¢) = f (2,¢
=Rf(2,0) =1(0,\ 1) f(z,(), where z € U, ( € U.

U,
U

~—

2 Main results

Theorem 2.1 Let h(z,() be a convex functz’on in U x U with h(0,¢) = 1.
Letm € N, \,a,1 > 0, f(z () € A, F(2,0) = 1. (f) (2,0) —;ﬁfo tof (t,Q)dt,
z €U ¢ €U, Rec > —2, and suppose that (RI" af (2 C))Z is univalent in
UxU, (RIZ, F(z g))z € H*[1,n, ] NQ* and

h(z,¢) << (RIg\1f(2,0). 2 €U €T, (1)

then B
Q(Z7C) <= (RIQ )\,lF (’27());72 S U?C S U7

where q(z,() = CJ{EQ fo (t, Ot B

best subordmant

Proof We have
PG = (e+2) [ ef o) dr
0

and differentiating it, with respect to z, we obtain (¢ + 1) F' (2,()+2F. (z,({) =
(¢+2) f(z¢) and

(c+ 1) RIG, \, F (2,¢) + 2 (R o (2, C)) = (c+2) RI; ., f (2,0),
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zeUCel.
Differentiating the last relation with respect to z we have

(R—’%,,\,ZF (270);‘1”

2 (RIS F (2.0), = (RIg A1 f (2,0). 2 €U, €T,

c+
(2)
Using (2), the strong differential superordination (1) becomes
h(z,¢) << (RI%,,\,zF (Za())lz + 1 9” (RI%,)\,IF (ZaC))Zz : (3)
Denote
o / TT
p(z C) (R‘[ AZF( g))zaZ€U7CEU' (4)

Replacing (4) in (3) we obtain

h(z,Q) ==<p(z,0)+ 20, (2,¢),2€U,cel.

c+2
Using Lemma 1.8 for v = ¢+ 2, we have
q(2,¢) << p(2,0),z€ U €U,ieq(z) << (RI%)\’ZF(Z, C));,z ceUeU,

where ¢(z,() = CJ{EQ fo (t,Q) tcf_ldt The function ¢ is convex and it is the

best subordmant

Corollary 2.2 Let h(z,() = %, where B € [0,1). Let m € N,
ANal >0, f(z,0) € A, F(2,0) = 1.(f)(2,0) = &7 [y tf (1. Q) dt, 2 € U,
¢ € U, Rec > —2, and suppose that (R]a /\lf( C)); is univalent in U x U,

(RIVC:L,)\,ZF (Z7 C))/Z €N []-7”7 g] N Q* and

h(z,() << (RI“/\lf(z C)) 2€eUCel, (5)

then
q(2,¢) <= (RI%,, F (=, C)) zeUCel,

where q is given by q(z,() =26 —( + cJFz)(lié 28) fz : t’;; dt, ze U, ( €U.

The function q is convex and it is the best szubordmant

Proof Following the same steps as in the proof of Theorem 2.1 and con-
sidering p(z, () = (RI;‘,“W\JF (z, C));, the strong differential superordination (5)
becomes

1+ (268-0()z

/ —
1+ 2 sz(Z>C)a ZGU,CEU.

h‘(z?C) =

<=
p(Z7C)+C_'_2
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By using Lemma 1.8 for v = ¢+ 2, we have ¢(z,() << p(z,(), i.e.

q@£%=5%%[:(toc”l “OZEAZL+@B_O%ﬁ2wt

nz n nz n 1+t
c+2)(14C¢—28) [*t7 .
:25—§+( )( — )/ dt << (RImNF(z,g))'Z,

zeU(elU.

The function ¢ is convex and it is the best subordinant.

Theorem 2.3 Let q(2,() be a convex function in U X U and let h(z,()

q(z §)+C+—22q’z( 2,¢), where z € U, ( € U, Rec > —2. Let m € N, \,a,1 >

0,
f(Z;C) S AnO ( aC) = I (f)( 7<) = 56—:21 fo tcf t,g)dt, z € U7 C S U
and suppose that (RIZ  f (= ()); is univalent in U x U, (RIS, F (Z,C)) €
H*[1,n,{]NQ* and

h(z,¢) <= (RIg\.f (%, C)) 2€eUCel,

—~
D
~—

then
q(z,() << (R[ﬁw\l (z, C)) zeUCeU,

where q(z,() = 032 fo (t,¢) t ™

Proof Following the same steps as in the proof of Theorem 2.1 and con-
sidering p (z,() = (R[%MF(Z,C));, z € U, ¢ € U, the strong differential
superordination (6) becomes

1 1

C+2w%a©<<p@£H":3zéwﬁﬁzeaceﬁ

h(z,0) =q(z¢) +

Using Lemma 1.9 for v = ¢ + 2, we have
q(2,0) =< p(2,(),z€ U, €U, ie.

q(z,¢) <= (RI;:WF (2.0) ,z€UCeT,

where ¢(z, () = Cf_EQ fo

Theorem 2.4 Let h(z,() be a convezr function, h(0,() = 1. Let m € N,
Aol >0, f(2,() € Ay and suppose that (Rla (2 ))Z is univalent and

FEtlES e H L (N Q" I

h('zv g) <= (R[%,)\,lf(za C)); ) z € U?C € Ua (7)
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then

RIY —
Q(Z7C)_< #7 ZGU,CEU,
where q(z,¢) = = [ h(t,{)tw~'dt. The function q is convex and it is the best

subordinant.

Proof By using the properties of operator RI} ,,, we have

RIgaaf(2,0) = Z—'—Z;inﬂ {O‘ (%) +(1—a) ngl—l—j—l} a;j (()#, » €

U CeU.
C - RIG 120 485, {o (PP "0 —a)O 1 fas (O
Consider p(z’ C) = m)"zl — j=n+ 11 . etj—

=149, () 2"+ P (Q) 2"+ ..,2z€ U, Cel.
We deduce that p € H*[1,n,(].
Let RI% ,,f(2,¢) = zp(2,¢), z € U, ¢ € U. Differentiating with respect to

z we obtain (RIZ , f(z ,C))Z p(2,0) +2p.(2,(), z€ U, ¢ €U.
Then (7) becomes

h(z,¢) =< p(2.Q) + 2p.(2,(), z€UCeU.
By using Lemma 1.8 for v = 1, we have

q(2,¢) << p(2,¢),z2€ U, e, uaq@0<<§%¥ﬁi9weuceﬁ

where ¢(2,¢) = =+ [7h(t,{)t»~'dt. The function g is convex and it is the
best subordinant.

Corollary 2.5 Let h(z,() = M be a convex function in U x U,

where 0 < B < 1. Let m € N, A\,a,l >0, f(2,() € A} and suppose that
(RI%7A7Zf(z, C))/Z is univalent and M e H [1,n,]NQ*. If

h(z,¢) == (RIS f(2.0)., z€UCeT, (8)
then
daO<<§£ﬁgg£A zeUcel,

0 41
function q is convex and it is the best subordinant.

where q is given by q(z,() = 20 — ( + YN trldt, z2eU ¢CeU. The
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Proof Following the same steps as in the proof of Theorem 2.4 and consid-

ering p(z,() = w, the strong differential superordination (8) becomes
14+ (28 -()z —
h’(Z7C) _% '<<p(27C)+Zp;<27C)7 zelU,Cel.

By using Lemma 1.8 for v = 1, we have ¢(z,() << p(z,(), i.e

z L 1 zq 28 — ()t .
q(z,¢) = — / ht, O)trtdt = — / + (28 - () R,
nzn Jo nzn Jo 14+t
L+¢—26 [*tn7! RIG . f(z, _
Ry e dt<<#, 2eUel.

nzn o t+1

The function ¢ is convex and it is the best subordinant.

Theorem 2.6 Let q(z,() be convex in U x U and let h be defined by
B(2,0) = q(2,0) + 2, (5, O) I m € N, A a,l > 0, f(2,0) € Ay, suppose

that (RI,‘}W\Jf(z))/ is univalent and %ﬂzc € H*[1,n, (N Q" and satisfies
the strong differential superordination

W(z,¢) = q(2,¢) + 24, (2,¢) <= (RIS, f(2,0)., z€Uel, (9)

then

q(z,¢) << w, zeU e,

where q(z,() = h(t, ) tﬁ_ldt The function q is the best subordinant.

Proof Following the same steps as in the proof of Theorem 2.4 and consid-
ering p(z,() = M, the strong differential superordination (9) becomes

q(2,0) + 2¢.(2,0) =< p(z,¢) + 20, (2,¢), z€UCeU.

Using Lemma 1.9 for v = 1, we have

q(2,0) =< p(2,¢),z€ U CeU, ie.

: . RI® , _
- / h(t,{)tntdt << M,z cUcCeU,
0

nzn

q(z,¢) =

and ¢ is the best subordinant.
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Theorem 2.7 Let h(z,() be a convezr function, h(0,() = 1. Let m € N,

zRI% z I .

Aol >0, f(z,¢) € Ay and suppose that <%) is univalent and
m,A,l ’ z

RI®

m f(z:0) * X
W eH [1,n,C]ﬁQ . [f

!/
SRIS 3 f(2,0) _
h(z,¢) << mt , z€eUCeT, 10
(:¢) ( ng@,)\,lf (2,0) ; (10
e RIS, 00 (2:C)
maiatt (25 7=
q(z,() << — , zeUCeU,
(2:¢) R]m A, W (2,¢)
where q(z,¢) = fo (t,¢) tn Ldt. The function q is convex and it is the best
subordinant.

Proof For f € A%, f(2,() = 2+ 372, .1 a; () 2 we have

RIG, \ 1 f(2,0) = Z+Zj=n+1 {O‘ (%) +(1—a)Chy;- 1} a; (), z €
UcceU.

Consider

(z Q . ij?erl,)\,lf(Z?C) .
Pss) = RI%,)\Jf (2,0) B

. m+1 .
z—I—Z;OnH{Q (%) —i—(l—a)C’n”;I]l}a (¢) 27

RIS 4 51 F(20) (RIg A1 1(20)
RIS, J(z:0) —p (Z, C) )
ZRIS 1\ (20
p(e,0)+ 29 (2,0) = (Tt )
Relation (10) becomes

We have p/, (2,() = (

W and we obtain

h(z,¢) == p(2,Q) + 2p.(2,(), z€UCel.
By using Lemma 1.8 for v = 1, we have

_ Rl 100 ()
(20 << p(2:0),2 €UCE Tl Q) << r s

zeU(el,

where ¢(z,() = = [ h(t,C)t=1dt. The function ¢ is convex and it is the
best subordinant.
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Corollary 2.8 Let h(z,() = % be a convex function in U x U,
where 0 < 8 < 1. Let A\,a,l > 0, m € N, f(2,() € A and suppose that

zRI 2)\’ :
(M) is univalent and M e M [Lin,(JNQ". If

RI%,,\Jf(%C) RI& Alf(
/
ZRI® f(z,0) _
h(z, () << mt , 2z€UCel, 11
() (Rfaﬂf(m (1)
then R 2.0)
m~+1,A,0 77
q(z,¢) < - , zeUcCeUl,
S TNy
14¢-28 (2 71 7=
where q is given by q(z,¢) = 28 — ¢+ —1+— | 5ydt, 2 € U, ¢ € U. The

function q is convex and it is the best subordinant.

Proof Following the same steps as in the proof of Theorem 2.7 and con-
sidering p(z,() = %, the strong differential superordination (11)
m,A,l ’

becomes

1+ (268-0)z

) _
T+ <=<p(z,¢) + 2p.(2,¢), ze€U(CeU.

h(Z’ C) =

By using Lemma 1.8 for v = 1, we have ¢(z,() << p(z,(), i.e.

- ! 1 1‘*‘@5 C) 13

00 = — [ hie ot = — [
- 1+C 25 tnt RID 5 f(2,0) =
e S g SeeT

The function ¢ is convex and it is the best subordinant.

Theorem 2.9 Letq(z,() be a convex function and h be defined by h (z,() =
q(2,¢) +2¢.(2,0). Let \,a,1 >0, m € N, f(z,() € Aj. and suppose that

RI®
(—Z PJ’: ;fl(i(z)o)z 18 univalent and —R’}‘;ij}{zzc e H* [Ln, (] NQ*. If

ZRIG Alf(z ()

h(z,¢) = q(2,¢) + 2¢, (2,¢) «( ) . zeUCel, (12)

RIZ, Alf (2,0)
e RIG 10l (€)
m4+1,\,1J (%5 77
q(z,() << — , zeUCeU,
(:0) leuf (2,¢)
where q(z h(t, ) tﬁ_ldt The function q is the best subordinant.
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Proof Following the same steps as in the proof of Theorem 2.7 and con-

C) _ le+1>\zf(zC

sidering p(z,() = RIn TG0 the strong differential superordination (12)

becomes

h(z,¢) =q(z,¢) + 2¢.(z,¢) << p(2,¢) + 2p.(2,¢), z€UCeU.

By using Lemma 1.9 for v = 1, we have
q(2,0) =<p(2,¢), z€U eU, ie.

q(z,¢) = 11 / h(t, Otndt <<
0

nzn

R]%H,A,lf(za C)
RI%,MJC (2,¢)

2eUeU,

and ¢ is the best subordinant.

Theorem 2.10 Let h(z,() be a convex function in U x U with h(0,¢) = 1
and let \,a,1 >0, m €N, f(2,() € Ay,

(m+1)m+2 RIS o if (2,C) — WRIQ+1)\IJC< )+ 2 RIO‘,\lf( 0+

z z

%_%—(m+1)(m+2)]](m+2,>\,l)f( C) —
. 2<l+l+><l+l>_<m+1><zm+1>}-1<m+1,A,Z>f<z,c>+
o [GI0t m?] I (m,\1) f(2,C) is univalent and

[RDK”af(Z Ol e [1,n,(InQ" If

(m+1)(m+2) (m+1)(2m+1)

h(z,¢) <= B RIG o f (2,0)— RIG 1 \f (2,0)

(13)
2
—|— RIO‘Mf( Q)+ i (lj;;) —(m+1)(m+2)| IT(m+2,\1) f(2,¢)—
2 {2(l+1;j)(l+1) —(m—i—l)(Zm—i—l)} Lm+1,00) £ (5,0 +
2
holds, then
q(2,Q) <= [RI 1 f(2,Q., 2€U( e,
where q(z fo (t,Q) tﬁ_ldt The function q is convex and it is the best

subordmant
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Proof For f € A, f(2,() =2+ 372, . a; (C) 2’ we have
m,/\,lf(Z7C) - Z+Zj:n+1 {O[ (%) + (1 - Oé) Crnr}—l-j—l} Q; (C) Zj, z €

U Cel.
Let /
p(za C) = (R[%,)\,lf(za C))z (14)
> A(j — AN ,
14 Y {o (BRI i g b 0
j=n+1

=1+4p,(€) 2" + pn1 () 2" + ...

By using the properties of operators Rl ,,, R™ and I (m, A\, 1), after a short
calculation, we obtain

p (2 Q)F2pl (2,¢) = LA RTe ) oS (2,¢) — CHIEU R L (2,0 +
2 RIg 0 f (2 Q) + 2 [ G5 = o+ 1) (m+2)] Tm+2,0,0) £ (2,0) —

[w_(m_kl)@m—i—l)}](m-l—l,)\’l)f(@()""
[M_mQ]I(m,A,Z)f(Z,C)-

A2
Using the notation in (14), the strong differential superordination becomes

h(z,¢) << p(2,¢) + 2p.(2,C).

By using Lemma 1.8 for v = 1, we have

[SHISIEENY o)

q(2,0) =< p(2,(),z€ U, €U,ieq(z() << (RI;‘,‘L,Mf(z,C))IZ,Z ceUCeU,

where ¢(z, fo (¢, ¢) tﬁ 1dt. The function ¢ is convex and it is the
best subordlnant

Corollary 2.11 Let h(z,() = (2524 be a conver function in U x U,
where 0 < B < 1. Let \,a,l > 0, m € N, f(2,() € A, suppose that

ARG o aaf (2,0) — PHIERID L f (2,0) +

z

LRI f (5O + 2 [ = (m+ 1) (m+2)| Tm+ 200 £ (2,0) =

|2 — (1) (2m o+ 1)] T+ LAD (2,0 +
(Hf\—g’\)z - mZ] I(m,\1) f(2,¢) is univalent in UxU and [RIZ ,  f(2,C)]. €
“[Ln Q. If

(m+1)(m+2)

X wle wle
| —|

h(z, () <<

RIG o uf (2,0)=

RIG ) (2,0)
(15)

(m+1)(2m+1)
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2

SR f 0+ 2 | D

22 ~

a

m+1) (m+2)| I (m+2,X\1)f(z¢)—

al2(l+1=XN(+1)
_[ >\2

(I+1—=N)?
/\2

—(m+1)(2m+1)} I(m+1,\1) f(2,0)+

z

SHRS

—m2] I(m,\1) f(2,0),2€U e,

then B
Q(Z7C) == (R[a)\lf<z C)) ) ZEU,CEU,

0 t+1
function q is convex and it is the best subordinant.

1 _
where q is given by q(z,¢) = 28 — ¢ 4+ L (7L dt, z € U, ¢ € U. The

Proof Following the same steps as in the proof of Theorem 2.10 and consid-
ering p(z,¢) = (RIS . f (2, C));, the strong differential superordination (15)
becomes

1+ (268-0)z

, _
T <=<p(z,¢)+ 2p.(2,(), ze€U(eU.

h(Z, C) =

By using Lemma 1.8 for v = 1, we have ¢(z,() << p(z,(), i.e.

. N %,1 o 1 1+ (26 C) 1
0(26) = — /O Bt Q) e = — /O Rl
_op g LECE2B T (RIS, f(20)., 2€Ucel.

nzn 0 t + 1
The function ¢ is convex and it is the best subordinant.

Theorem 2.12 Let q(2,() be a conver function in U x U and h(z,() =
q(2,¢) + 2¢.(2,¢). Let \,a,l > 0, m € N, f(2,() € A}, suppose that

@ﬂMﬁRPHMﬂ () = LRI L f (5.0 +

R (20) 2 [0 (1) 2] om 2,007 6.0
[ (A NEED (4 1) (2m + 1)} I(m+1A10) f(z0)+
[(l+1A;A)2 _ mz] I(m,\1) f(2,¢) is univalent in UxU and [RIZ ,  f(2,C)]. €

H [Ln,(NQ" If

[SH ISR\ [o}

h(27<) ZQ(27<)+ZQ,IZ <27C> == (16)

(m+1)(m+2) (m+1)(2m+1)

z

RIG o\ f (2,¢) — RIG a0 (2,0) +
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2

_RIa )\lf( C)

a (I+1)°

/\2

—(m4+1)m+2)| I (m+2,\1)f(2¢)—

af2(l+1-XN(1+1)
_[ s

z

—(m—l—l)(?m—i—l)] I(m+1,\1) f(2,0)+

(I+1-=)\)?
)\2

SRS

—m2] I(m,\1) f(2,0),2z€UCel,
then B
q(z,C) <= (RIS A f(2.0)., z€UcCeT,

where q(z,() = h(t, ) tﬁ_ldt The function q is the best subordinant.

Proof Following the same steps as in the proof of Theorem 2.10 and consid-
ering p(z,¢) = (RIS . f (2 ());, the strong differential superordination (16)
becomes

h(z,¢) = q(2,0) + 2. (2,0) =< p(2,¢) +2pl(2,¢), 2€UCel.
By using Lemma 1.9 for v = 1, we have ¢(z,() << p(z,(), i.e

q(z,¢) = 11/0 h(t,O)tn 1dt<<(RI”‘A,f(z,())lz, zeU/Cel.

nzn

The function ¢ is the best subordinant.

3 Open Problem

The definitions, theorems and corollaries we established in this paper can be
extended by using the notion of strong superordination. One can use the
operator from definition 1.10 and the same technique to prove earlier results
and to obtain a new set of results.
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