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Abstract

In the present paper we establish several strong differential su-
perordinations regarding the extended new operator RIαm,λ,l defined
by using the extended Ruscheweyh derivative and the extended
multiplier transformation, RIαm,λ,l : A∗nζ → A∗nζ , RIαm,λ,lf(z, ζ) = (1 −
α)Rmf(z, ζ) + αI (m,λ, l) f(z, ζ), z ∈ U, ζ ∈ U, where Rmf(z, ζ) de-
note the extended Ruscheweyh derivative, I (m,λ, l) is the extended
multiplier transformation and A∗nζ = {f ∈ H(U × U), f(z, ζ) = z +

an+1 (ζ) zn+1 + . . . , z ∈ U, ζ ∈ U} is the class of normalized analytic
functions.

Keywords: strong differential superordination, convex function, best sub-
ordinant, extended differential operator.
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1 Introduction

Denote by U the unit disc of the complex plane U = {z ∈ C : |z| < 1},
U = {z ∈ C : |z| ≤ 1} the closed unit disc of the complex plane and H(U×U)
the class of analytic functions in U × U .
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Let

A∗nζ = {f ∈ H(U × U), f(z, ζ) = z + an+1 (ζ) zn+1 + . . . , z ∈ U, ζ ∈ U},

where ak (ζ) are holomorphic functions in U for k ≥ 2, and

H∗[a, n, ζ] = {f ∈ H(U × U), f(z, ζ) = a+ an (ζ) zn + an+1 (ζ) zn+1 + . . . ,

z ∈ U, ζ ∈ U},
for a ∈ C, n ∈ N, ak (ζ) are holomorphic functions in U for k ≥ n.

Denote by

Knζ = {f ∈ H(U × U) : Re
zf ′′z (z, ζ)

f ′z (z, ζ)
+ 1 > 0}

the class of convex function in U × U .
We extend the Ruscheweyh derivative [15] and the multiplier transforma-

tion studied in [1], [2] to the new class of analytic functions A∗nζ introduced in
[14].

Definition 1.1 [5] For f ∈ A∗nζ, n,m ∈ N, the operator Rm is defined by
Rm : A∗nζ → A∗nζ,

R0f (z, ζ) = f (z, ζ) ,

R1f (z, ζ) = zf ′z (z, ζ) , ...,

(m+ 1)Rm+1f (z, ζ) = z (Rmf (z, ζ))′z +mRmf (z, ζ) , z ∈ U, ζ ∈ U.

Remark 1.2 [5] If f ∈ A∗nζ, f(z, ζ) = z +
∑∞

j=n+1 aj (ζ) zj, then

Rmf (z, ζ) = z +
∑∞

j=n+1C
m
m+j−1aj (ζ) zj, z ∈ U, ζ ∈ U.

Definition 1.3 [8]For n ∈ N, m ∈ N ∪ {0}, λ, l ≥ 0, f ∈ A∗nζ, f(z, ζ) =
z +

∑∞
j=n+1 aj (ζ) zj, the operator I (m,λ, l) f (z, ζ) is defined by the following

infinite series

I (m,λ, l) f (z, ζ) = z +
∞∑

j=n+1

(
1 + λ (j − 1) + l

l + 1

)m
aj (ζ) zj, z ∈ U, ζ ∈ U.

Remark 1.4 [8] It follows from the above definition that

(l + 1) I (m+ 1, λ, l) f(z, ζ) =

[l + 1− λ] I (m,λ, l) f(z, ζ) + λz (I (m,λ, l) f(z, ζ))′z , z ∈ U, ζ ∈ U.

As a dual notion of strong differential subordination G.I. Oros has intro-
duced and developed the notion of strong differential superordinations in [13].



A note on special strong differential superordinations 35

Definition 1.5 [13] Let f (z, ζ), H (z, ζ) analytic in U × U. The function
f (z, ζ) is said to be strongly superordinate to H (z, ζ) if there exists a func-
tion w analytic in U , with w (0) = 0 and |w (z)| < 1, such that H (z, ζ) =
f (w (z) , ζ) , for all ζ ∈ U . In such a case we write H (z, ζ) ≺≺ f (z, ζ) ,
z ∈ U, ζ ∈ U.

Remark 1.6 [13] (i) Since f (z, ζ) is analytic in U ×U , for all ζ ∈ U, and
univalent in U, for all ζ ∈ U , Definition 1.5 is equivalent to H (0, ζ) = f (0, ζ) ,
for all ζ ∈ U, and H

(
U × U

)
⊂ f

(
U × U

)
.

(ii) If H (z, ζ) ≡ H (z) and f (z, ζ) ≡ f (z) , the strong superordination
becomes the usual notion of superordination.

Definition 1.7 [7] We denote by Q∗ the set of functions that are analytic
and injective on U × U\E (f, ζ), where E (f, ζ) = {y ∈ ∂U : limz→yf (z, ζ) =
∞}, and are such that f ′z (y, ζ) 6= 0 for y ∈ ∂U × U\E (f, ζ). The subclass of
Q∗ for which f (0, ζ) = a is denoted by Q∗ (a).

We have need the following lemmas to study the strong differential super-
ordinations.

Lemma 1.8 [7] Let h (z, ζ) be a convex function with h(0, ζ) = a and let
γ ∈ C∗ be a complex number with Re γ ≥ 0. If p ∈ H∗[a, n, ζ] ∩Q∗, p(z, ζ) +
1
γ
zp′z(z, ζ) is univalent in U × U and

h(z, ζ) ≺≺ p(z, ζ) +
1

γ
zp′z(z, ζ), z ∈ U, ζ ∈ U,

then
q(z, ζ) ≺≺ p(z, ζ), z ∈ U, ζ ∈ U,

where q(z, ζ) = γ

nz
γ
n

∫ z
0
h (t, ζ) t

γ
n
−1dt, z ∈ U, ζ ∈ U. The function q is convex

and is the best subordinant.

Lemma 1.9 [7] Let q (z, ζ) be a convex function in U ×U and let h(z, ζ) =
q(z, ζ) + 1

γ
zq′z(z, ζ), z ∈ U, ζ ∈ U, where Re γ ≥ 0.

If p ∈ H∗ [a, n, ζ] ∩Q∗, p(z, ζ) + 1
γ
zp′z(z, ζ) is univalent in U × U and

q(z, ζ) +
1

γ
zq′z(z, ζ) ≺≺ p(z, ζ) +

1

γ
zp′z (z, ζ) , z ∈ U, ζ ∈ U,

then
q(z, ζ) ≺≺ p(z, ζ), z ∈ U, ζ ∈ U,

where q(z, ζ) = γ

nz
γ
n

∫ z
0
h (t, ζ) t

γ
n
−1dt, z ∈ U , ζ ∈ U. The function q is the best

subordinant.
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We extend the differential operator studied in [3], [4] to the new class of
analytic functions A∗nζ

Definition 1.10 [10] Let α, λ, l ≥ 0, n,m ∈ N. Denote by RIαm,λ,l the
operator given by RIαm,λ,l : A∗nζ → A∗nζ ,

RIαm,λ,lf(z, ζ) = (1− α)Rmf(z, ζ) + αI (m,λ, l) f(z, ζ), z ∈ U, ζ ∈ U.

Remark 1.11 [10] If f ∈ A∗nζ, f(z, ζ) = z +
∑∞

j=n+1 aj (ζ) zj, then

RIαm,λ,lf(z, ζ) = z+
∑∞

j=n+1

{
α
(

1+λ(j−1)+l
l+1

)m
+ (1− α)Cm

m+j−1

}
aj (ζ) zj, z ∈

U, ζ ∈ U.

Remark 1.12 For α = 0, RI0
m,λ,lf(z, ζ) = Rmf(z, ζ), where z ∈ U, ζ ∈ U,

and for α = 1, RI1
m,λ,lf (z, ζ) = I (m,λ, l) f (z, ζ), where z ∈ U , ζ ∈ U,

which was studied in [8], [9], [11]. For l = 0, we obtain RIαm,λ,0f (z, ζ) =
RDm

1,αf (z, ζ) which was studied in [6], [12] and for l = 0 and λ = 1, we obtain
RIαm,1,0f (z, ζ) = Lmα f (z, ζ) which was studied in [5], [7].

For m = 0, RIα0,λ,lf (z, ζ) = (1− α)R0f (z, ζ)+αI (0, λ, l) f (z, ζ) = f (z, ζ)

= R0f (z, ζ) = I (0, λ, l) f (z, ζ), where z ∈ U, ζ ∈ U.

2 Main results

Theorem 2.1 Let h (z, ζ) be a convex function in U × U with h (0, ζ) = 1.
Let m ∈ N, λ, α, l ≥ 0, f (z, ζ) ∈ A∗nζ , F (z, ζ) = Ic (f) (z, ζ) = c+2

zc+1

∫ z
0
tcf (t, ζ) dt,

z ∈ U, ζ ∈ U , Rec > −2, and suppose that
(
RIαm,λ,lf (z, ζ)

)′
z

is univalent in

U × U ,
(
RIαm,λ,lF (z, ζ)

)′
z
∈ H∗ [1, n, ζ] ∩Q∗ and

h (z, ζ) ≺≺
(
RIαm,λ,lf (z, ζ)

)′
z
, z ∈ U, ζ ∈ U, (1)

then
q (z, ζ) ≺≺

(
RIαm,λ,lF (z, ζ)

)′
z
, z ∈ U, ζ ∈ U,

where q(z, ζ) = c+2

nz
c+2
n

∫ z
0
h(t, ζ)t

c+2
n
−1dt. The function q is convex and it is the

best subordinant.

Proof We have

zc+1F (z, ζ) = (c+ 2)

∫ z

0

tcf (t, ζ) dt

and differentiating it, with respect to z, we obtain (c+ 1)F (z, ζ)+zF ′z (z, ζ) =
(c+ 2) f (z, ζ) and

(c+ 1)RIαm,λ,lF (z, ζ) + z
(
RIαm,λ,lF (z, ζ)

)′
z

= (c+ 2)RIαm,λ,lf (z, ζ) ,
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z ∈ U, ζ ∈ U.

Differentiating the last relation with respect to z we have(
RIαm,λ,lF (z, ζ)

)′
z
+

1

c+ 2
z
(
RIαm,λ,lF (z, ζ)

)′′
z2

=
(
RIαm,λ,lf (z, ζ)

)′
z
, z ∈ U, ζ ∈ U.

(2)
Using (2), the strong differential superordination (1) becomes

h (z, ζ) ≺≺
(
RIαm,λ,lF (z, ζ)

)′
z

+
1

c+ 2
z
(
RIαm,λ,lF (z, ζ)

)′′
z2
. (3)

Denote
p (z, ζ) =

(
RIαm,λ,lF (z, ζ)

)′
z
, z ∈ U, ζ ∈ U. (4)

Replacing (4) in (3) we obtain

h (z, ζ) ≺≺ p (z, ζ) +
1

c+ 2
zp′z (z, ζ) , z ∈ U, ζ ∈ U.

Using Lemma 1.8 for γ = c+ 2, we have

q (z, ζ) ≺≺ p (z, ζ) , z ∈ U, ζ ∈ U, i.e.q (z, ζ) ≺≺
(
RIαm,λ,lF (z, ζ)

)′
z
, z ∈ U, ζ ∈ U,

where q(z, ζ) = c+2

nz
c+2
n

∫ z
0
h(t, ζ)t

c+2
n
−1dt. The function q is convex and it is the

best subordinant.

Corollary 2.2 Let h (z, ζ) = 1+(2β−ζ)z
1+z

, where β ∈ [0, 1). Let m ∈ N,

λ, α, l ≥ 0, f (z, ζ) ∈ A∗nζ , F (z, ζ) = Ic (f) (z, ζ) = c+2
zc+1

∫ z
0
tcf (t, ζ) dt, z ∈ U,

ζ ∈ U, Rec > −2, and suppose that
(
RIαm,λ,lf (z, ζ)

)′
z

is univalent in U × U ,(
RIαm,λ,lF (z, ζ)

)′
z
∈ H∗ [1, n, ζ] ∩Q∗ and

h (z, ζ) ≺≺
(
RIαm,λ,lf (z, ζ)

)′
z
, z ∈ U, ζ ∈ U, (5)

then
q (z, ζ) ≺≺

(
RIαm,λ,lF (z, ζ)

)′
z
, z ∈ U, ζ ∈ U,

where q is given by q(z, ζ) = 2β − ζ + (c+2)(1+ζ−2β)

nz
c+2
n

∫ z
0
t
c+2
n −1

t+1
dt, z ∈ U, ζ ∈ U.

The function q is convex and it is the best subordinant.

Proof Following the same steps as in the proof of Theorem 2.1 and con-
sidering p(z, ζ) =

(
RIαm,λ,lF (z, ζ)

)′
z
, the strong differential superordination (5)

becomes

h(z, ζ) =
1 + (2β − ζ)z

1 + z
≺≺ p (z, ζ) +

1

c+ 2
zp′z (z, ζ) , z ∈ U, ζ ∈ U.
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By using Lemma 1.8 for γ = c+ 2, we have q(z, ζ) ≺≺ p(z, ζ), i.e.

q(z, ζ) =
c+ 2

nz
c+2
n

∫ z

0

h(t, ζ)t
c+2
n
−1dt =

c+ 2

nz
c+2
n

∫ z

0

1 + (2β − ζ)t

1 + t
t
c+2
n
−1dt

= 2β − ζ +
(c+ 2) (1 + ζ − 2β)

nz
c+2
n

∫ z

0

t
c+2
n
−1

t+ 1
dt ≺≺

(
RIαm,λ,lF (z, ζ)

)′
z
,

z ∈ U, ζ ∈ U.

The function q is convex and it is the best subordinant.

Theorem 2.3 Let q (z, ζ) be a convex function in U × U and let h (z, ζ) =
q (z, ζ) + 1

c+2
zq′z (z, ζ) , where z ∈ U, ζ ∈ U, Rec > −2. Let m ∈ N, λ, α, l ≥ 0,

f (z, ζ) ∈ A∗nζ , F (z, ζ) = Ic (f) (z, ζ) = c+2
zc+1

∫ z
0
tcf (t, ζ) dt, z ∈ U, ζ ∈ U,

and suppose that
(
RIαm,λ,lf (z, ζ)

)′
z

is univalent in U × U ,
(
RIαm,λ,lF (z, ζ)

)′
z
∈

H∗ [1, n, ζ] ∩Q∗ and

h (z, ζ) ≺≺
(
RIαm,λ,lf (z, ζ)

)′
z
, z ∈ U, ζ ∈ U, (6)

then
q (z, ζ) ≺≺

(
RIαm,λ,lF (z, ζ)

)′
z
, z ∈ U, ζ ∈ U,

where q(z, ζ) = c+2

nz
c+2
n

∫ z
0
h(t, ζ)t

c+2
n
−1dt. The function q is the best subordinant.

Proof Following the same steps as in the proof of Theorem 2.1 and con-
sidering p (z, ζ) =

(
RIαm,λ,lF (z, ζ)

)′
z
, z ∈ U, ζ ∈ U, the strong differential

superordination (6) becomes

h (z, ζ) = q (z, ζ) +
1

c+ 2
zq′z (z, ζ) ≺≺ p (z, ζ) +

1

c+ 2
zp′z (z, ζ) , z ∈ U, ζ ∈ U.

Using Lemma 1.9 for γ = c+ 2, we have
q (z, ζ) ≺≺ p (z, ζ) , z ∈ U, ζ ∈ U, i.e.

q (z, ζ) ≺≺
(
RIαm,λ,lF (z, ζ)

)′
z
, z ∈ U, ζ ∈ U,

where q(z, ζ) = c+2

nz
c+2
n

∫ z
0
h(t, ζ)t

c+2
n
−1dt. The function q is the best subordinant.

Theorem 2.4 Let h (z, ζ) be a convex function, h(0, ζ) = 1. Let m ∈ N,
λ, α, l ≥ 0, f (z, ζ) ∈ A∗nζ and suppose that

(
RIαm,λ,lf(z, ζ)

)′
z

is univalent and
RIαm,λ,lf(z,ζ)

z
∈ H∗ [1, n, ζ] ∩Q∗. If

h(z, ζ) ≺≺
(
RIαm,λ,lf(z, ζ)

)′
z
, z ∈ U, ζ ∈ U, (7)
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then

q(z, ζ) ≺≺
RIαm,λ,lf(z, ζ)

z
, z ∈ U, ζ ∈ U,

where q(z, ζ) = 1

nz
1
n

∫ z
0
h(t, ζ)t

1
n
−1dt. The function q is convex and it is the best

subordinant.

Proof By using the properties of operator RIαm,λ,l, we have

RIαm,λ,lf(z, ζ) = z+
∑∞

j=n+1

{
α
(

1+λ(j−1)+l
l+1

)m
+ (1− α)Cm

m+j−1

}
aj (ζ) zj, z ∈

U, ζ ∈ U.

Consider p(z, ζ) =
RIαm,λ,lf(z,ζ)

z
=

z+
∑∞
j=n+1{α( 1+λ(j−1)+l

l+1 )
m

+(1−α)Cmm+j−1}aj(ζ)zj
z

= 1 + pn (ζ) zn + pn+1 (ζ) zn+1 + ..., z ∈ U, ζ ∈ U.
We deduce that p ∈ H∗[1, n, ζ].

Let RIαm,λ,lf(z, ζ) = zp(z, ζ), z ∈ U, ζ ∈ U. Differentiating with respect to

z we obtain
(
RIαm,λ,lf(z, ζ)

)′
z

= p(z, ζ) + zp′z(z, ζ), z ∈ U, ζ ∈ U.
Then (7) becomes

h(z, ζ) ≺≺ p(z, ζ) + zp′z(z, ζ), z ∈ U, ζ ∈ U.

By using Lemma 1.8 for γ = 1, we have

q(z, ζ) ≺≺ p(z, ζ), z ∈ U, ζ ∈ U, i.e. q(z, ζ) ≺≺
RIαm,λ,lf(z, ζ)

z
, z ∈ U, ζ ∈ U,

where q(z, ζ) = 1

nz
1
n

∫ z
0
h(t, ζ)t

1
n
−1dt. The function q is convex and it is the

best subordinant.

Corollary 2.5 Let h(z, ζ) = 1+(2β−ζ)z
1+z

be a convex function in U × U ,
where 0 ≤ β < 1. Let m ∈ N, λ, α, l ≥ 0, f (z, ζ) ∈ A∗nζ and suppose that(
RIαm,λ,lf(z, ζ)

)′
z

is univalent and
RIαm,λ,lf(z,ζ)

z
∈ H∗ [1, n, ζ] ∩Q∗. If

h(z, ζ) ≺≺
(
RIαm,λ,lf(z, ζ)

)′
z
, z ∈ U, ζ ∈ U, (8)

then

q(z, ζ) ≺≺
RIαm,λ,lf(z, ζ)

z
, z ∈ U, ζ ∈ U,

where q is given by q(z, ζ) = 2β − ζ + 1+ζ−2β

nz
1
n

∫ z
0
t
1
n−1

t+1
dt, z ∈ U, ζ ∈ U. The

function q is convex and it is the best subordinant.
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Proof Following the same steps as in the proof of Theorem 2.4 and consid-

ering p(z, ζ) =
RIαm,λ,lf(z,ζ)

z
, the strong differential superordination (8) becomes

h(z, ζ) =
1 + (2β − ζ)z

1 + z
≺≺ p(z, ζ) + zp′z(z, ζ), z ∈ U, ζ ∈ U.

By using Lemma 1.8 for γ = 1, we have q(z, ζ) ≺≺ p(z, ζ), i.e.,

q(z, ζ) =
1

nz
1
n

∫ z

0

h(t, ζ)t
1
n
−1dt =

1

nz
1
n

∫ z

0

1 + (2β − ζ)t

1 + t
t
1
n
−1dt

= 2β − ζ +
1 + ζ − 2β

nz
1
n

∫ z

0

t
1
n
−1

t+ 1
dt ≺≺

RIαm,λ,lf(z, ζ)

z
, z ∈ U, ζ ∈ U.

The function q is convex and it is the best subordinant.

Theorem 2.6 Let q (z, ζ) be convex in U × U and let h be defined by
h (z, ζ) = q (z, ζ) + zq′z (z, ζ) .If m ∈ N, λ, α, l ≥ 0, f (z, ζ) ∈ A∗nζ, suppose

that
(
RIαm,λ,lf(z)

)′
is univalent and

RIαm,λ,lf(z,ζ)

z
∈ H∗ [1, n, ζ]∩Q∗ and satisfies

the strong differential superordination

h(z, ζ) = q (z, ζ) + zq′z (z, ζ) ≺≺
(
RIαm,λ,lf(z, ζ)

)′
z
, z ∈ U, ζ ∈ U, (9)

then

q(z, ζ) ≺≺
RIαm,λ,lf(z, ζ)

z
, z ∈ U, ζ ∈ U,

where q(z, ζ) = 1

nz
1
n

∫ z
0
h(t, ζ)t

1
n
−1dt. The function q is the best subordinant.

Proof Following the same steps as in the proof of Theorem 2.4 and consid-

ering p(z, ζ) =
RIαm,λ,lf(z,ζ)

z
, the strong differential superordination (9) becomes

q(z, ζ) + zq′z(z, ζ) ≺≺ p(z, ζ) + zp′z (z, ζ) , z ∈ U, ζ ∈ U.

Using Lemma 1.9 for γ = 1, we have
q(z, ζ) ≺≺ p(z, ζ), z ∈ U, ζ ∈ U, i.e.

q(z, ζ) =
1

nz
1
n

∫ z

0

h(t, ζ)t
1
n
−1dt ≺≺

RIαm,λ,lf(z, ζ)

z
, z ∈ U, ζ ∈ U,

and q is the best subordinant.
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Theorem 2.7 Let h (z, ζ) be a convex function, h(0, ζ) = 1. Let m ∈ N,
λ, α, l ≥ 0, f (z, ζ) ∈ A∗nζ and suppose that

(
zRIαm+1,λ,lf(z,ζ)

RIαm,λ,lf(z,ζ)

)′
z

is univalent and

RIαm+1,λ,lf(z,ζ)

RIαm,λ,lf(z,ζ)
∈ H∗ [1, n, ζ] ∩Q∗. If

h(z, ζ) ≺≺

(
zRIαm+1,λ,lf(z, ζ)

RIαm,λ,lf (z, ζ)

)′
z

, z ∈ U, ζ ∈ U, (10)

then

q(z, ζ) ≺≺
RIαm+1,λ,lf(z, ζ)

RIαm,λ,lf (z, ζ)
, z ∈ U, ζ ∈ U,

where q(z, ζ) = 1

nz
1
n

∫ z
0
h(t, ζ)t

1
n
−1dt. The function q is convex and it is the best

subordinant.

Proof For f ∈ A∗nζ , f(z, ζ) = z +
∑∞

j=n+1 aj (ζ) zj we have

RIαm,λ,lf(z, ζ) = z+
∑∞

j=n+1

{
α
(

1+λ(j−1)+l
l+1

)m
+ (1− α)Cm

m+j−1

}
aj (ζ) zj, z ∈

U, ζ ∈ U.
Consider

p(z, ζ) =
RIαm+1,λ,lf(z, ζ)

RIαm,λ,lf (z, ζ)
=

z +
∑∞

j=n+1

{
α
(

1+λ(j−1)+l
l+1

)m+1

+ (1− α)Cm+1
m+j

}
aj (ζ) zj

z +
∑∞

j=n+1

{
α
(

1+λ(j−1)+l
l+1

)m
+ (1− α)Cm

m+j−1

}
aj (ζ) zj

.

We have p′z (z, ζ) =
(RIαm+1,λ,lf(z,ζ))

′
z

RIαm,λ,lf(z,ζ)
− p (z, ζ) · (RIαm,λ,lf(z,ζ))

′
z

RIαm,λ,lf(z,ζ)
and we obtain

p (z, ζ) + z · p′z (z, ζ) =
(
zRIαm+1,λ,lf(z,ζ)

RIαm,λ,lf(z,ζ)

)′
z
.

Relation (10) becomes

h(z, ζ) ≺≺ p(z, ζ) + zp′z(z, ζ), z ∈ U, ζ ∈ U.

By using Lemma 1.8 for γ = 1, we have

q(z, ζ) ≺≺ p(z, ζ), z ∈ U, ζ ∈ U, i.e.q(z, ζ) ≺≺
RIαm+1,λ,lf(z, ζ)

RIαm,λ,lf (z, ζ)
, z ∈ U, ζ ∈ U,

where q(z, ζ) = 1

nz
1
n

∫ z
0
h(t, ζ)t

1
n
−1dt. The function q is convex and it is the

best subordinant.
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Corollary 2.8 Let h(z, ζ) = 1+(2β−ζ)z
1+z

be a convex function in U × U ,
where 0 ≤ β < 1. Let λ, α, l ≥ 0, m ∈ N, f (z, ζ) ∈ A∗nζ and suppose that(
zRIαm+1,λ,lf(z,)

RIαm,λ,lf(z,ζ)

)′
z

is univalent and
RIαm+1,λ,lf(z,ζ)

RIαm,λ,lf(z,ζ)
∈ H∗ [1, n, ζ] ∩Q∗. If

h(z, ζ) ≺≺

(
zRIαm+1,λ,lf(z, ζ)

RIαm,λ,lf (z, ζ)

)′
z

, z ∈ U, ζ ∈ U, (11)

then

q(z, ζ) ≺≺
RIαm+1,λ,lf(z, ζ)

RIαm,λ,lf (z, ζ)
, z ∈ U, ζ ∈ U,

where q is given by q(z, ζ) = 2β − ζ + 1+ζ−2β

nz
1
n

∫ z
0
t
1
n−1

t+1
dt, z ∈ U, ζ ∈ U. The

function q is convex and it is the best subordinant.

Proof Following the same steps as in the proof of Theorem 2.7 and con-

sidering p(z, ζ) =
RIαm+1,λ,lf(z,ζ)

RIαm,λ,lf(z,ζ)
, the strong differential superordination (11)

becomes

h(z, ζ) =
1 + (2β − ζ)z

1 + z
≺≺ p(z, ζ) + zp′z(z, ζ), z ∈ U, ζ ∈ U.

By using Lemma 1.8 for γ = 1, we have q(z, ζ) ≺≺ p(z, ζ), i.e.

q(z, ζ) =
1

nz
1
n

∫ z

0

h(t, ζ)t
1
n
−1dt =

1

nz
1
n

∫ z

0

1 + (2β − ζ)t

1 + t
t
1
n
−1dt

= 2β − ζ +
1 + ζ − 2β

nz
1
n

∫ z

0

t
1
n
−1

t+ 1
dt ≺≺

RIαm+1,λ,lf(z, ζ)

RIαm,λ,lf (z, ζ)
, z ∈ U, ζ ∈ U.

The function q is convex and it is the best subordinant.

Theorem 2.9 Let q (z, ζ) be a convex function and h be defined by h (z, ζ) =
q (z, ζ) + zq′z (z, ζ) . Let λ, α, l ≥ 0, m ∈ N, f (z, ζ) ∈ A∗nζ and suppose that(
zRIαm+1,λ,lf(z,ζ)

RIαm,λ,lf(z,ζ)

)′
z

is univalent and
RIαm+1,λ,lf(z,ζ)

RIαm,λ,lf(z,ζ)
∈ H∗ [1, n, ζ] ∩Q∗. If

h(z, ζ) = q (z, ζ) + zq′z (z, ζ) ≺≺

(
zRIαm+1,λ,lf(z, ζ)

RIαm,λ,lf (z, ζ)

)′
z

, z ∈ U, ζ ∈ U, (12)

then

q(z, ζ) ≺≺
RIαm+1,λ,lf(z, ζ)

RIαm,λ,lf (z, ζ)
, z ∈ U, ζ ∈ U,

where q(z, ζ) = 1

nz
1
n

∫ z
0
h(t, ζ)t

1
n
−1dt. The function q is the best subordinant.
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Proof Following the same steps as in the proof of Theorem 2.7 and con-

sidering p(z, ζ) =
RIαm+1,λ,lf(z,ζ)

RIαm,λ,lf(z,ζ)
, the strong differential superordination (12)

becomes

h (z, ζ) = q(z, ζ) + zq′z(z, ζ) ≺≺ p(z, ζ) + zp′z(z, ζ), z ∈ U, ζ ∈ U.

By using Lemma 1.9 for γ = 1, we have
q(z, ζ) ≺≺ p(z, ζ), z ∈ U, ζ ∈ U, i.e.

q(z, ζ) =
1

nz
1
n

∫ z

0

h(t, ζ)t
1
n
−1dt ≺≺

RIαm+1,λ,lf(z, ζ)

RIαm,λ,lf (z, ζ)
, z ∈ U, ζ ∈ U,

and q is the best subordinant.

Theorem 2.10 Let h (z, ζ) be a convex function in U ×U with h(0, ζ) = 1
and let λ, α, l ≥ 0, m ∈ N, f (z, ζ) ∈ A∗nζ ,
(m+1)(m+2)

z
RIαm+2,λ,lf (z, ζ)− (m+1)(2m+1)

z
RIαm+1,λ,lf (z, ζ) + m2

z
RIαm,λ,lf (z, ζ) +

α
z

[
(l+1)2

λ2
− (m+ 1) (m+ 2)

]
I (m+ 2, λ, l) f (z, ζ)−

α
z

[
2(l+1−λ)(l̄+1)

λ2
− (m+ 1) (2m+ 1)

]
· I (m+ 1, λ, l) f (z, ζ) +

α
z

[
(l+1−λ)2

λ2
−m2

]
I (m,λ, l) f (z, ζ) is univalent and

[RDm
λ,αf(z, ζ)]′z ∈ H∗ [1, n, ζ] ∩Q∗. If

h(z, ζ) ≺≺ (m+ 1) (m+ 2)

z
RIαm+2,λ,lf (z, ζ)−(m+ 1) (2m+ 1)

z
RIαm+1,λ,lf (z, ζ)

(13)

+
m2

z
RIαm,λ,lf (z, ζ) +

α

z

[
(l + 1)2

λ2
− (m+ 1) (m+ 2)

]
I (m+ 2, λ, l) f (z, ζ)−

α

z

[
2 (l + 1− λ) (l + 1)

λ2
− (m+ 1) (2m+ 1)

]
I (m+ 1, λ, l) f (z, ζ) +

α

z

[
(l + 1− λ)2

λ2
−m2

]
I (m,λ, l) f (z, ζ) , z ∈ U, ζ ∈ U,

holds, then

q(z, ζ) ≺≺ [RIαm,λ,lf(z, ζ)]′z, z ∈ U, ζ ∈ U,

where q(z, ζ) = 1

nz
1
n

∫ z
0
h(t, ζ)t

1
n
−1dt. The function q is convex and it is the best

subordinant.
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Proof For f ∈ A∗nζ , f(z, ζ) = z +
∑∞

j=n+1 aj (ζ) zj we have

RIαm,λ,lf(z, ζ) = z+
∑∞

j=n+1

{
α
(

1+λ(j−1)+l
l+1

)m
+ (1− α)Cm

m+j−1

}
aj (ζ) zj, z ∈

U, ζ ∈ U.
Let

p(z, ζ) =
(
RIαm,λ,lf(z, ζ)

)′
z

(14)

= 1 +
∞∑

j=n+1

{
α

(
1 + λ (j − 1) + l

l + 1

)m
+ (1− α)Cm

m+j−1

}
jaj (ζ) zj−1

= 1 + pn (ζ) zn + pn+1 (ζ) zn+1 + ....

By using the properties of operators RIαm,λ,l, R
m and I (m,λ, l), after a short

calculation, we obtain
p (z, ζ)+zp′z (z, ζ) = (m+1)(m+2)

z
RIαm+2,λ,lf (z, ζ)− (m+1)(2m+1)

z
RIαm+1,λ,lf (z, ζ) +

m2

z
RIαm,λ,lf (z, ζ) + α

z

[
(l+1)2

λ2
− (m+ 1) (m+ 2)

]
I (m+ 2, λ, l) f (z, ζ)−

α
z

[
2(l+1−λ)(l+1)

λ2
− (m+ 1) (2m+ 1)

]
I (m+ 1, λ, l) f (z, ζ) +

α
z

[
(l+1−λ)2

λ2
−m2

]
I (m,λ, l) f (z, ζ) .

Using the notation in (14), the strong differential superordination becomes

h(z, ζ) ≺≺ p(z, ζ) + zp′z(z, ζ).

By using Lemma 1.8 for γ = 1, we have

q(z, ζ) ≺≺ p(z, ζ), z ∈ U, ζ ∈ U, i.e.q(z, ζ) ≺≺
(
RIαm,λ,lf(z, ζ)

)′
z
, z ∈ U, ζ ∈ U,

where q(z, ζ) = 1

nz
1
n

∫ z
0
h(t, ζ)t

1
n
−1dt. The function q is convex and it is the

best subordinant.

Corollary 2.11 Let h(z, ζ) = 1+(2β−ζ)z
1+z

be a convex function in U × U ,
where 0 ≤ β < 1. Let λ, α, l ≥ 0, m ∈ N, f (z, ζ) ∈ A∗nζ, suppose that
(m+1)(m+2)

z
RIαm+2,λ,lf (z, ζ)− (m+1)(2m+1)

z
RIαm+1,λ,lf (z, ζ) +

m2

z
RIαm,λ,lf (z, ζ) + α

z

[
(l+1)2

λ2
− (m+ 1) (m+ 2)

]
I (m+ 2, λ, l) f (z, ζ)−

α
z

[
2(l+1−λ)(l+1)

λ2
− (m+ 1) (2m+ 1)

]
I (m+ 1, λ, l) f (z, ζ) +

α
z

[
(l+1−λ)2

λ2
−m2

]
I (m,λ, l) f (z, ζ) is univalent in U×U and [RIαm,λ,lf(z, ζ)]′z ∈

H∗ [1, n, ζ] ∩Q∗. If

h(z, ζ) ≺≺ (m+ 1) (m+ 2)

z
RIαm+2,λ,lf (z, ζ)−(m+ 1) (2m+ 1)

z
RIαm+1,λ,lf (z, ζ)

(15)
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+
m2

z
RIαm,λ,lf (z, ζ) +

α

z

[
(l + 1)2

λ2
− (m+ 1) (m+ 2)

]
I (m+ 2, λ, l) f (z, ζ)−

α

z

[
2 (l + 1− λ) (l + 1)

λ2
− (m+ 1) (2m+ 1)

]
I (m+ 1, λ, l) f (z, ζ) +

α

z

[
(l + 1− λ)2

λ2
−m2

]
I (m,λ, l) f (z, ζ) , z ∈ U, ζ ∈ U,

then
q(z, ζ) ≺≺

(
RIαm,λ,lf(z, ζ)

)′
z
, z ∈ U, ζ ∈ U,

where q is given by q(z, ζ) = 2β − ζ + 1+ζ−β
nz

1
n

∫ z
0
t
1
n−1

t+1
dt, z ∈ U, ζ ∈ U. The

function q is convex and it is the best subordinant.

Proof Following the same steps as in the proof of Theorem 2.10 and consid-
ering p(z, ζ) =

(
RIαm,λ,lf (z, ζ)

)′
z
, the strong differential superordination (15)

becomes

h(z, ζ) =
1 + (2β − ζ)z

1 + z
≺≺ p(z, ζ) + zp′z(z, ζ), z ∈ U, ζ ∈ U.

By using Lemma 1.8 for γ = 1, we have q(z, ζ) ≺≺ p(z, ζ), i.e.

q(z, ζ) =
1

nz
1
n

∫ z

0

h(t, ζ)t
1
n
−1dt =

1

nz
1
n

∫ z

0

1 + (2β − ζ)t

1 + t
t
1
n
−1dt

= 2β − ζ +
1 + ζ − 2β

nz
1
n

∫ z

0

t
1
n
−1

t+ 1
dt ≺≺

(
RIαm,λ,lf(z, ζ)

)′
z
, z ∈ U, ζ ∈ U.

The function q is convex and it is the best subordinant.

Theorem 2.12 Let q (z, ζ) be a convex function in U × U and h (z, ζ) =
q (z, ζ) + zq′z (z, ζ). Let λ, α, l ≥ 0, m ∈ N, f (z, ζ) ∈ A∗nζ, suppose that
(m+1)(m+2)

z
RIαm+2,λ,lf (z, ζ)− (m+1)(2m+1)

z
RIαm+1,λ,lf (z, ζ) +

m2

z
RIαm,λ,lf (z, ζ) + α

z

[
(l+1)2

λ2
− (m+ 1) (m+ 2)

]
I (m+ 2, λ, l) f (z, ζ)−

α
z

[
2(l+1−λ)(l+1)

λ2
− (m+ 1) (2m+ 1)

]
I (m+ 1, λ, l) f (z, ζ) +

α
z

[
(l+1−λ)2

λ2
−m2

]
I (m,λ, l) f (z, ζ) is univalent in U×U and [RIαm,λ,lf(z, ζ)]′z ∈

H∗ [1, n, ζ] ∩Q∗. If

h(z, ζ) = q (z, ζ) + zq′z (z, ζ) ≺≺ (16)

(m+ 1) (m+ 2)

z
RIαm+2,λ,lf (z, ζ)− (m+ 1) (2m+ 1)

z
RIαm+1,λ,lf (z, ζ) +
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m2

z
RIαm,λ,lf (z, ζ) +

α

z

[
(l + 1)2

λ2
− (m+ 1) (m+ 2)

]
I (m+ 2, λ, l) f (z, ζ)−

α

z

[
2 (l + 1− λ) (l + 1)

λ2
− (m+ 1) (2m+ 1)

]
I (m+ 1, λ, l) f (z, ζ) +

α

z

[
(l + 1− λ)2

λ2
−m2

]
I (m,λ, l) f (z, ζ) , z ∈ U, ζ ∈ U,

then
q(z, ζ) ≺≺

(
RIαm,λ,lf(z, ζ)

)′
z
, z ∈ U, ζ ∈ U,

where q(z, ζ) = 1

nz
1
n

∫ z
0
h(t, ζ)t

1
n
−1dt. The function q is the best subordinant.

Proof Following the same steps as in the proof of Theorem 2.10 and consid-
ering p(z, ζ) =

(
RIαm,λ,lf (z, ζ)

)′
z
, the strong differential superordination (16)

becomes

h(z, ζ) = q (z, ζ) + zq′z (z, ζ) ≺≺ p(z, ζ) + zp′z(z, ζ), z ∈ U, ζ ∈ U.

By using Lemma 1.9 for γ = 1, we have q(z, ζ) ≺≺ p(z, ζ), i.e.

q(z, ζ) =
1

nz
1
n

∫ z

0

h(t, ζ)t
1
n
−1dt ≺≺

(
RIαm,λ,lf(z, ζ)

)′
z
, z ∈ U, ζ ∈ U.

The function q is the best subordinant.

3 Open Problem

The definitions, theorems and corollaries we established in this paper can be
extended by using the notion of strong superordination. One can use the
operator from definition 1.10 and the same technique to prove earlier results
and to obtain a new set of results.
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