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Abstract

Silverman [4] was defined the class of univalent functions f(z) = z +
> oo, axz® for which arg(ay) prescribed in such way that f(z) is univalent if
and only if f(2) is starlike. In this paper we introduce the subclass of p—valent
functions with varying arguments, especially p—valent starlike functions and
p—valent convex functions, moreover we give some interesting properties of
functions in these classes, including coefficients estimates, distortion theorems
and extreme functions.
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1. Introduction

Let A (p) denote the class of functions of the form:
f(z) =2+ Z ar?® (peN=1{1,2,3,..}), (1)
k=p+1

which are analytic and p-valent in the open unit disc U = {z € C : |z] < 1}.
A function f(z) € A(p) is said to be p—valent starlike of order « if it satisfies
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the inequality:

Re{ZJJ:(S)}>a(0§a<p;p€N;z€U), (2)
or, equivalently, /
zf (2)
f’(f (>Z> h )
2f (2
) P

we denote by S,(a) the class of all p-valent starlike functions of order a. Also
a function f(z) € A(p) is said to be p-valent convex of order « if it satisfies
the inequality:

2f(2) - -
Re{l—i— f,(z>}>a(0§a<p,p€N,z€U), (4)
or, equivalently,
EACN
”f (Z) < 1’ (5)
G t -2
f(2)

we denote by K,(«) the class of all p-valently convex functions of order «, the
classes S,(a) and K,(«) were introduced by Patil and Thakare [3] and Owa
[2] studied these classes with negative coefficients, further from (2) and (3), we
can see that

2f (%)

f(z) € Ky(a) <= »

€ Sp(a) (0 <a<p;peN). (6)

Silverman [4] defined the class of univalent functions f(z) = z + Z apz" for

=2
which arg(ay) prescribed in such way that f(z) is univalent if and only if f(z)
is starlike. In this paper we introduce the subclass of p—valent functions with
varying arguments as follows:

Definition 1. A function f(z) of the form (1) is said to be in the class V,(6;)
if f € A(p) and arg(ax) = 0 for all k£ > p+ 1. If furthermore there exist a
real number ¢ such that 6 + (k — p)d = 7 (mod 2x) for all k > p + 1, then
f(z) is said to be in the class V,(6x,0). The union of V,(0,d) taken over all
possible sequences {0} and all possible real numbers § is denoted by V,.
Note that:

(1) Vp(0k + 2km) = V,(0k), k is an integer;
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OD%W@ZT%=%fA@%ﬂd=f—E:MW”@EM}JM%t
k=p+1
of p—valent functions with negative coefficients.

Let V,(«) denote the subclass of V], consisting of functions f(z) € S,(«a), also
let V() denote the subclass of V}, consisting of functions f(z) € K,(«), which
are the classes of p-valent starlike functions with varying arguments and p-
valent convex functions with varying arguments, respectively.

We note that Vi(«a) = V*(«), which was introduced and studied by Silverman
[4].

In this paper we obtain coefficient bounds for functions in the classes V,(«)
and V,(a), further we obtain distortion bounds and the extreme points for
functions in these classes.

2. Coefficient estimates

Unless otherwise mentioned, we assume in the reminder of this paper that 0 <
a<p, peNandzel.

We shall need the following lemmas given by Owa [2] and Aouf [1, with A = —1
and B = 1]:

Lemma 1. The sufficient condition for f(z) given by (1) to be in the class
Sp(e) is that

o0

S (k—a)lal <p-a. 7)

k=p+1

Lemma 2. The sufficient condition for f(z) given by (1) to be in the class

K,(«) is that
> (2) -l <o, )

p
k=p+1

Theorem 1. Let f(z) of the form (1), then f(z) € V,(«) if and only if

o

S (k—a)lal <p—a. )

k=p+1

Proof. In view of Lemma 1, we need only to show that function f(z) € V,(«a)
satisfies the coefficient inequality (9). If f(z) € V,(«), then from (3), we have

!’

2f (2)
/()
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thus we have

Z (k —p)agz*"
el <1. (10)
2(p—a)+ Z (k+p—2a)agzkr
k=p+1

Since f(z) € V},, f(z) lies in the class V,(0,d) for some sequence {f;} and a
real number ¢ such that

Oy + (k — p)d = w(mod27) (k>p+1).

Set z = re in (10), we get
> (k=) lag|rh

k=p+1
oo

2(p—a) = > (k+p—2a)|a|rk>

k=p+1

< 1.

Letting » — 1, then we have

> h-a)lal <p-a
k=p+1
Hence the proof of Theorem 1 is completed.
Corollary 1. If f(z) € V,(«), then

—
al < 7= (k2 p+1). (11)

The result is sharp for the function f(z) given by

f@y:f+%iﬁa%ﬁ(kzp+n. (12)

Using the same technique as used in Theorem 1, we have the following theorem:
Theorem 2. Let f(z) of the form (1), then f(2) € V,(a) if and only if

> (5 -alal<p-a). (13)
Corollary 2. If f(2) € V,(«), then
ol < Fp = (k2 p 1), (14)

The result is sharp for the function f(z) given by

f(z) = zp—i-%ewkzk (k>p+1). (15)
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3. Distortion theorems

Theorem 3. Let the function f(z) defined by (1) be in the class V,(«). Then

p—co p—co
|2 = = P < () < 2+

1
i p—+1—a|2‘p+ . (16)

The result is sharp.
Proof. We employ the same technique as used by Silverman [4]. In view of
Theorem 1, since

O(k) =k —a, (17)
is an increasing function of k(k > p+ 1), in view of Lemma 1, we have

o0 o

(p+1—0a) > al < D (k—a)|a| <p—a,
k=p+1 k=p+1
that is .
-«
Z |ay| < %- (18)
k=p+1 p

Thus we have

1
@< P+ 17 anl,

k=p+1

p—
< [ + Ela

p+1-—
Similarly, we get
1
FE)] 2 2 = Y ail,
k=p+1
()] > |2 = 22 gt

p+1—a«

Finally the result is sharp for the function

f(z) =2+ f_;—aew”“z“l, (19)
P -«

at z = = |z] e7r+1,
This completes the proof of Theorem 3.

Corollary 3. Under the hypotheses of Theorem 3, f(z) is included in a disc
with center at the origin and radius r; given by

pP—«

pri—a (20)

r = 1-+
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Theorem 4. Let the function f(z) defined by (1) be in the class V,(«). Then
p+1)(p—a _ / p+1)(p—« _
{p- =D gyt < [ )] < s A0S >|zr}\z|“.

p+1 p+1
e1)

The result is sharp.
Proof. Similarly for ®(k) defined by (17) it is clear that 2 is an increasing
function of k(k > p + 1;p € N), in view of Theorem 1, we have

o0 [e.9]

k
LA SIS B jae = 3 @k ol <p -
k=p+1 k=p+1 k=p+1

that is

io: l{:|ak|§ (p—l—l)(p—oz).

bt p+l—a

Thus we have

PG| < bR Y ko < {p+|z| > k|ak|} P
k=p+1 k=p+1
(p+1)(p— ) p—1
< .
< {pa AT by
Similarly
FE| = plel =1 ke z{ DS k|ak|} Ela
k=p+1 k=p+1
< {p_(p+1)< )| |}|Z|p1
o p+1 '

Finally, we can see that the assertions of Theorem 4 are sharp for the function
f(2) defined by (19). This completes the proof of Theorem 4.
Corollary 4. Under the hypotheses of Theorem 4, f'(z) is included in a disc
with center at the origin and radius ro given by

(P+1)(p—a)

_ , 22
=Pt (22)

Using the same technique as used in Theorem 3 and Theorem 4 , in view of
Lemma 2, we have the following theorems for functions in the class V,(«):
Theorem 5. Let the function f(z) defined by (1) be in the class V,(«). Then

’Z‘P_ p<p_ Oé) ‘Z‘p—&-l S ‘f(Z)‘ S ’Z‘p p(p_ Oé) ’Z‘P—H'

(p+1)(p+1-a) (p+1)(p+1-a)
(23)



Multivalent Functions with Varying Arguments 15

The result is sharp for the function

P p(p—0a) Op1 ,p+1
= a7 2

at z = £ |z] e+,
Corollary 5. Under the hypotheses of Theorem 5, f(z) is included in a disc
with center at the origin and radius r3 given by

p (p — a) (25)

B T D)

Theorem 6. Let the function f(z) defined by (1) be in the class V,(«). Then
pp—a) p-1 ’ / ‘ pp—) p-1
- < < - . 2
{p- 222 b pt < | ) < foa 2= b,

The result is sharp for the function given by (24).
Corollary 6. Under the hypotheses of Theorem 6, f () is included in a disc
with center at the origin and radius r4 given by

T4:p+p+1—a'

4. Extreme points

Theorem 7. Let the function f(z) defined by (1) be in the class V,(«), with
arg(ay) = 0, where 0y + (k — p)d = 7w (mod 27) (k > p+ 1) . Define

fp<2) = 2P
and
Fulz) = 27 + %ewkzk (k>p+1). (28)

Then f(z) € V,(a) if and only if f(z) can expressed in the form f(z) =

Zukfk(z), where 1, > 0 and Zuk =1
k=p

k=p

Proof. If f(z) = Z,ukfk(z) with p, > 0 and Z,uk =1, then
k=p

k=p

= Y -am=0p-a)(1l-n)<p-a).



16 M. K. Aouf, R. M. EI-Ashwah, A. A. M. Hassan and A. H. Hassan
Hence f(z) € V,(a).
Conversely, let the function f(z) defined by (1) be in the class V,(«), define

k—a«

p—«

My = x| (k=p+1) (29)

and

py =1— Z Ho-

k=p+1

From Theorem 1, Z fy, < 1 and so p, > 0. Since puy, fo(2) = 2" + arz",

k=p+1
then

Z,ukfk.(z) = 2P + Z ar?® = f(2).
k=p k=p+1

This completes the proof of Theorem 7.

Similarly we can get the following theorem.

Theorem 8. Let the function f(2) defined by (1) be in the class V,(«), with
arg ay = 0y, where 0 + (k — p)d = 7 (mod 27) (k > p+ 1) . Define

fp(z) = 2P
and
fu(2) = 22 + %e”wk (k>p+1). (30)

Then f(z) € V,(a) if and only if f(z) can expressed in the form f(z) =

Zukfk(z), where 1, > 0 and Zuk =1
k=p

k=p
Remark.
Putting p = 1 in all the above results, we obtain the corresponding results
obtained by Silverman [4].

5. Open problem

Find the distortion theorems, radii of starlikeness, convexity and close-to-

convexity and modified-Hadamard products of functions belonging to the classes
Sp(a) and K, (), also several applications involving an integral operator and

certain fractional calculus operators can also be considered.
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