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Abstract

The purpose of the present paper is to establish some interest-
ing results on the generalizations of quasi-Hadamard product of
functions belonging to the classes of p-valent starlike and p-valent
convex functions of order o in the open unit disc U. Our results
improve the results of previous authors to the case when r and s
are any positive real numbers such that s > 1. It is worth noting
that the technique employed by wus is entirely different from the
previous authors.
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1 Introduction

Let T'(n,p) denote the class of functions f(z) of the form:

o0

f(z):zp—Z\aHp]zk“’, (p,me N ={1,2,3,.}). (1)

k=n

which are analytic and p-valent in the open unit disc U = {z : |2| < 1}.
Also let T), (p, ) and C,, (p, &) denote the subclasses of T'(n,p) consisting of
functions which satisfy the inequalities

zf'(2)
Re{ﬂz)}”’ =<, )
and
zf" (2)
Re{l—i— f’(z)}>a’ O<a<p), (3)

respectively. Clearly, the functions in T, (p, «) and C,, (p, @) are p-valent star-
like and p-valent convex of order « respectively.

These classes T, (p, «) and C,, (p, o) were studied by Owa [7].

By specializing the parameters in the classes T, (p,«) and C, (p, @), we
obtain the following classes studied by various authors.

(i) Ty (p,) = T* (p,«v) and C (p, ) = C (p, @) were studied by Owa [7]
and Sekine [10].

(i) T, (1,a) = T, () and C, (1,) = C,, () were studied by Domokos [4]

and Srivastava et al. [12].

(iti) 71 (1,) = T* (o) and 4 (1, 0) = C' () were studied by Silverman [11].

Let f;(2) (j=1,2)in T (n,p) be given by
fi(2) =22 =) lakep,| 257, (j=1,2ip,n € N). (4)
k=n

Then the modified-Hadamard product (or convolution) of the functions
fi(z) and fo(z) is defined by

o0

(i f2)(2) = 27 = |apspallarspal 2. (5)

k=n
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For any real number r and s, we define the generalized modified-Hadamard
product (f1Af2) (r,s;2) by

(fiAfo) (r,s;2) = 2P — Z | pal |anypal” 257, (6)

k=n

If we take r = s = 1, then we have

(f12f2) (1,1;2) = (f1 % f2) (2), (z € U).

Recently Darwish and Aouf [3] (See also the work of Choi et al. [1], Darwish
[2], Nishiwaki and Owa [5], Nishiwaki et al. [6], Owa [8], Schild and Silverman
[9] and Sekine [10]) studied the generalized Hadamard product to the case
when r,s > 1 and % + % = 1. The classical technique used by these authors
fails when r and s are any positive real numbers. It is therefore natural to ask
whether their result can be improved for any positive real numbers r and s.

The purpose of the present paper is to establish the result on generalized
quasi-Hadamard product which improves the results of previous authors to
the case when r and s are any positive real numbers such that s > 1. It is
worth noting that the technique employed by us is entirely different from the
previous authors.

2 Main Results

In order to prove that our results for functions belonging to the classes T,, (p, @)
and C,, (p, ), we shall need the following lemmas given by Owa [7].

Lemma 2.1. Let the function f(z) be defined by 1. Then f(z) is in the
class T,, (p, ) if and only if

“(k+p—a
Z(p_—a) |arip| < 1, (p,n € N). (7)
k=n

Lemma 2.2. Let the function f(z) be defined by 1. Then f(z) is in the
class Cy, (p, @), if and only if

i k+p) k+p) @)

Theorem 2.3. For 0 < a; <ay <p,r >0, s>1andlet f; € T, (p, o )
for each j, then

‘akﬂl‘ < 17 (p,n € N) (8)

k=n

(flAf2) (Ta S5 Z) € Tn (p7 a2) g Tn (pa al) . (9)
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Proof Since f; (2) € T,, (p, o), (j = 1,2).
By using Lemma 2.1, we have

“(k+p—a; .
ngmﬂ <1,(j=1,2;pneN). (10)
k=n p= aj
Moreover
“(k+p—a
s Etpm o)y, <
— P
or, |agp1| <1, k> n.
equivalently, |agip1| <1,k >n
and .
Z(k+p—«
Zu apel b < 1.
k=n P—
Now
ii Eiﬁ:ﬂz‘a " |2l
2\ kipl| |Qkip2
<i<k+p—a2)‘a |
_k:n D— as k+p,2
. k—f-p—()ég)
< ag (s >1
] e T RCES)
s (e b
>~ £ p—a k+p,2
<1

Therefore (f1Af2) (r,s;2) € T, (p, o).

Taking o; = o in Theorem 2.3, we obtain

Corollary 2.4. If the functions f; (z), (j =1,2), defined by 4 are in the
class T, (p, ).
Then (fiAf2) (r,8;2) € T (p, @),

Remark 2.5. Darwish and Aouf [3] obtain Corollary 2.4 only forr > 1, 1+
% = 1 whereas our result holds for r > 0 ands > 1.

Theorem 2.6. For 0 < a; <ay <p,r >0, s >1 andlet f; € C, (p, ;)
for each j, then

(flAfQ) (Tv S;Z) € Cn (p7 a2) - Cn (pa al) :
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Proof The proof of above theorem is much akin to that of Theorem 2.3 so
we omit the details involved.
Taking o; = o in Theorem 2.6, we obtain

Corollary 2.7. If the functionsf; (z), (j =1,2), defined by 4 are in the
class Cp, (p, ).
Then (fiAf2) (r,8;2) € Cn (p, ).

Remark 2.8. Darwish and Aouf [3] obtained Corollary 2.7 only for r >

1, %4— % = 1, whereas our result holds for r >0, s > 1.

Remark 2.9. If we put p =1 in Theorem 2.3, Theorem 2.6, Corollary 2./
and Corollary 2.7, we improve the results of Choi et al. [1].

3 Open Problem

Here we give some open problems for the readers.

1. Find inf r;s € R and sup a € [0,p) such that Theorem 2.3 and 2.6
holds.

2. The results of Theorem 2.3 and 2.6 are hold only for functions of the
form 1 i.e. the coefficients of expansion are negative . Therefore it is natural
to ask that what is the analogues results for the function of the form

f(z)=2"+ ) arpz?, (pneN=1{1,2,3.}), (11)
k=n

where a1, € C.
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