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1 Introduction

Let H = H(U) denote the class of analytic functions in the open unit disc
U={z€C:|z| <1} and HJa, p|] denote the subclass of the functions f € H

of the form
flz) =a+ap? +ap2?+... (a€CpeN={12,..}).

Also, let A(p) be the subclass of functions f € H of the form:

f(z)=2"+ i arz®  (p € N). (1)

k=p+1
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We write A(1) = A.

If f,g € H are analytic in U, we say that f is subordinate to g, or g is
superordinate to f, if there exists a Schwarz function w(z) in U with w(0) =0
and |w(z)| < 1 (2 € U), such that f(z) = g(w(2)). In such a case we write
f<gor f(z) < g(z) (z € U). If g(2) is univalent in U, then the following
equivalence relationship holds true (cf., e.g.,[8] and [14]):

f(z2) < g(z) = f(0) = g(0) and [f(U)Cg(U).

Let ¢, h € H and
U(r,s,t;2) : C* x U — C.

If o(2) and 1 (p(2), 2¢'(2), 229" (2); 2) are univalent functions in U and ¢(2)
satisfies the second-order superordination

h(z) < (p(2), 29/ (2), 20" (2); 2), (2)

then ¢ is called to be a solution of the differential superordination (2). A
function ¢ € H is called a subordinant of (2), if ¢(z) < ¢(z) for all the
functions ¢ satisfying (2). A univalent subordinant ¢ that satisfies ¢(z) < q(2)
for all the subordinants ¢ of (2), is said to be the best subordinant. Recently,
Miller and Mocanu [15] obtained sufficient conditions on the functions h, ¢ and
1 for which the following implication holds:

h(z) < (p(2), 29/ (2), 20" (2); 2) = a(2) < (=)

Using these results, Bulboacé [7] considered certain classes of first order
differential superordinations, as well as subordination preserving integral op-
erators [6]. Obradovi¢ and Owa [17] obtained subordination results for the

quantity (%) , where u € C* = C\{0}.
For f € A(p) given by (1) and g € A(p) defined by

the Hadamard product or ( convolution) is defined by
(f*9)(z) =2+ Y abz = (9% f)(2).
k=p+1

Using the convolution and for A,1 > 0,p € N;m € Ny = NU{0}, we define the
linear operator D \(f * g) : ( ) — A(p) by:



44 M.K.Aouf, A.O.Mostafa, A.M.Shahin, S.M.Madian

Dpia(fx9)(z) = (f*9)(2);
Dhual#9)2) = Dyl 0)(2) = (L= +0)(2) +

= 2P+ Z <p+l+)\(k_p))akbkzk;

p+I

(2'(f * 9)(2))

D2 (frg)(z) = (1—A)Dp,z,x(f*9)(2)+m (z'Dpan(f*9)(2))
_ Zp+kzl (pH;if p)) apby2*
-
and (in general)
DY *9)) = (L= NDIE 0)()+ s (D))
_ f+¢§%(p+l;if p» ab* . ()
i

From (4), we can easily deduce that

Az (Dyiaf # 9)(2))" = (pH) Dy (fxg) (2)=[p(1 = A) + 1] Dy s (f#9)(2) (A > 0).

(5)
We remark that:
(1) For g(z) = 2P(1—2) " or by = 1 (k > p+ 1), we have D\ (f * g)(2) =
I7'(\, 1) f(2), where the operator I;"(A, ) was introduced and studied by Catas
[9] which contains the operators D" (see [4] and [12]) and DY (see [1]);

1 _ (@)kp ()i we have D™ (fx =71 («x z
(”) For by = (ﬁl)k p (ﬁ )k—p(l)k—p7 h Dp,l,A(f g)( ) Ipqs)\( 1’61)f( )’

where the operator ] s, /\(al, B,) was introduced and studied by El-Ashwah
and Aouf [11] (a1, ag, ..., g and 3y, By, ..., B, are real or complex numbers, 3; ¢
Zy =40,—1,-2,..},j=1,2,....5,g < s+ 1,s,¢qg € Ny) and

. (k=0:deC)
(d) = { dd+1)..(d+k—-1) (keN;deC);

I'p+a+BI'(k+P)
T+ BTG ratg) @ = 00> prel)
we have D', \(f*g)(2) = @ 5f(2), where the operator Q) 5 was introduced by
Liu and Owa [13] and reduces to the generalized Bernardi-Libera-Livingston
operator F,, for a =1 and 8 =c (¢ > —p,p € N) ( see [10]).

(i7) For m = 0 and b, =
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In this paper, we obtain sufficient conditions for analytic functions f, g €
A(p) defined by using the operator D7, | to satisfy:

ql(ZH(D}?ﬁ,x(f*g)(Z))“<q2(z>,

zP

where ¢; and ¢, are given univalent functions in U.

2 Definitions and Preliminaries

To prove our results we shall need the following definition and lemmas.
Definition 1 [15]. Let Q be the set of all functions f that are analytic and
injective on U \ E(f), where

B(f) = {C € U : lim f(2) = o0}

and are such that f'(¢) # 0 for ¢ € OU \ E(f).
Lemma 1 [14]. Let q be univalent in the unit disc U and let 6 and 1 be
analytic in a domain D containing q(U), with ¥ (w) # 0 when w € q(U). Set
Q(z) = 2q'(2)¥(q(2)), S(2) = 0(q(2)) + Q(z) and suppose that

(i) Q is a starlike function in U,

3 25 (2)
(@ Re{ Q(z) } >AO, zeU.
If ¢ is analytic in U with ¢(0) = ¢q(0), ¢(U) C D and
0(¢(2)) + 2¢'(2)¥(0(2)) < 0(q(2)) + 2¢'(2)¥(q(2)), (6)

then ¢(z) < q(z) and q is the best dominant of (6).
Lemma 2 [8]. Let q be a univalent function in the unit disc U and let 6 and
Y be analytic in a domain D containing q(U). Suppose that
: 9'(Q(2))}
(1) Re{ (4(2) >0 for z € U,
"(2)(q(2)) is starlike in U.
H[q(0),1]NQ, with o(U) C D, 6(¢(2))+2¢' (2)0(p(2)) is univalent

(i) 2q
If v(z) €
m U and

0(q(2)) + 24/ (2)1(a(2)) < 0(0(2)) + 2 (2)¥(p(2)), (7)
then q(z) < w(z) and q is the best subordinant of (7).

Lemma 3 [18]. The function ¢(z) = (1 — 2)72*® (a,b € C*) is univalent in U
if and only if |2ab — 1] <1 or |2ab+ 1| < 1.
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3 Subordination results

Unless otherwise mentioned, we shall assume in the reminder of this paper
that 4,0 € C*, oc,v € C,pe Nm e Ny, A > 0,1 >0,z € U, f,g € A(p) are
given by (1) and (3), respectively, and the powers are considered the principal
ones.

Theorem 1. Let ¢(z) be convex univalent in U with q(0) = 1 and satisfies

Re{—a+2§)q(z)} > 0. (8)
Let
X(f,g,0,0,0, u,p, N\, [,m)(z) =0 (Dng,A(];p* 9)(2))“+U (Dg}l7>\(£p>k g)(z)) w

(p+1) (Dgfz,,\(f*g)(z))“ Dngxl(f*g)(z)
) —-1].
top A 2P D;?l’/\(f * g)(2) L (9)
If q(2) satisfies the following subordination:
X(f: 9,008, . p, A 1,m)(2) < oq(2) +v(g(2))* +02¢'(2),  (10)
then m p
(Pl 9V oy
and q(z) is the best dominant.
Proof. Define ¢(z) by
m % H
QO(Z) — (Dp,l,)\(ip g)(z)) (Z c U) (12)

Then the function ¢ (z) is analytic in U and ¢(0) = 1. Therefore, differentiat-
ing (12) logarithmically with respect to z, we deduce that

2¢/(2) z (Dgfl,,\(f *9)(2))I
( By (F+ ) _p> ‘ "

From (13) and by using (5), a simple computation shows that

Driall x g)(z))# +v (DﬁA(f * 9)(2))2“

2P zP

o0(2) + v (o)) 1 620(2) = 0 (

+0u

(p+1) (Dgfz,,\(f *9)(2))“ (D;?zfxl(f *g)(2) B 1) ’ (14)

A zP Dy (f *9)(2)
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hence the subordination (10) is equivalent to

op(2) +v(p(2))* + 029/ (2) < 0q(2) + v(e(2))* + 824/ (2).

The above subordination can be written as (6), when 6(w) = cw + vw? and
(w) = §. Note that ¢(w) # 0 and 6(w), (w) are analytic in C. Setting

Q(z) = 2q'(2)¢(q(2)) = 02q'(2) (15)
and
S(z) = 0(a(2)) + Q(2) = oq(2) + v(q(2))* + 02q'(2), (16)
we can verify that Q(z) is starlike univalent in U and
25'(z) } { o+ 2vq(z) 2q"(2) }
Re =Re{ ———F—F+1+ > 0. 17
&e 5 70) o
The theorem follows by applying Lemma 1. /
Theorem 2. Let q(2) be convex univalent in U and %S) be starlike univalent
in U. Further assume that
vg(2) ZQ’(Z)}
Re - > 0. 18
- -
If
Dl (f = 9)(2))“ (p+1) DEN(f * g)(2) 2q'(2)
otuv | 2= +6 ot — 1| < o+vq(2)+6 ,
(5 "\ B0 ATE
e Dyl * )2
( S > < q(2)

and q(z) is the best dominant.
Proof. Let 6(w) = o + vw and ¢(w) = £, we have ¢(w) # 0 and 6(w)

is analytic in C and v (w) is analytic in C*. Hence the result follows as an
D;)’fl’/\(f*g)(z))“

zP

application of Lemma 1 for ¢(z) = (

Taking ¢(z) = W (u,b € C*), § = ﬁ, A=o0=p=1,g(2) =
2(1—=2)" orb,=1(k>2)and m =v =/ =0 in Theorem 2, we obtain the

result obtained by Obradovic et al. [16, Theorem 1].

Corollary 1. Let pi,b € C* such that |2ub — 1| or |2ub+ 1| < 1. Let f(z) € A
and suppose that @ #0 forall ze€ U. If

SRS
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then

<M)N < (1 —2)7 b

z

and (1 — z)72# is the best dominant.
Remark 1. For p = 1, Corollary 1, reduces to the recent result of Srivastava

and Lashin [19, Corollaryl].

Takingq(z):(l—i—Bz)”(AL;B), —1<B<A<L1,B#0, peC*, A\=0=

d=p=1,m=v=(=0and g(z) = 2(1—2)"" or b, = 1(k > 2) in Theorem
2, we obtain the following corollary.

Corollary 2. Let —1 < B< A <1, with B # 0, and suppose that

CLNE

or

’MA—B)

11 <1.
N E

If f(z) € A such that @ # 0 for all z € U, and let € C*. If

2f'(2) B 1+ [B+pu(A—DB)|=
1+”(f@) 1)< 1+ Bz ’

then

(MY < (1+ Bz)@

z

u(A—B)

and (1 + Bz)~ 5 is the best dominant.
Remark 2. For ;o = 1, Corollary 2, reduces to the recent result of Obradovic
and Owa [17].

Putting g(z) = (1 — 2) 2" (b€ C*|p| < 5), 6= 0 = p=
=1,9(z)=2(1—2)"1orb,=1(k>2) and m =v =/ =0 in Theorem
2, we obtain the next result due to Aouf et al. [2, Theorem 1].
Corollary 3 [2]. Let 1,b € C* and |p| < %, and suppose that |24 cos pe™ " —
1| <1 or [2ubcospe ™ +1| < 1. Let f(z) € A such that @ # 0 for all
zeU. If

e (zf(2) 1+ 2
1+bcos,o( f(2) _1> R
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then

(M)M < (1 — ) 2wbeospe

z

and (1 — z)~2#bcospe™ g the best dominant.

Using arguments similar to those of the proof of Theorem 1, we obtain the
following result.
Theorem 3. Let q(z) be convex univalent in U with q(0) = 1, satisfies (8)
and

R (D;;},,A(f *g><z>) " (D;:?l,xf *g)(z)>
(p+1) 2 N TERIO)
O (D;?l,xf*g)(z)) (1 DZZ,A(f*g)<2)>' 19)
O(f,9,0,0,0, 1,0, X, 1,m)(2) < 0q(2) +v(q(2))* + 524/ (2),

(D;TI,A(f *g><z>) <)

and q(z) is the best dominant.

Putting 0 =1, v =0 and § = 5(6 € C*) in Theorem 3, we obtain the
following result.
Corollary 4. Let q(z) be convex univalent in U with q(0) = 1, satisfies

If

then

!
Re {B} >0 (20)
and
B B(p+1) ZP '
U(f, 9, B, 1.0, A Lm) (2) = (1+ ) > (Dglvk(f*g)(2)> i
B+ 2P " DS+ 9)(2) 1)
A D;Tl,A(f * 9)(2) D;?l,/\(f xg)(2)
If
V(9B p AL m)(2) < a(2) + 2 (),
then

(D;?M(f *g><z>) <)

and q(z) is the best dominant.
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4 Superordination results

Theorem 4. Let q(z) be convex univalent in U with ¢(0) = 1 and satisfies (8) .
If 0 (PRGR) € Hlg0).] 0 Q and X(f.9.0.0.5,pm.p. AL m)(2) is

univalent in U, then

oq(2) +v(q(2))? + 624 (2) < x(f, 9, 0,0,8, , p, A, L, m)(2), (22)
implies
a(2) < (Dz,ll,ﬂjch* g)(z)) 7 (23)

where x(f,g,0,v,0, 1,0, \,l,m)(z) is defined by (9) and q(z) is the best sub-

ordinant.

Proof. Let ¢(z) defined by (12), we see that (13) holds and the subordination
(22) is equivalent to

0q(z) +v(q(2))* + 02q/(2) < 0p(2) + v((2))* + 02/ (2),

this can be written as (7), when 0(w) = ow + vw? and ¥ (w) = J. Note that
f(w), ¥ (w) are analytic in C. Hence the assertion (23) follows by an application
of Lemma 2. This completes the proof of Theorem 4.

Theorem 5. Let ¢(z) be convex univalent in U and Zq((z be starlike univalent

in U. Further assume that
Re {%q(z)} > 0. (24)

Let

DyiA(f *g)(z)\" (p+1) [ DS *9)(2)
o—+v< o ) +opT— (Dz,ll,A(f*g)(z)_l)’

1s univalent in U. If 0 # <M)

P

€ Hlq(0),1] N Q, then

2q'(2) D7y A(f * g)(2) g (p+1) D;?zjr,\l(f *g)(2) _
o+vq(z)+0 02 < o+v ( o ) +op ) (Dgfz,,\(f = 02) 1) ,
implies
D™ xq)(2)\ "
g(2) < ( p,l,)\(ﬁp 9)( ))

where q(z) is the best subordinant.
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Proof. Let §(w) = o + vw and ¢(w) = 2. Note that 1(w) # 0 (w € C*) and

f(w) is analytic in C and (w) is analytic in C*. Hence the result follows by
D;’fl»\(f*g)(z) H

an application of Lemma 2 for ¢(z) = ( =

Using arguments similar to those of the proof of Theorem 1 and then by
applying Lemma 2 we obtain the following result.
Theorem 6. Let q(z) be convex univalent in U with q(0) = 1 and satisfies (8).

u
2P .
If();é D;?Z’A(f*g)(z) S H[C](O),l]mg and ¢(f,g,0,v,5,u,p,)\,l,m)(z) s

univalent in U, then

implies

(=) A
qlz) < o ,
Dp,l,A(f *g)(2)
where ¢(f,g,0,v0,0, 1, p, A\, I,m)(z) is defined by (19) and q(z) is the best sub-

ordinant.

Putting 0 =1, v =0 and § = 5(6 € C*) in Theorem 6, we obtain the
following result.
Corollary 5. Let q(z) be convex univalent in U with q(0) = 1 and satisfies
P

univalent in U, then

q(z) + gqu(z) < Y(f, 9,8, 1,0, N\, 1, m)(2),

implies

) r )
qlz) < poo ,
Dp,l,A(f *g)(2)
where Y(f, g, B, 1, p, A\, [, m)(2) is defined by (21) and q(z) is the best subordi-

nant.
5 Sandwich results

By combining Theorem 1 with Theorem 4, we obtain the following sandwich
theorem:
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Theorem 7. Let ¢1(z) and q2(2) be convex univalent in U, satisfying Re {Mg;”(z)

0 for i = 1,2 such that ¢;(0) = ¢2(0) = ¢(0) = 1. If (W)M €

H[q(O), 1]ﬂQ and X(f7 g9,0,v, 57 s Ds )\7 l7 m)(z) is unwalent in U where X(f? g9,0,v, 57 s Ds )\7 l? m)(z)
is defined by (9), then

}>

O'Q1(Z)+U(q1<z))2+§zqi(z) = X(fagaaaU757M7p7)‘7l7m)(2)
< 0g2(2) +v(ga(2))? + 02g5(2),

implies

zp

ql(ZH(D}?ﬁ,x(f*g)(Z))“<q2(z),

where q1(z) and g2(2) are respectively the best subordinant and best dominant.
By combining Theorem 2 with Theorem 5, we obtain the following sandwich

theorem:

Theorem 8. Let ¢1(z) and qa2(2) be convex univalent in U, satisfying (24) and

(18) respectively such that q1(0) = ¢2(0) = ¢(0) = 1. Suppose Zng(f)) be starlike

univalent in U for i = 1,2. Let

n(f,g,0,0,8, 1,p,\1,m)(z) = o+v (D;?l,)\<f * 9)(2))”_'_5“(]34- ) <Dgflt\ (f*9)(z) B 1) |

2P A D;?l,)\<f *g)(2)

D;""l‘)\(f*g)(z)

i
be univalent in U. If 0 # (Z—p> € H[q(0),1] N Q, then

/

2qy(2)
¢1(2)

245(2)

o+vq(z)+0 2(2)

<n(f,g9,0,0,0,p,p, A\, 1l,m)(z) < 0+ vga(2) + 6

?

implies

zP

@ (2) < (Dgfl,x(f*g)(z))“<q2(z)7

where q1(z) and q2(z) are respectively the best subordinant and best dominant.
Remark 3. Putting c =p=1, v=0and g(z) = 2(1 —2)"" or by, = 1(k >
2) in Theorem 8 we obtain result obtained by Aouf et al. [5; Theoeom 6].

By combining Theorem 3 with Theorem 6, we obtain the following sandwich
result:
Corollary 6. Let qi1(z) and q2(z) be convex univalent in U, satisfying (8)

such that ¢1(0) = ¢2(0) = ¢(0) = 1. Suppose Zq?g((zz)) be starlike univalent in
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U for i = 1,2. Let ¢(f,g,0,v,0,u,p, A\, l,m)(2) be univalent in U. If 0 #
n

(Dgu(f * g)(z)) € Hq(0),1] N Q, then

0q1(2) +v(a1(2))* + 6241 (2) < 6(f, 9.0,v,0,1,p, A, 1,m)(2)
< 0¢2(2) +v(g2(2))* + 02g5(2),

implies
o
() < = < ()
a(z — :
1 Dyafo)=) ) 7
where ¢(f,g,0,v,0, 1, p, A\, l,m)(2) is defined by (19) and ¢1(z) and g2(z) are

respectively the best subordinant and best dominant.

Remark 4. Puttingoc =p=1, v=0,0 = % (BE€C*) and g(z) = 2(1—2)7!
or by =1 (k > 2) in Corollary 6 we obtain the result obtained by Aouf and
El-Ashwah [3; Theoeom 17].

By combining Corollary 4 and Corollary 5, we obtain the following sandwich
result:
Corollary 7. Let q(z) and g2(z) be conver univalent in U, satisfying (20)

such that ql(()) = qg(O) = q(0) = 1. Suppose % be starlike univalent
in U for i = 2 w(f, 9,8, 10, A 1,m)(z) be univalent in U. If 0 #
€ Hlq(0),1] N Q, then
pl)\

QI(Z)_F;Z(h ) <1/}(f7 ﬁ,u,p,)\,l,m)(Z) %(&(Z)-FSZCIQ(Z),

implies }
P
“”<@mthw)*%@’

where Y(f, g, B, 1, p, A\, 1,m)(2) is defined by (21) and q1(z) and q2(2) are re-
spectively the best subordinant and best dominant.

Remark 5. (i) Taking g(2) = 2P(1 —2)" or by =1 (k > p+ 1) in the above
results, we obtain the results corresponding to the operator I}’,”()\, l);

(17) Taking by, = @)y ()i , (a1, ao, . aq and By, By, ...

(/Bl)k—p“'</63>k—p(]‘)k—p
real or complex numbers , B, ¢ Zy,j = 1,2,..,5,¢ < s+ 1,5,q € NO) in the

above results, we obtain the results corresponding to the operator I s /\(al, B1);
Llp+a+pr (k+/3)(a 508>
Fp+pk+a+p5)" — 7

—1,p € N), in the above results, we obtain the results corresponding to the
operator Qp 5

(7i1) Taking m = 0 and by =

, B, are
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Remark 6. (i) Putting o = p =1, v =10, = g (BeC*) and g(z) =
2(1—=2)71 or by = 1(k > 2) in Theorems 1, 4 and 7, respectively, we obtain
the results obtained by Aouf et. al [5; Theorems 1, 8 and 5, respectively];
(ii) Putting o = p =1, v =0,0 = g (€ C*) and
g(z) = 2(1 = 2)7" or by, = 1(k > 2) in Theorems 2 and 5, respectively, we
obtain the results obtained by Aouf et. al [5; Theorems 2 and 4 ,respectively];
(#i) Putting o =1, v =0,8 = g (B€C*)and g(z) = 2(1—2)"" or
by = 1(k > 2) in Theorems 3 and 6, respectively, we obtain the results obtained
by Aouf and El-Ashwah [3; Theorems 1 and 4 ,respectively].

6 Open Problem

Find sufficient conditions for analytic functions f,g € A(p) defined by using
the operator D], \(f * g) (2) to satisfy:

DA * 9) (2))
P{DpA(f *9) (2)}?

where ¢; and ¢, are given univalent functions in U.

q1(z) < < q2(2)),
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