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Abstract

In this paper, using Hadmard product, we introduce certain
new classes of analytic functions in the open unit disk. Such re-
sults as inclusion and subordination relationships, characterization
and coefficient estimates, growth and distortion theorems, extreme
points, closure theorems and radius of starlikeness and convexity
belonging to the class TS(f,g; )\, «, 3, A, B) are obtained. Further sub-
ordination results for the class S(f,g;\, o, 8, A, B) are derived.
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1 Introduction

Let H denote the class of functions of the form

f(2) :z+Zak2k (1.1)

which are analytic and univalent in the open unit disk U = {z € C' : |z| < 1}.
Also, we denote by 7', the class of functions f(z) € H of the form (1.1) for
which there exists a real number 7 such that

arg(ag) =7+ (1 —k)n (k=2,3,--+), (1.2)

which was introduced by Silverman [1]|(see also [2]) and called the class of
functions with varying argument of coefficients.
For functions f € H given by (1.1) and g € H given by

9(z) =2+ b2* (b >0; z€ V), (1.3)
k=2
we define the Hadamard product (or convolution) of f and g by

(f*9)(z) =2+ ) _abez" = (9% [)(2) (€ V). (1.4)

k=2

For two functions f and ¢, analytic in U, we say that the function f is
subordinate to g in U, and write f(z) < g(z), if there exists a Schwarz function
w, which is analytic in U with w(0) = 0 and |w(z)| < 1 for all z € U, such that
f(z) = g(w(2)) (z € U). In particular, if the function g is univalent in U, then
we have the following equivalence

f(z) <g(z) (z€U) = f(0)=g(0) and f(U)Cg(U).

Following Goodman [3,4], Rgnning [5] and Kanas and Wisniowska [6] (see
also [7],[8]), Hams et al. [9] define two subclasses of H as follows.

For —1 <~y <1 and § > 0, a function f € H is said to be in the class

(i) f-uniformly starlike functions of order « is denoted by US(f3,7), if it
satisfies the condition
27(2) ) 27(2) ‘
Re| ———7v)>pB|———1| (€ U), 1.5

(75 e o

and (ii) S-uniformly convex functions of order 7 is denoted by UK (3,7), if it
satisfies the condition

Re (1 + Zﬂiz)) — 7) > 3

Zf—(z)‘ (z € U). (1.6)

f'(2)
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Indeed, it follows from (1.5) and (1.6) that

fEeUK(B,y) & zf € US(B,7).

Motivated by above definitions, we define a new class of analytic functions
related to Hadmard products.

Definition 1.1. Fora>1,6>0,0< A <1,-1 < B < A <1 and for all
zeU,let S(f,g; A\ o, B, A, B) denote the subclass of H consisting of functions
f(2) of the form (1.1) and g(z) of the form (1.3) and satisfying the following
subordination:

{a W) + AR+ 9)"=) 1)}
(1 )(f*g)( )+ Az(f * g)'(2)
% 9)'(2) + A2(f % 9)"(2) 1+ Az

e S o e 09
We also let TS(f,g; \, o, 5, A, B) =T NS(f,9;\, e, 5, A, B).
For suitable choices of the function g and by specializing the parameters
A, «, 5, A, B involved in the class S(f, g; A\, a, 8, A, B), we obtain the following
subclasses.
(1) I g(z) = 2+ oy 2F (or by, = 1), then S(f,2+> 10y 2"\, o, B, A, B) =
S\ a, B, A, B)

e @R
~{ren oG rre )
2f () +AL2f"(2) ‘ 1+ Az
(1 =N f(z)+ A zf'(2) 1+ Bz’

az1,5zo,ogAg1,—1gB<Ag1,zeU}.
In particular, S(0,1,8,1 — 2y,—1) = US(B,v) and S(1,1,58,1 — 2v,—1) =
UK (B3,7) (see [9]);

(2) I g(2) = 2 + 33501 + (u6k + p — 0)(k — 1)]™2" (or by, = [L + (udk +
p—0)(k—=1)]" meNy=NU{0},0<d<pu<1),then S(f,z+ 1o [l+
(uok + p—8)(k = 1)]"2" X, a, 8, A, B) = S(p, 0, m; X\, v, 3, A, B)

m ! 2 1
_ {fEH: [a z(DMvdf(z)) + Az (D 5f( )) (a—l)]
(1-=2) (DZ:L(Sf(Z)) + Az (Dmaf( ))
2 (Dpsf(2)) + A2 (D £(2))” ‘ 1+ Az
7 — @ < )
(1—=X) (D/’jféf(z)) + Az (D/’Zéf(z)) 1+ Bz

azl,ﬁzO,Og)\g1,m€N0,0§5§u§1,—1§B<A§1,ZEU}.

_ﬁ‘a

_5‘a
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In particular, S(u,d,m;\, o, 5,1 — 2y,—1) = G™(u,9; \, o, B,7) (see [10]),
where the operator D7'; was introduced and studied by Raducanu and Orhan
[10], for § = 0, the operator D}y = D] was introduced and studied by Al-
Oboudi [11] and for 4 = 1 and § = 0, the operator D%y = D™ was defined by
Salagean [12].

(3) If g(2) = 24+ > poy Up2® (or by = ¥y,), where

(061)1%1, Ty (Oéq)kq
(61)1@—17 T (55)]6—1(]{3 - 1)'
(ai >O7i: 1727"'7% 5j > Oaj: 1727"'73; QS S+17 q,S GN()),
then S(f,z+> 1, U2M N\ a, B, A, B) = Sys([ca]; A\, o, B, A, B)
2 (Hys(an) f(2)) + A2? (Hys(n) f(2))"
(1= X) (Hys(n) f(2)) + Az (Hy,s(o1) f(2))

2 (Hys(on) f(2) + X22 (Hyo(ar) f(2))" B a‘ . 14+ Az
(1= 0 (Hyp(an) f(2) + 2e (Hyp(an)f )y % = T4 B2

az1,520,0§/\§1,—1§B<A§1,ZEU},

U, = (1.8)

:{feH:[a —(a—l)}

_5‘(1

where H, (o) is the Dziok-Srivastava operator [13] (see also [14]), which
contains well known operators such as Carlson-Shaffer linear operator [15],
the Bernardi-Libera-Livingston operator [16], the Srivastava-Owa fractional
derivative operator [17], the Choi-Saigo-Srivastava operator [18], the Cho-
Kwon-Srivastava operator [19], the Ruscheweyh derivative operator [20], the
Noor integral operator [21], and other operators.

(4) I g(2) =24+ > pey I™(p,1)2F (or by, = I™(p, 1)), where

1+ 1+p(k
1+1

= | " pzoizomem. a9

then S(f,z+ > ooy I™(p, )2 N\, B, A, B) = S(p,l,m; \, o, B, A, B)

2(Im(p, D) f(2) + X2 (I (p, 1) f(2))"
(1 =) (I"™(p, ) f(2)) + Az (I™(p, 1) f(2))
2(I™(p, 1) + X2 (I™(p, D f ()" ‘ 1+ Az

(=) (I™(p, 1) f(2)) + Az (I™(p, 1) f(2))' 1+ B2
az1,620,0§/\§l,sz,lzo,meNo,—l§B<A§1,26U},

—{feH;[a —<@_1)1

_5‘a

where the operator I™(p,l) was introduced and studied by Catas [22], which
contains (as its special cases) the Cho-Srivastava operator [23], the Al-Oboudi
operator [11] and the Salagean operator [12].
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In this paper, we obtain a sufficient coefficient condition for functions f
given by (1.1) to be in the class S(f,g;\, «, 5, A, B) and a necessary and
sufficient coefficient condition for functions in the class T'S(f, g; A\, o, 8, A, B).
Growth and distortion theorems, extreme points, closure theorems and radius
of starlikeness and convexity for functions in T'S(f, g; A\, a, 8, A, B) are given.
Finally, we investigate subordination results for the class S(f, g; A, o, 5, A, B).

2 Inclusion and subordination relationships

To prove our main result, we need the following lemma.
Lemma 2.1 ([24]). Let -1 < By < B; < A} < Ay < 1. Then

1—|—A12 1—|—A22

< . 2.1
Theorem 2.1. Let —1 < By < By < A; < Ay < 1. Then
S(fagv )‘7a>ﬁ>AlaBl) C S(fvga )\70575’142782)' (22)

Proof. Suppose that f € S(f,g; A\, «, 5, A1, By), in view of Definition 1.1,
e e (£ %9)'(2) + A2(f  9)'(2)
2(f*x9)(z)+ Xz=(f xg)" B
TN e @)

B 2(fx9)'(2) + A22(f % 9)"(2) ‘ 14+ Az
TN 0@ 2G| T+ B
Thus, by Lemma 2.1, we obtain that

Af*9)(2) + A2 g)"(2)
1 o)

= A)(f *9)(2) + A=(f * g)'(=
—6‘ f*9)()+A22(f*9)”(2) Lo LA L A
MN(f xg)(2) + A2(f * g)'(2) 14+ Bz 1+ By2’

which implies that f € S(f, g; A\, a, 5, A2, By). Hence we complete the proof.

3 Characterization and coefficient estimates

First we obtain a sufficient condition for functions in the class S(f, g; A\, o, 8, A, B).
Theorem 3.1. Let f € H given by (1.1). If

i 1+ A(k—D][a(k—1)(1+ (14| B))8) +|A—aBk+ B(a—1)[Jbslas| < A— B,
= (3.1)
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then f € S(f,g: A, a, B, A, B).
Proof. Assume that the inequality (3.1) holds true for « > 1,8 > 0,0 <
A<1,-1<B<A<I1,zeU. For f € H, let

o) = |Gt - 1| - oot —al, (32)
where
G(2) = (L= N)(f *9)(=) + A=(f * )/ (=) (3.3)
It is sufficient to show that
p(z) —1 s
’A—Bp(z) <1 (z€U). (3.4)

We note that

‘ pz) —1
A — Bp(z)

_ ‘ a(zG'(2) — G(2)) — aBe? |2G'(2) — G(2)] ‘
AG(z) — Bla(2G'(2) — G(2)) + G — afe? |2G'(z) — G(2)]]

> aMagbpzb =t — afe’ | Magby2" |
(A= B)+ 35351+ Ak — D][A — aBk + B(a — 1)]agbpz*"! + afBe?? [Mayby 2|

2 ip eMbg|ag| 2" + B 3757, Mby|ag||2[*
A= B) = 355+ Ak = DI[A = aBk + Bla = Dlbglag|[2[*" — aB|B| 352, Mbg|ag][z[*!

=1

> ones aMbglag| + af 05, Mby|ag|
A—B) - 2212[1 + Ak — 1)][A — aBk + B(a — 1)]bg|ax| — aB|B| 2;022 Mbylay|’

=1

where M = (k—1)[1 + A(k — 1)].
The last expression is bounded above by 1, if

> L4k =1)][o(k—1)(1+(1+]|B|)B)+|A—aBk+B(a—1)||bslar| < A- B,
k=2
and hence the proof is completed.

Next, we obtain a necessary and sufficient condition for the functions in
the class T'S(f,g; A\, o, B, A, B).

Theorem 3.2. Let f € H given by (1.1) and satisfy (1.2). Then f €
TS(f,g; N\, «, B, A, B) if and only if the inequality (3.1) holds true.
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Proof. In view of Theorem 3.1, we need only to prove the necessary part.
If feTS(f, g;\ a,p,A, B), then from (1.1), (1.7) and (3.4), we find that

> aMagbpzF "t — afe’? |30, Magbpz |

(A= B) + > 2,1+ Ak —1)][A — aBk + B(a — 1)]agbgzF—' + afBe? |> 77, Maybyz*1|

<1l M=(k-D[1+Xk-1)]; z€U).
Setting z = re” (0 < r < 1) in the above inequality and applying (1.2), we
have
S, aMbg|ag |t + aBf > s, Mby|ag|r!
(A—B) = > L1+ Ak —1)][A — aBk + B(o — 1)]bg|ag|[r*—! — aB|B| Y pey Mby|ag|rF—!

<1 (M= (k—1)[1+Ak—1)).

Thus, by a simple computation, we obtain

LA (k—1)][(k—1)(1+(1+|B|)8)+ | A—aBk+B(a—1)||be|ag|r** < A—B,

NE

>
Il

2

which, upon letting » — 17, readily yields the desired inequality (3.1).
Corollary 3.1. If f € TS(f,g;\, a0, 8, A, B), then

A-B (k> 2)
1+A%—1MMk—Dﬂ+O+¢mwaA—th+Bm—1m% )— '
3.5

lag| < [

The equality in (3.5) holds true for the function given by

B (A — B)eill=hm
Jem(z) = 2= 1+ Ak —D][a(k—1)(1+ (1+|B|)B) + |A — aBk + B(a —( 1)|])bk
3.6

2 (zeU).

4 Growth and distortion theorems

Theorem 4.1. Let f € TS(f,g; A\, a, 5, A, B) and |z| = r < 1. If the sequence
{Mp(\, a, 8, A, B)},, is nondecreasing, then

A-B , A-B ,

— < < . 4.1
e g AB) NS R A D) .
Moreover, if the sequence {w}m is nondecreasing, then
k=2
20A—B 2(A—B
1— ( ) r<|f(z)] <1+ ( ) (4.2)

MZ(AaaaﬂaA7B) - MQ()HOC)/67A’B)T’
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where

M\, B, A, B) = [14+A(k—1)][a(k—1) (1-+(1+|B|)3)+|A—aBk+B(a—1)[b, (k> 2)

(4.3)
The result is sharp. The extremal functions are the functions fs,(z) of the
form (3.6).

Proof. Since f € TS(f,g;\, o, 5, A, B), from Theorem 3.2 it follows that

MZ(/\yaaﬁaAaB)Z |ak| S ZMk()‘7avﬁaA7B)|ak| S A_B

k=2 k=2
which is equivalent to

5(A a,B,A B)’ (44)

Using (1.1) and (4.4), we have

2)| < |z| + |2|? ak| <7+ i
|f< )| —| | | | ;| k| - MQ()‘aaaﬁwAvB)

and

A—B
> > "
1£(2)] > |2] — |z|Zlak| "ML a5 A B)

Similarly, we also have

My(\, o, 8, A, B)
( f Eymﬂ<zM@Am@ABmﬂ<A B,

k=2

which yields

§%||< 2(A - B)

Q| > .
k=2 MZ()‘aaaﬁaA7 B)
Thus,

> > 2(A - B
PO+ Mall <1412 S ko <14 — A= B)

k=2

)
k=2 MQ()\aaaﬂaA7B)
and
> > 2(A - B
FEIZ1=S Kall > 1 12 S ko] > 1 - —2 A= B)
k=2 k=2

MZ()\> a, 57 A7 B) "
This completes the proof of Theorem 4.1.
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5 Extreme points

Now, we determine extreme points for the class T'S(f, g; \, o, 3, A, B).
Theorem 5.1. Let the functions

(A — B)elt=km

filz) =2 and fi,(2)=2— Mk()\,a,ﬂ,A,B)Zk (k>2) (5.1)

with Mg(\, o, B, A, B) defined as in (4.3). Then f € T'S(f,g9; A\, o, 5, A, B) if
and only if it can be expressed in the form

2) = mfen(2), >0 and Y =1 (5.2)
k=1 k=1
Proof. Assume that f(z) can be written as in (5.2). Then

(A — B)ell L (A— B)elt=km
‘“”Z“’“[ MkAa,ﬁ,AB } - 2; kAa,ﬁ,AB)“’“Z (zel).

Since

(A — B)elt=Fm
Mk(A7 «, 67 A7 B)'uk

=> (A-B)ux = (A=B)(1—m) < A-B,

k=2

ZMR(A7Q767A7 B)
k=2

it follows, from Theorem 3.2, that f(z) € TS(f, g; A\, o, 5, A, B).
Conversely, if f(z) € TS(f,g;\, «, 8, A, B), then, by using (3.5), we may

set
Mk(A,O{,B,A,B) -
Ly = 1B ar and ulzl—;uk (k> 2).
Then f(z) = > "2 e frn(2) and this completes the proof.
Corollary 5.1. The extreme points of the class T'S(f, g; A, a, 5, A, B) are
the functions given by (5.1).

6 Closure throrems

Let the functions f; € H (j = 1,2,---,p) with (1.2) defined by
2) :Z‘l‘zakJZk (ze€U). (6.1)

Then we obtain the closure theorems of the class T'S(f, g; A\, «, 5, A, B).
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.-+, p) given by (6.1) be in the

Theorem 6.1. Let the functions f; (j = 1,2
1,2,---,p) such that 3%, ¢; = 1.

class TS(f,g: A\, o, B, A, B) and ¢; > 0 (j = 1,
Then the function h(z) defined by

h(z) =) c¢;f; (6.2)

is also in the class T'S(f, g; A\, o, 5, A, B).
Proof. In view of (6.1) and (6.2), we can write

p o0 o0 p
h(z) = Z ¢ |2+ Z awzk] =z+ Z (Z cjak7j> 2~
j=1 k=2 k=2 \j=1

Since the functions f; € T'S(f,9; A\, o, 8, A, B), for every j = 1,2,---,p, we
have

> Mi(X\ o, 8, A, B)lar;| < A-B.
h=2

Hence, we get

P

E : Cjak,j

Jj=1

ZMk()‘7a7/BaA7B)

k=2

p
j=1

which implies that h(z) € TS(f, g; \, o, 8, A, B).

Corollary 6.1. The class T'S(f,g; A\, «, B, A, B) is closed under convex
linear combination.

Proof. Suppose that the functions f; (7 = 1,2) given by (6.1) be in the
class TS(f,g9; N\, o, B, A, B). It is sufficient to show that the function h(z)
defined by

h(z) = cfi(z) + (1 —c)faz) (0<e<T)

is also in the class T'S(f, g; A\, o, B, A, B). In fact, by taking p = 2,¢; = ¢ and
co =1 — cin Theorem 6.1, we immediately get the required result.

7 Radius of starlikeness and convexity

We begin this section with the following theorem.
Theorem 7.1. Let the function f(z) given by (1.1) with (1.2) be in the
class TS(f,g9; A\, 0, 8, A, B). Then f(z) is starlike of order ¢ (0 < ¢ < 1) in
|z| <\, 5, A, B), where

r(\ «, 5, A, B) = inf

k>2

{(1 — o) Mi(A o, 8, A, B>}k11 (7.1)

(k—o0)(A—B)
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with My(\, «, 5, A, B) defined as in (4.3). The result is sharp for the function

frn(2) given by (3.6).
Proof. It suffices to show that

2f'(2)
f(2)

or, equivalently

- 1‘ <l—-0 (0<o<1; |z|<r(Na,b,A,B)), (7.2)

i (lf — Z) Jag][2]*71 < 1. (7.3)

k=2
By Theorem 3.2, the ineauality (7.3) would hold true if

k—o |Z|k71 < Mk(/\7a767A7B)
1—0o - A—-B ’

or if

(1—o0)My(\, «, 8, A, B) =
\z|§{ i —o)A_D) } (k> 2).

Thus, we complete the proof.

Similary, we can prove the following theorem.

Theorem 7.2. Let the function f(z) given by (1.1) with (1.2) be in the
class TS(f,g; \,a, 8, A, B). Then f(z) is convex of order £ (0 < ¢ < 1) in
|z| < re(\, «, 8, A, B), where

ro(A\, o, B, A, B) = inf

nt { (1= M\, 4, B) } 74)

k(k —&)(A— B)

with My (A, «, 5, A, B) defined as in (4.3). The result is sharp for the function
frn(2) given by (3.6).

8 Subordination results

In order to prove our main result, we recall here the following definition and
lemma.

Definition 8.1 (Subordinating Factor Sequence [25]). A sequence {d}32,
of complex numbers is said to be a subordinating factor sequence if, when-
ever f of the form (1.1) is analytic, univalent and convex in U, we have the
subordination given by

deakzk < f(z) (z€U; a1 =1). (8.1)
k=1
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Lemma 8.1 (Wilf [25]). The sequence {dj}2, is a subordinating factor
sequence if and only if

Re{1+2§:dkzk}>0 (z€U). (8.2)
k=1

Let S*(f,g;\,a, 8, A, B) denote the class of functions f(z) € H whose
coefficients satisfy the condition (3.1). We note that S*(f, g; A\, «, 8, A, B) C
S(f,g; M a,8,A,B).

Employing the technique used earlier by Attiya [26], Srivastava and Attiya
[27] and Aouf [28], we prove

Theorem 8.1. Let f(z) € S*(f,g; N\, o, B, A, B), by, > by >0 (k > 2) and
—1 < B < A < 1. Suppose that K denote the class of functions f(z) € H
which are convex in U. Then for every function ¢(z) € K, we have

1+ MN[a(l+ 1+ |B|)S)+|A—B—aB|bs
2A-B)+ 1+ N(a(l 4+ (14 |B|)B) + |A — B — aB|)b,]

(f x 9)(2) < o(2),

(8.3)
and
(A—=B)+ 1+ N[a(l+ (1+|B|)p)+|A— B — aB|]b
Rl @) > = Nl + (L 1BNB) + |A — B — aBllos (Z( © [)])'
8.4
The constant 5 Aﬁ%ﬁg{i&;{ggfiﬁ;‘)‘g; ﬁ,ﬁg!b; 5] 15 the best estimate.
Proof. Let f(z2) € S*(f,9; A\, «, 5, A, B) and suppose that
o(2) =z + dezk € K.
k=2
Then, for f € H given by (1.1), we have
(I14+MN[a(l+ (14 |B|)B) +|A— B —aB|b (f % 6)(2)
2[(A—=B)+ (1 4+ N (a(l1+ (14 |B|)B) + |A— B — aB|)b,]
B (1+Na(l+ (1+|B|)B) +|A— B — aB|)b, - )
" 2A(A—B)+ (1+N(a(1+ (1+[B)B) + |A— B —aB))b) (Z * ; iz ) |
(8.5)

Thus, by Definition 8.1, the subordination result (8.3) will be true if the se-
quence

{ 1+ MN[a(l+ 1+ |B|)S)+|A—B—aB|b, " }OO
2(A—-B)+ (1 4+ N(a(1+ (14 |B|)B) + |A — B — aB|)b,] "

k=1
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is a subordinating factor sequence, with a; = 1. In view of Lemma 8.1, this is
equivalent to the following inequality

1+)\ [a(1+ (1+|B|)B)+ |A— B — aB|b,
1+ > 0.
{ Z + (1 4+ M)l + (1 +|B[)B) +|A— B — aB|]b,
(8.6)
Now, since the equality (4.3) is an increasing function of k (k > 2), we have
> (1+N)]a(14+(1+|B|)B) +|A— B — aBl|b, B
Re <1+
e{ 2 A—B)+ 1+ Na(l+ (1+|B])B) +|A— B — aB[b

(1+MN[a(1+(1+|B|)B)+|A— B —aB|b
(A—=B)+ (1+ N[a(l+ (1+|B|)B)+|A— B — aB|]b
1
TACB 1+ N+ 1+ B)B) +]A=B—aB|b
S+ Nal+ (L+[B))S) + A~ B - aB|]b2akzk}

= Re{l +

o 4+ M@+ +|B)B) +|A—B—aB[b
~ (A-B)+ [+ N+ @ +[BDA) + A~ B~ Bl

1
T(A-B)+ L+ Na(L (11 [B)B) + [A— B —aB[h,

. (1+/\)[a(1+(1—|—|B|)@)+|A—B—aB|]b2 B
- (A=DB)+ (1 + N1+ (1+[B[)B)+|A— B —aBl|b
A-B
(A=B)+ (1 + N[l +(1+|B|)B) +|A— B — aB|b
where we have used the assertion (3.1) of Theorem 3.1. Thus (8.6) holds true

in U. This prove the inequality (8.3). The inequality (8.4) follows by taking

the convex function ¢(z) = & = 2+ > ,-, 2¥ € K. To prove the sharpness
(1+M)[a(14+(1+|B|)B)+|A—B—aB]|]b2

of the constant 2[(A=B)+(14+N) (a(1+(1+|B))B)+|A—B—aB)bs]’
fo(2) € S*(f,9; A\, , B, A, B) given by

ZMk’ )\ O[,ﬂ,A B)|ak|rk

r=1-r>0 (|z| =r < 1),

we consider the function

A-B )
fo(z) =2 = (1+ N[a(1+ (1+|B|)B3) + |A— B — aBl]b
(-1<B<A<1; zel). (8.7)
Thus, from (8.3), we have
(1+XN)[a(l+ (1+|B))B) +|A— B — aBlb fol2) < 2

20A-B)+ 1+ N(a(l+ (1 +|B|)B) +|A — B — aB|)b,]
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Moreover, it can be verified for the function fy(2) given by (8.7) that

) (1+N]a(l+ (1+|B])B) +|A— B — aBl|]b 1
min < Re folz) p = —=.
|z|<r 2(A—=B)+ (14+ N (a(1+ (14 |B|)B) + |A = B — aB|)b,] 2

(8.9)
This shows that the constant (LN [(1+(1+|B)B) +A—B—aB]|bs is the best

2[(A=B)+(1+A)(a(1+(1+| B|) 8)+|A— B—aB|)b2]
possible. This completes the proof of Theorem 8.1.

Putting g(z) = z + > o0, Wi2® (or b, = Uy), where Uy, is defined by (1.8),
in Theorems 3.1 and 8.1, we obtain the following corollary:

Corollary 8.1. Let f defined by (1.1) be in the class S} (([a1]; A\, a, 8, A, B)
and satisfy the condition

Z 1+ Ak=1)][a(k=1)(1+(1+|B|)S)+|A—aBk+B(a—1)||¥|ax| < A-B.
k=2

Then for every function ¢(z) € K, we have

(14+MN[a(1+ (1+|B|)B) +|A— B —aB||¥,
2(A—B)+ (14+ N (a(l1+ (14 |B|)B) + |A — B — aB|)¥,]

(f x 9)(2) < 6(2),

and

(A—=B)+ 1+ Na(l+ (1 +|B|)p)+|A— B —aB||V,
RAJE} > =0 ali + 1+ 1BDA) + |4 — B — aBIY,

(z € U).
The constant 5 A_%ff()l[i(fﬂg(fﬂfﬁ‘)f{ ﬁ;ﬁ‘g!ﬁ;l)%] is the best estimate.
Putting ¢(z) = z 4+ > 4oy I™(p,1)2" (or by = I™(p,1)), where I"™(p,1) is
defined by (1.9), in Theorems 3.1 and 8.1, we obtain the following corollary:
Corollary 8.2. Let f defined by (1.1) be in the class S*(p, I, m; A\, o, B, A, B)
and satisfy the condition

WE

[1+A(k—D))[a(k—1)(1+(14|B|) B)+|A—aBk+B(a—1)|] {1 + 1+ pk— 1)} m

141 i

b
||

2
<A-B.
Then for every function ¢(z) € K, we have

(I+Na(1+(1+|B))S)+|A—B—aB|[(1+1+p)™
2A-B)1+D)m+ 1+ N (a(1+ 1+ |B|)B)+|A—B—aB)(1+1+p)™]

(fxd)(z) < 9(2),

and

Re{f(z)}>_(A—B)(1+l)m+(1+A)[a(1+(1+|B|>) [A-B—aB||(1+1+p)"

1+ N1+ 1+ |B)B)+|A—B—aB||(1+1+p)™
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(L X)[a(1+ (14| B)S)+|A~ B-aB[[(1+1+p)" is the best esti-

The constant srz—gyim (143 @1+ 1+ B)B) +HA—B—a B 1F )]

mate.

Remarks. Specializing the function ¢ and the parameters \, «, 3, A, B
involved in the results presented in this paper, we can obtain the correspond-
ing results for the corresponding operators and classes (1)-(4) defined in the
introduction.
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9 Open Problem

The authors suggest to study the properties of partial sum and Hadmard
product for the function classes TS(f, g; A\, «, 5, A, B) and S(f, g; A\, o, 5, A, B).
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