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Abstract
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1 Introduction

Let Σ∗p,j denote the class of meromorphic functions

f(z) =
1

zp
+
∞∑
n=j

|an|zn, (j ∈ N∗ = {2i− 1 : i ∈ {1, 2, · · ·}}), (1)
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which are analytic and p-valent in the punctured disc U∗ = {z : 0 < |z| <
1} = U\{0} with a simple pole at the origin with residue one there.

A function f ∈ Σ∗p,j is said to be meromorphically starlike of order α if it
satisfies

Re{−zf
′(z)

pf(z)
} > α, (2)

for some α(0 ≤ α < 1) and for all z ∈ U∗
f ∈ Σ∗p,j is said to be meromorphically convex of order α if it satisfies

Re{−
(

1

p
+
zf ′′(z)

pf ′(z)

)
} > α, (3)

for some α(0 ≤ α < 1) and for all z ∈ U∗

Some subclasses of Σ∗p,j when p = 1, j = 1 were introduced by Miller[1],Cho
et al.[2]and Aouf[3,4].

For f(z) = 1
zp

+
∑∞

n=j |an|zn and g(z) = 1
zp

+
∑∞

n=j |bn|zn the Hadamard
product (or convolution)is defined by

(f ∗ g)(z) =
1

zp
+
∞∑
n=j

|an||bn|zn = (g ∗ f)(z).

The linear operator Lp(a, c) is defined as follows (see Saitoh[5], Liu and
Srivastava[6])

Lp(a, c)f(z) = ϕp(a, c; z) ∗ f(z)
(
f(z) ∈ Σ∗p,j

)
, (4)

and ϕp(a, c; z) is defined by

ϕp(a, c; z) =
1

zp
+
∞∑
n=1

(a)n
(c)n

zn−1 (z ∈ U∗a ∈ R; c ∈ R\z−0 ; z−0 := {0,−1,−2, · · ·})

(5)
, where (ν)k is the pochhammer symbol defined (in terms of the Gamma func-
tion) by

(ν)n =
Γ(ν + n)

Γ(ν)
=

{
1, n = 0
ν(ν + 1) · · · (ν + n− 1), n ∈ N.

Aouf, Silverman and Srivastava [7] by means of the linear operator Lp(a, c)
defined the classes Pa,c(A,B; p, λ) and P+

a,c(A,B; p, λ), further investigated the
properties of these tow classes . In [8] Aouf and El-Ashwah investigated several
properties for the class Σ∗m(a, c, A,B, α) of univalent meromorphic functions

with positive coefficients. Aouf [9] defined the subclasses of
∑(A,B)

p by use of
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derivative operator and discussed the correspondig properties. In this paper we
will use operator Lp(a, c) to define a subclass of p-valent meromorphic function
class Σ∗p,j as below:

For p ∈ N, a > 0, c > 0, 0 ≤ α ≤ (p+m−1)!
(p−1)! , m ∈ N∗, m ≤ j and for the

parameters λ, A and B such that

−1 ≤ A < B ≤ 1, 0 < B ≤ 1, λ ≥ 1, (6)

we say that a function f(z) ∈ Σ∗p,j is in the class Σ∗p,j(a, c, A,B, α,m;λ) if it
satisfies the following subordination:

1

− (p+m−1)!
(p−1)!

+ α
[(λ− 1)(p +m− 1)z

p+m−1
(Lp(a, c)f(z))

(m−1)
+ λz

p+m
(Lp(a, c)f(z))

(m)
+ α] ≺

1 + Az

1 + Bz
. (7)

Or equivalently, if the following inequality holds true:∣∣∣∣∣∣
(λ− 1)(p +m− 1)zp+m−1(Lp(a, c)f(z))

(m−1) + λzp+m(Lp(a, c)f(z))
(m) +

(p+m−1)!
(p−1)!

B
[
(λ− 1)(p +m− 1)zp+m−1(Lp(a, c)f(z))(m−1) + λzp+m(Lp(a, c)f(z))(m)

]
+
[
B

(p+m−1)!
(p−1)!

+ (A− B)
(

(p+m−1)!
(p−1)!

− α
)]
∣∣∣∣∣∣ < 1.

(8)

From the above definition we can imply that the function class Σ∗m(a, c, A,B, α)
in [8] is the special case of Σ∗p,j(a, c, A,B, α,m;λ) in our present paper because
Σ∗1,j(a, c, A,B, α,m; 1) = Σ∗m(a, c, A,B, α).

Since Σ∗1,j(a, c, A,B, α,m; 1) = Σ∗m(a, c, A,B, α) ,then like [8] we have the
following subclasses which were studied in many earlier works:
(1) Σ∗1,j(a, a,−β, β, 0,m; 1) = Tm(β)(m ∈ N∗, 0 < β ≤ 1) (Kim et al.[10]).

(2) Σ∗1,j(a, a,−β, (2γ − 1)β, α, 1; 1) = Σ1(α, β, γ) (0 ≤ α < 1; 0 < β ≤ 1; 1
2
≤

γ ≤ 1) (Cho et al. [2]).

(3) Σ∗1,j(a, a,−A,−B, 0, 1; 1) = Σ1(A,B) (−1 ≤ B < A ≤ 1;−1 ≤ B <
0) (Cho[11]).

(4) Σ∗1,j(a, a,−A,−B,α, 1; 1) = Σ(α, 1, A,B, 1) (0 ≤ α < 1;−1 ≤ A < B ≤
1; 0 < B ≤ 1) (Aouf[4]).

The purpose of this paper is to give various properties of Σ∗p,j(a, c, A,B, α,m;λ)
. We will extend the results of basic paper [8].

2 Coefficient inequality for class Σ∗p,j(a, c, A,B, α,m;λ)

Theorem 2.1 Suppose f(z) = 1
zp

+
∑∞

n=j |an|zn, then
f(z) ∈ Σ∗p,j(a, c, A,B, α,m;λ) if and only if

∞∑
n=j

φn(p,B, a, c, α,m;λ)|an| ≤ (B − A), (9)

where

φn(p,B, a, c, α,m;λ) =
(1 +B) [p(λ− 1) + λn−m+ 1] (a)n+1n!

(c)n+1(n−m+ 1)!
[
(p+m−1)!
(p−1)! − α

] . (10)
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Proof For f(z) = 1
zp

+
∑∞

n=j |an|zn, we denote
∣∣∣∣∣Fp,m(a, c, λ, z) +

(p +m− 1)!

(p− 1)!

∣∣∣∣∣
−

∣∣∣∣∣B [Fp,m(a, c, λ, z)
]
+

[
B

(p +m− 1)!

(p− 1)!
+ (A− B)

(
(p +m− 1)!

(p− 1)!
− α

)]∣∣∣∣∣
=

∣∣∣∣∣∣
∞∑

n=j

|an|
(a)n+1n! [p(λ− 1) + λn−m + 1]

(c)n+1(n−m + 1)!
z
n+p

∣∣∣∣∣∣
−

∣∣∣∣∣∣(B − A)

(
(p−m + 1)!

(p− 1)!
− α

)
− B

∞∑
n=j

|an|
(a)n+1n! [p(λ− 1) + λn−m + 1]

(c)n+1(n−m + 1)!
z
n+p

∣∣∣∣∣∣
≤

∞∑
n=j

|an|
(a)n+1n! [p(λ− 1) + λn−m + 1]

(c)n+1(n−m + 1)!
|z|n+p

−

(B − A)

(
(p−m + 1)!

(p− 1)!
− α

)
− B

∞∑
n=j

|an|
(a)n+1n! [p(λ− 1) + λn−m + 1]

(c)n+1(n−m + 1)!
|z|n+p


≤

∞∑
n=j

(1 + B)|an|
(a)n+1n! [p(λ− 1) + λn−m + 1]

(c)n+1(n−m + 1)!
− (B − A)

(
(p−m + 1)!

(p− 1)!
− α

)
(z ∈ ∂U),

where

Fp,m(a, c, λ, z) = (λ− 1)(p+m− 1)zp+m−1 (Lp(a, c)f(z))(m−1)

+ λzp+m (Lp(a, c)f(z))(m) .

By the Maximum Modulus Theorem, for any z ∈ U we have∣∣∣∣∣Fp,m(a, c, λ, z) +
(p +m− 1)!

(p− 1)!

∣∣∣∣∣
−

∣∣∣∣∣B [Fp,m(a, c, λ, z)
]
+

[
B

(p +m− 1)!

(p− 1)!
+ (A− B)

(
(p +m− 1)!

(p− 1)!
− α

)]∣∣∣∣∣
≤

∞∑
n=j

(1 + B)|an|
(a)n+1n! [p(λ− 1) + λn−m + 1]

(c)n+1(n−m + 1)!
− (B − A)

(
(p−m + 1)!

(p− 1)!
− α

)
≤ 0,

this implies f(z) ∈ Σ∗p,j(a, c, A,B, α,m;λ).

Conversely, suppose f(z) ∈ Σ∗p,j(a, c, A,B, α,m;λ), then we have∣∣∣∣∣∣
∑∞

n=j |an|
(a)n+1n![p(λ−1)+λn−m+1]

(c)n+1(n−m+1)!
zn+p

B
∑∞

n=j |an|
(a)n+1n![p(λ−1)+λn−m+1]

(c)n+1(n−m+1)!
zn+p + (A−B)

(
(p−m+1)!
(p−1)! − α

)
∣∣∣∣∣∣ < 1.

Since |Rez| ≤ |z| for all z, choosing z to be real and letting z → 1− through
real value, then we have∑∞

n=j |an|
(a)n+1n![p(λ−1)+λn−m+1]

(c)n+1(n−m)!(n−m+1)
|z|n+p

(B − A)
(

(p−m+1)!
(p−1)! − α

)
−B

∑∞
n=j |an|

(a)n+1n![p(λ−1)+λn−m+1]
(c)n+1(n−m)!(n−m+1)

|z|n+p
< 1.

So we have
∞∑
n=j

(1+B)|an|
(a)n+1n! [p(λ− 1) + λn−m+ 1]

(c)n+1(n−m)!(n−m+ 1)
≤ (B−A)

(
(p−m+ 1)!

(p− 1)!
− α

)
,

this completes the proof of theorem 2.1.
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Corollary 2.2 Let f(z) = 1
zp

+
∑∞

n=j |an|zn, if f(z) ∈ Σ∗p,j(a, c, A,B, α,m;λ),
then

|an| ≤
(B − A)

[
(p+m−1)!
(p−1)! − α

]
(1 +B) (a)n+1n![p(λ−1)+λn−m+1]

(c)n+1(n−m+1)!

,

the result is sharp when

f(z) =
1

zp
+

(B − A)
[
(p+m−1)!
(p−1)! − α

]
(1 +B) (a)n+1n![p(λ−1)+λn−m+1]

(c)n+1(n−m+1)!

zn.

Remark 2.3 Theorem 2.1 in this paper is the extension of theorem 1 in
[8].

3 Distortion Theorem

Theorem 3.1 If f(z) = 1
zp

+
∑∞

n=j |an|zn be in the class Σ∗p,j(a, c, A,B, α,m;λ),
then {

(p+ k − 1)!

(p− 1)!
Fp,j(A,B, a, c,m, k, λ, α)|z|j+p

}
|z|−(k+p)

≤ |f (k)(z)|

≤
{

(p+ k − 1)!

(p− 1)!
+ Fp,j(A,B, a, c,m, k, λ, α)|z|j+p

}
|z|−(k+p), (11)

where Fp,j(A,B, a, c,m, k, λ, α) =
(B−A)(c)j+1(j−m+1)![ (p+m−1)!

(p−1)!
−α]

(1+B)(a)j+1(j−k)![p(λ−1)+λj−m+1]
. Furthermore

a > c > 0, (p+m−1)!
(p−1)! −

(1+B)(a)j+i(j−k)![p(λ−1)+λj−m+1](p+k−1)!
(B−A)(c)j+i(j−m+1)(p−1)! ≤ α < (p+m−1)!

(p−1)! ,

j,m ∈ N∗, k ∈ N0; k ≤ m− 1 ≤ j − 1.
The result is sharp for the function f given by

f(z) =
1

zp
+

(B − A)
[
(p+m−1)!
(p−1)! − α

]
(1 +B)

(a)j+1j![p(λ−1)+λj−m+1]

(c)j+1(j−m+1)!

zj.

Proof Let f(z) = 1
zp

+
∑∞

n=j |an|zn, 0 ≤ k ≤ (m− 1), then we have

f (k)(z) =
(−1)k(p+ k − 1)!

zp+k(p− 1)!
+
∞∑
n=j

|an|
n!

(n− k)!
zn−k, (12)

and we can imply

(1 +B)
(a)j+1(j − k)! [p(λ− 1) + λj −m+ 1]

(c)j+1(j −m+ 1)!

∞∑
n=j

n!

(n− k)!
|an|

≤
∞∑
n=j

(1 +B)
(a)n+1n! [p(λ− 1) + λn−m+ 1]

(c)n+1(n−m+ 1)!
|an|.
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By theorem 2.1 we obtain

∞∑
n=j

n!

(n− k)!
|an| ≤ (B − A)

[
(p+m− 1)!

(p− 1)!
− α

]
(c)j+1(j −m+ 1)!

(1 +B)(a)j+1(j − k)! [p(λ− 1) + λj −m+ 1]
, (13)

by (12)and (13) we can imply (11).

4 Radius of starlikeness and convexity

Theorem 4.1 Let the function f(z) defined by (1) be in the class
Σ∗p,j(a, c, A,B, α,m;λ). Then f(z) is starlike of ξ(0 ≤ ξ < 1) in
|z| < rξ(A,B, a, c, p, α,m;λ) where

rξ(a, c, A,B, p, α,m;λ) = infn≥j

{
p(1− ξ)φn(p,B, a, c, α,m;λ)

(B − A)(n+ 2p− ξp)

} 1
n+p

, (14)

and φn(p,B, a, c, α,m;λ) is defined by (10).

Proof It sufficient to show that∣∣∣∣1 +
zf ′(z)

pf(z)

∣∣∣∣ < 1− ξ for |z| < rξ(a, c, A,B, p, α,m;λ).

Since ∣∣∣∣1 +
zf ′(z)

pf(z)

∣∣∣∣ =

∣∣∣∣∣
∑∞

n=j(n+ p)|an|zn+p

p+
∑∞

n=j p|an|zn+p

∣∣∣∣∣
≤

∑∞
n=j(n+ p)|an||z|n+p

p−
∑∞

n=j p|an||z|n+p
,

to prove (14) it sufficient to prove∑∞
n=j(n+ p)|an||z|n+p

p−
∑∞

n=j p|an||z|n+p
< 1− ξ.

It is equivalent to
∞∑
n=j

(n+ 2p− pξ)|an|
p(1− ξ)

|z|n+p ≤ 1. (15)

By theorem 2.1 we have

∞∑
n=j

φn(p,B, a, c, α,m;λ)

(B − A)
|an| ≤ 1.
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Hence (15) will be true if

(n+ 2p− pξ)
p(1− ξ)

|z|n+p ≤ φn(p,B, a, c, α,m;λ)

B − A
,

it is equivalent to

|z| ≤
{
p(1− ξ)φn(p,B, a, c, α,m;λ)

(B − A)(n+ 2p− pξ)

} 1
n+p

.

This completes the proof.

Theorem 4.2 Let the function f(z) defined by (1) be in the class
Σ∗p,j(a, c, A,B, α,m;λ). Then f(z) is convex of η(0 ≤ η < 1) in
|z| < rη(A,B, a, c, p, α,m;λ) where

rη(A,B, a, c, p, α,m;λ) = infn≥j

{
p(1− η)φn(p,B, a, c, α,m;λ)

n(B − A)(n+ 2p− pη)

} 1
n+p

, (16)

and φn(p,B, a, c, α,m;λ) is defined by (10).

Proof It sufficient to show that∣∣∣∣1 +
1

p
+
zf ′′(z)

pf ′(z)

∣∣∣∣ < 1− η for |z| < rη(A,B, a, c, p, α,m;λ).

Since ∣∣∣∣1 +
1

p
+
zf ′′(z)

pf ′(z)

∣∣∣∣ =

∣∣∣∣∣
∑∞

n=j n(n+ p)|an|zn+p

−p+
∑∞

n=j np|an|zn+p

∣∣∣∣∣
≤

∑∞
n=j n(n+ p)|an||z|n+p

p−
∑∞

n=j np|an||z|n+p
,

to prove (16) it sufficient to prove∑∞
n=j n(n+ p)|an||z|n+p

p−
∑∞

n=j np|an||z|n+p
< 1− η.

It is equivalent to
∞∑
n=j

n(n+ 2p− pη)

p(1− η)
|z|n+p ≤ 1. (17)

By theorem 2.1 we have

∞∑
n=j

φn(p,B, a, c, α,m;λ)

(B − A)
|an| ≤ 1.
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Hence (17) will be true if

n(n+ 2p− pη)|an|
p(1− η)

|z|n+p ≤ φn(p,B, a, c, α,m;λ)

B − A
,

it is equivalent to

|z| ≤
{
p(1− η)φn(p,B, a, c, α,m;λ)

n(B − A)(n+ 2p− pη)

} 1
n+p

.

This completes the proof.

5 δ-Neighborhoods of Σ∗p,j(a, c, A,B, α,m;λ)

Based on the earlier works of Aouf, Silverman and Srivastava[7] Goodman[12]
and by Altintas et al.[13] ,we introduce the δ-neighborhood of a function f(z) ∈
Σ∗p,j of the form (1) and present the relationship between δ-neighborhood and
corresponding function class.

Definition 5.1 The δ-neighborhood of a function f(z) ∈ Σ∗p,j of the form
(1) is defined as follows:

N+
δ (f) =

{
g : g(z) =

1

zp
−
∞∑
n=j

|bn|zn ∈ Σ∗p,j and
∞∑
n=j

tk ||bn| − |an|| < δ

}
,

(18)
where

tk =
n!(1 +B) [p(λ− 1) + λn−m+ 1])(a)n+1

(B − A)(n−m+ 1)!
[
(p+m−1)!
(p−1)! − α

]
(c)n+1

,

and a > 0, c > 0,−1 ≤ A < B ≤ 1, 0 < B ≤ 1, δ > 0, 0 ≤ α < (p+m−1)!
(p−1)! , j,m ∈

N∗, j ≥ m.

Theorem 5.2 Let the function f(z) defined by (1) be in the class Σ∗p,j(a+
1, c, A,B, α,m;λ), then

N+
δ (f) ⊂ Σ∗p,j(a, c, A,B, α,m;λ),

(
δ :=

j + 1

a+ j + 1

)
.

This result is the best possible in the sense that δ can not be increased.

Proof It is easily seen from (8) that f(z) ∈ Σ∗p,j(a, c, A,B, α,m;λ) if and only
if for any complex number σ with |σ| = 1

(λ− 1)(p +m− 1)zp+m−1(Lp(a, c)f(z))
(m−1) + λzp+m(Lp(a, c)f(z))

(m) +
(p+m−1)!

(p−1)!

B
[
(λ− 1)(p +m− 1)zp+m−1(Lp(a, c)f(z))(m−1) + λzp+m(Lp(a, c)f(z))(m)

]
+
[
B

(p+m−1)!
(p−1)!

+ (A− B)
(

(p+m−1)!
(p−1)!

− α
)]

6= σ. (19)
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Which is equivalent to

(f ∗ h)(z)

z−p
6= 0, (z ∈ U), (20)

where

h(z) =
1

zp
+
∞∑
n=j

cnz
n

=
1

zp
+
∞∑
n=j

n!(1− σB) [p(λ− 1) + λn−m+ 1] (a)n+1

σ(B − A)(n−m+ 1)!
[
(p+m−1)!
(p−1)! − α

]
(c)n+1

zn.

Now if f(z) ∈ Σ∗p,j(a+ 1, c, A,B, α,m;λ),then we have∣∣∣∣f(z) ∗ h(z)

z−p

∣∣∣∣ =

∣∣∣∣∣1 +
∞∑
n=j

cn|an|zn+p
∣∣∣∣∣

≥ 1−
∞∑
n=j

n!(1 +B) [p(λ− 1) + λn−m+ 1] (a)n+1

(B − A)(n−m+ 1)!
[
(p+m−1)!
(p−1)! − α

]
(c)n+1

≥ 1− a

a+ j + 1

∞∑
n=j

n!(1 +B) [p(λ− 1) + λn−m+ 1] (a+ 1)n+1

(B − A)(n−m+ 1)!
[
(p+m−1)!
(p−1)! − α

]
(c)n+1

≥ 1− a

a+ j + 1
=

j + i

a+ j + 1
= δ. (21)

For any g ∈ N+
δ (f),we have∣∣∣∣ [f(z)− g(z)] ∗ h(z)

z−p

∣∣∣∣ =

∣∣∣∣∣
∞∑
n=j

(|bn| − |an|) |cn|zn+p
∣∣∣∣∣

≤
∞∑
h=j

||bn| − |an|| |cn|

≤ δ. (22)

From (21),(22) we can imply g(z)∗h(z)
z−p

6= 0,it means g(z) ∈ Σ∗p,j(a, c, A,B, α,m;λ).

To show the sharpness, we consider the functions f and g given by

f(z) =
1

zp
+

(B − A)(j −m+ 1)!
[
(p+m−1)!
(p−1)! − α

]
(c)j+1

j!(1 +B) [p(λ− 1) + λj −m+ 1] (a)j+1

zj, (23)

g(z) =
1

zp
+

 B − A
φj(p,B, a, c, α,m;λ)

+
(B − A)(j −m + 1)!

[
(p+m−1)!

(p−1)!
− α

]
δ′(c)j+1

j!(1 + B) [p(λ− 1) + λj −m + 1] (a)j+1

 zj . (24)



Certain subclass of p-valent meromorphic 19

where δ′ > δ = j+1
a+j+1

.

Clearly g ∈ N+
δ′ (f),but by theorem 1 g(z)∈Σ∗p,j(a, c, A,B, α,m;λ), since

φj(p,B, a, c, α,m;λ)

B − A
·

 B − A
φj(p,B, a, c, α,m;λ)

+
(B − A)(j −m + 1)!

[
(p+m−1)!

(p−1)!
− α

]
δ′(c)j+1

j!(1 + B) [p(λ− 1) + λj −m + 1] (a)j+1


=

(a)j+1

(a + 1)j+1

+ δ
′

=
a

a + j + 1
+ δ
′

>
a

a + j + 1
+

j + 1

a + j + 1
= 1.

6 Properties associated with modified Hadamard

product

Following early works by Aouf,Silverman and Srivastava in [8], we provide the
properties of modified Hadamard product of Σ∗p,j(a, c, A,B, α,m;λ)

For the function

fk(z) =
1

zp
+
∞∑
n=j

|an,k|zn (k = 1, 2; p ∈ N∗), (25)

the modified Hadamard product of the functions f1(z) and f2(z) was denoted
by (f1 • f2)(z) and defined as follows

(f1 • f2)(z) =
1

zp
+
∞∑
n=j

|an,1||an,2|zn = (f2 • f1)(z).

Theorem 6.1 Let fk(z) (k = 1, 2) given by (25) be in the class
Σ∗p,j(a, c, A,B, α,m;λ),then

(f1 • f2)(z) ∈ Σ∗p,j(a, c, A,B, γ,m;λ),

where

γ :=
(p+m− 1)!

(p− 1)!
−

(B − A)(j −m+ 1)!
[
(p+m−1)!
(p−1)! − α

]2
(c)j+1

j!(1 +B) [p(λ− 1) + λj −m+ 1] (a)j+1

.

The result is sharp for the functions fk(z) (k = 1, 2) given by

fk(z) =
1

zp
+

(B − A)(j −m+ 1)!
[
(p+m−1)!
(p−1)! − α

]
(c)j+1

j!(1 +B) [p(λ− 1) + λj −m+ 1] (a)j+1

. (26)
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Proof By theorem 2.1 we need to find the largest γ such that

∞∑
n=j

n!(1 +B) [p(λ− 1) + λn−m+ 1] (a)n+1

(B − A)(n−m+ 1)!
[
(p+m−1)!
(p−1)! − γ

]
(c)n+1

|an,1| · |an,2| ≤ 1.

Since fk(z) ∈ Σ∗p,j(a, c, A,B, α,m;λ), then we see that

∞∑
n=j

n!(1 +B) [p(λ− 1) + λn−m+ 1] (a)n+1

(B − A)(n−m+ 1)!
[
(p+m−1)!
(p−1)! − α

]
(c)n+1

|an,k| ≤ 1, (k = 1, 2),

by Cauchy-Schwartz inequality, we obtain

∞∑
n=j

n!(1 +B) [p(λ− 1) + λn−m+ 1] (a)n+1

(B − A)(n−m+ 1)!
[
(p+m−1)!
(p−1)! − α

]
(c)n+1

√
|an,1| · |an,2| ≤ 1. (27)

This implies that we only need to show that

1[
(p+m−1)!
(p−1)! − γ

] |an,1| · |an,2| ≤ 1[
(p+m−1)!
(p−1)! − α

]√|an,1| · |an,2|,
or equivalently that

√
|an,1| · |an,2| ≤

[
(p+m−1)!
(p−1)! − γ

]
[
(p+m−1)!
(p−1)! − α

] .
By making use of the inequality (27), it is sufficient to prove that

(B − A)(n−m+ 1)!
[
(p+m−1)!
(p−1)! − α

]
(c)n+1

n!(1 +B) [p(λ− 1) + λn−m+ 1] (a)n+1

≤

[
(p+m−1)!
(p−1)! − γ

]
[
(p+m−1)!
(p−1)! − α

] . (28)

From (28), we have

γ ≤ (p+m− 1)!

(p− 1)!
−

(B − A)(n−m+ 1)!
[
(p+m−1)!
(p−1)! − α

]2
(c)n+1

n!(1 +B) [p(λ− 1) + λn−m+ 1] (a)n+1

.

Define the function Φ(n) by

Φ(n) :=
(p+m− 1)!

(p− 1)!
−

(B − A)(n−m+ 1)!
[
(p+m−1)!
(p−1)! − α

]2
(c)n+1

n!(1 +B) [p(λ− 1) + λn−m+ 1] (an+1)
,
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we see that Φ(n) is an increasing function of a > c > 0, 0 ≤ α ≤ (p+m−1)!
(p−1)! , j ≥

m .Therefore, we conclude that

γ ≤ φ(j) =
(p+m− 1)!

(p− 1)!
−

(B − A)(j −m+ 1)!
[
(p+m−1)!
(p−1)! − α

]2
(c)j+1

j!(1 +B) [p(λ− 1) + λj −m+ 1] (aj+1)
.

By using arguments similar to those in the proof of theorem 6.1 we can
derive the following result.

Theorem 6.2 Let f1(z) defined by (25) be in the class Σ∗p,j(a, c, A,B, α1,m;λ),
f2(z) defined by (25) be in the class Σ∗p,j(a, c, A,B, α2,m;λ),then

(f1 • f2)(z) ∈ Σ∗p,j(a, c, A,B, τ,m;λ),

where

τ :=
(p+m− 1)!

(p− 1)!
−

(B − A)(j −m+ 1)!
[
(p+m−1)!
(p−1)! − α1

] [
(p+m−1)!
(p−1)! − α2

]
(c)j+1

j!(1 +B) [p(λ− 1) + λj −m+ 1] (aj+1)
.

The result is sharp for the functions fj(z) (j = 1, 2) given by

f1(z) =
1

zp
+

(B − A)(j −m+ 1)!
[
(p+m−1)!
(p−1)! − α1

]
(c)j+1

j!(1 +B) [p(λ− 1) + λj −m+ 1] (a)j+1

,

f2(z) =
1

zp
+

(B − A)(j −m+ 1)!
[
(p+m−1)!
(p−1)! − α2

]
(c)j+1

j!(1 +B) [p(λ− 1) + λj −m+ 1] (a)j+1

.

Theorem 6.3 Let fk(z) (k = 1, 2) defined by (25) be in the class
Σ∗p,j(a, c, A,B, α,m;λ),then the function h(z) defined by

h(z) =
1

zp
+
∞∑
n=j

(
|an,1|2 + |an,2|2

)
zn,

belongs to the class Σ∗p,j(a, c, A,B, χ,m;λ) where

χ :=
(p+m− 1)!

(p− 1)!
−

2(B − A)(j −m+ 1)!
[
(p+m−1)!
(p−1)! − α

]2
(c)j+1

j!(1 +B) [p(λ− 1) + λj −m+ 1] (a)j+1

.

This result is sharp for the functions given by (26)
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Proof By theorem 2.1 we want to find the largest χ such that

∞∑
n=j

n!(1 +B) [p(λ− 1) + λn−m+ 1] (a)n+1

(B − A)(n−m+ 1)!
[
(p+m−1)!
(p−1)! − χ

]
(c)n+1

(
|an,1|2 + |an,2|2

)
≤ 1. (29)

Since fk(z) ∈ Σ∗p,j(a, c, A,B, α,m;λ), (k = 1, 2) we readily see that

∞∑
n=j

n!(1 +B) [p(λ− 1) + λn−m+ 1] (a)n+1

(B − A)(n−m+ 1)!
[
(p+m−1)!
(p−1)! − α

]
(c)n+1

|an,k| ≤ 1, (k = 1, 2). (30)

From (30) we have

∞∑
n=j

 n!(1 +B) [p(λ− 1) + λn−m+ 1] (a)n+1

(B − A)(n−m+ 1)!
[
(p+m−1)!
(p−1)! − α

]
(c)n+1

2

|an,k|2 ≤ 1, (k = 1, 2),

then we have

∞∑
n=j

 n!(1 +B) [p(λ− 1) + λn−m+ 1] (a)n+1

(B − A)(n−m+ 1)!
[
(p+m−1)!
(p−1)! − α

]
(c)n+1

2 (
|an,1|2 + |an,2|2

)
≤ 2.

(31)
From (31), if we want to prove (29), it sufficient to prove there exists the

largest χ such that

1[
(p+m−1)!
(p+1)!

− χ
] ≤ n!(1 +B) [p(λ− 1) + λn−m+ 1] (a)n+1

2(B − A)(n−m+ 1)!
[
(p+m−1)!
(p−1)! − α

]2
(c)n+1

,

that is

χ ≤ (p+m− 1)!

(p− 1)!
−

2(B − A)(n−m+ 1)!
[
(p+m−1)!
(p−1)! − α

]2
(c)n+1

n!(1 +B) [p(λ− 1) + λn−m+ 1] (a)n+1

.

Now we define Ψ(n) by

Ψ(n) =
(p+m− 1)!

(p− 1)!
−

2(B − A)(n−m+ 1)!
[
(p+m−1)!
(p−1)! − α

]2
(c)n+1

n!(1 +B) [p(λ− 1) + λn−m+ 1] (a)n+1

,

we see that Ψ(n) is an increasing function of n.Therefore, we conclude that

χ ≤ Ψ(j) =
(p+m− 1)!

(p− 1)!
−

2(B − A)(j −m+ 1)!
[
(p+m−1)!
(p−1)! − α

]2
(c)j+1

n!(1 +B) [p(λ− 1) + λj −m+ 1] (a)j+1

.

which completes the proof of theorem 6.3.
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7 Open Problem

Let
∑ξ

p,j denote the class of meromorphic functions

f(z) =
a0

(z − ξ)p
+
∞∑
n=j

|an|zn, (a0 > 0, 0 ≤ ξ < 1, j ∈ N∗ = {2i− 1 : i ∈ N}),

which are analytic and p-valent in the punctured disc U∗ξ = {z : 0 < |z − ξ| <
1 + |ξ|} with a simple pole at the origin with residue one there.

Let LSp,a,c(α, µ;A,B) denote the subclass of
∑ξ

p,j consisting of function
f(z) which satisfy the following inequality:

1

− (p+m−1)!a0
(p−1)! + α

Fa,ξ(p, λ, α)−µ|frac1−(p+m− 1)!a0
(p− 1)!

+ αFa,ξ(p, λ, α)−1| ≺ 1 + Az

1 +Bz
,

where

Fa,ξ(p, λ, α) = (λ− 1)(p+m− 1)(z − ξ)p+m−1(Lp(a, c)f(z))(m−1)

+ λ(z − ξ)p+m(Lp(a, c)f(z))(m) + α.

Discuss coefficient inequality, distortion theorem, neighborhood properties,
convexity and starlike radius of subclass LSp,a,c(α, µ;A,B).
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