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1 Introduction

Let A denote the class of functions of the form
f(z) zz+2anz", (1)
n=2
which are analytic in the open unit disk
U={zeC:|z] <1}

and satisfy the following usual normalization condition

fO)=f(0)-1=0.
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We denote by S the subclass of A consisting of functions f(z) which are
univalent in U.

In order to prove our main results, we need:

In [5], Pascu gave the following univalence criterion:

Theorem 1.1 [5] Let 5 € C with Ref > 0. If f € A satisfies

1— |Z|2Reﬁ

Ref

2f"(2)
f'(2)

<1,

for all z € U, then the integral operator
z -
R = (5 [ o)
0

Further, Pescar [6] gave the following theorem:

15 in the class S.

Theorem 1.2 [6] Let § € C with Ref > 0, ¢ € C with || < 1, ¢ # —1. If

f € A satisfies
28 28 zf"(2)
clz|™ + (1 — || ) 3702)

<1,

for all z € U then the integral operator

Fy(z) = <ﬁ / Z tﬂ‘lf’(t)dt) B

15 in the class S.

Definition 1.3 A function f € A is said to be a member of the class
B(p,a), 0 <a <1, u>0if and only if

£(2) (%)#—1‘<1—a (zel). (2)

The family B(u, ) was introduced and studied by Frasin and Jahangiri (see
3)).

This family is a comprehensive class of analytic functions which includes vari-
ous new classes of analytic univalent functions as well as some very well-known
ones, such as B(1,a) = §* («) . Frasin and Darus in [2] (see also [1]) have been
introduced another interesting subclass B(2, «) = B(«).

Now, we define the following new integral operator.



The Univalence Conditions For a New Integral Operator 3

Definition 1.4 Let v;,0; € C for alli € {1,2,....,n}, B € C with Ref > 0.
We let

Iﬁ (f17 "'7fn;gla 7gn> : An — A
be the integral operator given by

z n ) 9 . B
Iﬂ<f1,...,fn;g1,...,gn><z>=(5 [T () (6gi(t))%dt> ®

In the present paper, we study the univalence conditions for the integral op-
erator Ig (f1,..., fu; 91, .-, gn) (2) defined by (3) to be univalent in U, when
fisgi € B(ui, o), 0<a; <1, pu; >0forallie{l,2,..,n}.

For this purpose, we need the familiar Schwarz Lemma (see, for details, [4])

Lemma 1.5 (General Schwarz Lemma) [4]. Let the function f be reg-
ular in the disk Ugr = {z € C : |z| < R}, with |f(2)| < M for fivzed M. If f
has one zero with multiplicity order bigger than m for z =0, then

M m
[f(2)] < 7 12 (z € Un).
The equality can hold only if
o M
f(z) = e —2m,

where 0 is constant.

2 Main Results

Theorem 2.1 Let the functions f;,g; € A for all i € {1,2,....,n}, 5,0,V
be complexr numbers, Refs > 0 and M; > 1, N; > 1 with

Ref > Zufm (2= ) MISTH 4 1) + ] (2 — i) N2 (4)

for alli e {1,2,...,n}.
If fivgi € B(pi, ), 0 <oy <1, u; >0 satisfy the conditions

[fi(2l <M (zel),  lg(2)| <N;  (z€U)

for all i € {1,2,...,n}, then the integral operator Ig(fi,..., fai g1,  gn) (2)
defined by (3) is in the class S.
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Proof. We begin by setting

o= [TIE) oy a 5)

and then we calculate for h(z) the derivates of the first and second orders.
From (5) we obtain

f iz) ) " (e))

fi(”

and
B(z) = zn:{az (fiiZ)fil <zf{(2)zz fz'(Z)) (eg,-(z))%}ﬁ (%@)5’“ ()™
) o (5

ket

After the calculus we obtain that

MO Y ],

=1

Thus we have

<)
SO . |Z|2Reﬁ Zh//(z)
Rep W (z)

< Z{ (55
eﬁz[ (i

=1

21ilz) \+ ) Tyl |zg;<z>|}

(f()) | W“)
9:(2) (gjz))

fi(2)

z

+ il
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From the hypothesis of Theorem 2.1, we have
i) <M (zeU),  |a(x)| <N, (z€U),

for all i € {1,2,...,n}, then by General Schwarz Lemma for the functions f;, g;,
we obtain

[fi(2) < Milz[  (zeU), |a(z)| < Nilz|  (z€lU) (7)

for all i € {1,2,...,n}.
Therefore, by using the inequalities (2) and (7), we arrive at the following
inequality

2Ref zh"(2)

()

<l (o (i) - )

e (oo (i) 1) ]

Z 18] ((2 = i) MF 1) + |yi] (2 — i) Nt
=1

1— 2|
Rep

1
R
z € U, which in the lights of the hypothesis (4) of Theorem 2.1, we obtain

2Refs zh"(2)

W (z)

Applying Theorem 1.1 for the functions h(z) we obtain that the integral op-
erator Ig (f1,..., fn; g1, .., gn) (2) defined by (3) is in the class S.

1—|z|
Rep

<1 (z€lU).

Corollary 2.2 Let the functions f;,g; € A for alli € {1,2,...,n}, B,0;,7;
be complexr numbers, Ref > 0 and

Ref > Z 0] (3 — i) + %] (2 — )]
forallie {1,2,...,n}.
If fi,g: € S* (o), 0 < a; < 1 satisfy the conditions
i) <1 (zel), |au(x)<1 (2€U)

for all i € {1,2,...,n}, then the integral operator Ig(fi,..., fai g1, Gn) (2)
defined by (3) is in the class S.
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Proof. In Theorem 2.1, we consider u; = 1 for all i € {1,2,...,n}, My = My =
—M—landN1 N2 :anl

Corollary 2.3 Let the functions f,g € A, 3,0,y be complex numbers,
Ref >0 and M > 1, N > 1 with

Ref > 0] ((2 — a) M* ' +1) + 7] (2 — a) N*.
If f,g€ B(p,a), 0 <a<1, u>0 and
fEI<M  (zeUd), [gx)| <N (z2€lU)

then the integral operator

I5 (f39) () = <@ | e (@)5 (egw)”dt)

18 in the class S.

e

Proof. In Theorem 2.1, we consider n = 1.

Making use of Theorem 1.2, we prove

Theorem 2.4 Let the functions f;,g; € A for alli € {1,2,....,n}, B,0;, v
be complexr numbers, Res > 0 and M; > 1, N; > 1 with

ReB > (18] ((2 = as) My ™'+ 1) + ] (2 — o) Ni1]
i=1

for allie {1,2,...,n}.
If fiygi € B(pi, i), 0 < a; < 1,u; >0 satisfy the conditions

fi) <M (zelU), a(z)|<N: (2€U)
and

1

<1-
<15

Z|5| 2_(12 Mﬂl_1+1)+|%|<2_a1)Nﬂl] (8)
=1

for all i € {1,2,...,n}, then the integral operator Ig(fi,..., fai g1, Gn) (2)
defined by (3) is in the class S.

Proof. From the proof of Theorem 2.1, we have

) _ Z o (29 1) 2]
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Thus, we have

h//
C|Z|26 + <1 - |Z’2IB> < (Z>

ele + (1= |2) %Z {@. (Zf((j)) - 1) + %zg;(z)} |

i=1

<l Z['“ (’—)
<ld+ g 2o [l ( 10 ()

" + 1) ]
1A Z['% 1) (5 >)

gi(Z i
=
From the hypothesis of Theorem 2.4, we have
i) <M (zeld)  |a(z)| <N:  (z€U)
for all i € {1,2,...,n}, then by General Schwarz Lemma for the functions f;, g;
we obtain
i) < M;lz|  (z€lU), |a() < Nilz| (2 €U) (9)

for i € {1,2,...,n}.
Therefore, by using the inequalities (2) and (9), we arrive at the following
inequality

9 9 h//
clz| . (1— || B) ;hléj

1)+ bl (2
fi(2)

z

(

(7))o

9 (5t) —|+) k]

—‘C‘"i_ Z’(S‘ 2_O‘Z)Mm_1+1)+’%‘(2_O‘2)NM]

z € U, which in the lights of the hypothesis (8) of Theorem 2.4, we obtain

zh"(z
28 + (1 i |Z|25> ( )

B (2)
Applying Theorem 1.2 for the functions h(z) we obtain that the integral op-
erator Ig (f1,..., fn; g1, .-, gn) (2) defined by (3) is in the class S.

<1 (z€elU).
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Corollary 2.5 Let the functions f;,g; € A for all i € {1,2,...,n}, 5,8,
be complexr numbers, Res > 0 and

Reﬂ>z 61| (3 — i) + || (2 — )]
forallie {1,2,...,n}.
If fiyg: € S* (o), 0 < a; < 1 satisfy the conditions
i)l <1 (zelU), |a(x)|<1  (2€U)

and
C|<1——Z|5| ;) + il (2 — o))
for all i € {1,2,....,n}, then the integral operator Ig (fi, ..., fn; 91,y Gn) (2)

defined by (3) is in the class S.

Proof. In Theorem 2.4, we consider u; = 1 for alli € {1,2,...,n}, My = My =
w=M,=1and Ny=Ny=..=N, =1

Corollary 2.6 Let the functions f,g € A, B,6,7 be complex numbers,
Re >0 and M > 1, N > 1 with

Ref > [|6] (2 — a) M* " +1) + || (2 — o) N¥].
If f,g e B(p,a), 0 <a<1,u>0 satisfy the conditions
f)I=M  (z€U), |g()|=N (z€U)

and .
o] <1 R_eﬂ[|5| (2=a) M* =+ 1) + 9] (2 = a) N*]

then the integral operator

Is(f9) (2) = (ﬁ/OZtﬂl (@)5 (eg(ﬂ)”)é

18 in the class S.

Proof. In Theorem 2.4, we consider n = 1.

3 Open Problem

New results can be obtained by using the integral operator defined in Defini-
tion 1.4 for other classes of analytic functions.
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