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Abstract

We use the notion of weighted sharing of values to study the
uniqueness of meromorphic functions when certain non-linear dif-
ferential polynomials share the same 1-points. Our results improve
and supplement and at the same time generalised the results of
Lahiri-Sarkar [14], Meng [18] and Zhang-Lin [23]. At the last
section we pose some open problems which are still unsolved in
connection to the context of the paper. .
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1 Introduction Definitions and Background

In this paper by meromorphic functions we will always mean meromorphic
functions in the complex plane.

Let f and g be two non-constant meromorphic functions and let a be a
finite complex number. We say that f and g share a CM, provided that f —a
and g — a have the same zeros with the same multiplicities. Similarly, we say
that f and g share a IM, provided that f —a and g — a have the same zeros
ignoring multiplicities. In addition we say that f and g share oo CM, if 1/f
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and 1/g share 0 CM, and we say that f and g share oo IM, if 1/f and 1/g
share 0 IM.

We adopt the standard notations of value distribution theory (see [7]).
We denote by T'(r) the maximum of T'(r, f) and T'(r,g). The notation S(r)
denotes any quantity satisfying S(r) = o(T(r)) as r — oo, outside of a
possible exceptional set of finite linear measure.

In 1999 at the time of studying the problem of uniqueness of meromor-
phic functions when two linear differential polynomials share the same 1-points
Lahiri [8] raised the following question regarding the nonlinear differential poly-
nomials.

What can be said if two nonlinear differential polynomials generated by two
meromorphic functions share 1 CM?

During the last couple of years a large number of research papers investi-
gating the shared value problems of different nonlinear differential polynomials
and the uniqueness of their corresponding generating meromorphic functions
were published {see [2]-[6], [12]-[19]}.

In 2001 Fang and Hong [6] proved the following result.

Theorem A. Let f and g be two transcendental entire functions and n(> 11)
be an integer. If f*(f —1)f and g"(g — 1)g share 1 CM, then f = g.

So far to the knowledge of the authors the above is the first result related to
the value sharing of nonlinear differential polynomials. Naturally it generates
an increasing interest among the researchers to explore the value sharing of
more generalised polynomials under weaker hypothesis.

Improving Theorem A Fang and Fang [5] obtained the following theorem.
Theorem B. Let f and g be two non-constant entire functions and n(> 8) be
an integer . If f*(f —1)f and g"(g — 1)g share 1 CM, then f = g.

In 2004 Lin and Yi [17] further improved and supplement Theorem B as
follows.

Theorem C. Let f and g be two transcendental entire functions and n(> 7)
be an integer. If f*(f —1)f and g"(g — 1)g" share 1 CM, then f = g.
Theorem D. Let f and g be two non-constant meromorphic functions and
n(> 13) be an integer. If f*(f — 1)2f and g"(g — 1)%¢g  share 1 CM, then
f=g.

In 2001 an idea of gradation of sharing of values was introduced in {[6],
[7]} which measures how close a shared value is to being share CM or to being
shared IM. This notion is known as weighted sharing and is defined as follows.

Definition 1.1 [6, 7] Let k be a nonnegative integer or infinity. For a €
C U {0} we denote by Ex(a; f) the set of all a-points of f, where an a-point
of multiplicity m is counted m times if m < k and k + 1 times if m > k. If
Ex(a; f) = Ex(a; g), we say that f, g share the value a with weight k.

The definition implies that if f, g share a value a with weight £ then z; is
an a-point of f with multiplicity m (< k) if and only if it is an a-point of g
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with multiplicity m (< k) and zj is an a-point of f with multiplicity m (> k)
if and only if it is an a-point of g with multiplicity n (> k), where m is not
necessarily equal to n.

We write f, g share (a, k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a, k), then f, g share (a,p) for any integer p, 0 < p < k.
Also we note that f, g share a value a IM or CM if and only if f, g share (a,0)
or (a, 00) respectively.

In the mean time to investigate the uniqueness of meromorphic functions,
Lahiri and Sarkar [14] considered two different types of nonlinear differential
polynomials than those discussed earlier and proved the following.

Theorem E. Let f and g be two non-constant meromorphic functions such

that f*(f*> — 1)f and g"(g> — 1)g share (1,2), where n(> 13) is an integer

then either f = g or f = —g. If n is an even integer then the possibility of
= —g does not arise.

In 2009 C. Meng [18], also considered the value sharing of a nonlinear
differential polynomial whose form is analogous to those considered by Lahiri-
Sarkar. C. Meng obtained the following results.

Theorem F. Let f and g be two non-constant meromorphic functions such
that f*(f3 —1)f and g"(g°> — 1)g share (1,1), where n be a positive integer
such that n + 1 is not diwvisible by 3. If

(i) 1 =2 and n > 14;
(ii) l=1and n > 17;
(#ii) 1 =0 and n > 35.

then f = g.

Recently Zhang and Lin [23] considered the sharing value problem of more

generalised differential polynomials namely the kth derivative of a linear ex-
pression but confined their investigation for entire functions only. Zhang and
Lin [23] obtained the following result.
Theorem G. Let f and g be two non-constant entire functions and n, m and
k be three positive integers with n > 2k + m + 4. Suppose for two non zero
constants a and b [f" (af™ + b)]* and [g" (ag™ + b)]* share (1,00). Then
f=g.

Remark 1.2 The conclusion of the Theorem G is partially correct. Since
in the proof of the theorem the possibilities other than f = g has not been
considered.

From the context of the above discussions the following questions are in-
evitable.

Question 1. When n + 1 is divisible by 3 in Theorem F what can be the
possible relationships between f and g ?
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Question 2. In Theorems E-F if the sharing value problems of differential
polynomials are replaced by more general one as considered in Theorem G then
can the same theorems be obtained as a corollary of the main results so that
Theorem G will also be rectified ?

2 Main Results

In the paper we are taking this aspect as background and improve extend and
generalize all results stated above.
Following theorem is the main result of the paper.

Theorem 2.1 Let f and g be two transcendental meromorphic functions
and n, k(> 1), m(> 2) be three positive integers. Suppose for two non zero
constants a and b [f* (af™ +b)]"® and [g" (ag™ + b)]* share (1,1). Then
f = tg for some constant t, satisfying t¢ = 1, where d = (n + m,n) or
[ (af™ + b)]P[g"(ag™ + b)]*) =1 provided one of the following holds.

(i) 1 > 2 and n > 3k +m+ 8 — 2{O(oc0o; f) + O(c0; 9)}
— kmin{O(oc; f), O(c0; 9)};

(i) l=1 andn >4k + 32 + 9 — (£ + 2) {O(oc0; f) + O(o0; 9)};

(iii) 1 =0 and n > 9k + 4m + 14 — (2k + 3){O(c0; f) + O(00; 9)}
—min{O(o0; f),O(00; g)}.

When k = 1 the possibility [f™(af™ +b)]*®[g"(ag™ + b)]*) = 1 does not occur.

. _ _ _ 1 _ 1 _ .
Puttingn =s+1, m=2a= ;5 b= —,5 and k =1 in the above theorem

and noting that here d = (s+3, s+ 1) we can immediately deduce the following
corollary.

Corollary 2.2 Let f and g be two non-constant meromorphic functions
and s be a positive integer. Suppose f5(f*> —1)f and g°(g*> — 1)g share (1,1).
Then f =g or f = — g provided one of the following holds.

(i) 1> 2 and s > 12 — 2{O(c0; f) + ©O(00; g)} — min{O(o0; f), O(c0; 9)};
(i) 1 =1 and s > 15 — 3{O(oc0; f) + O(c0; g9)};
(i17) 1 =0 and s > 30 — 5{O(00; f) + O(o0; g)} — min{O(o0; f),O(c0;g)}.

If s is an even integer then the possibility of f = —g does not arise.

Puttingn:s%—l,m:?)a:ﬁ%b:—S%andkzlintheabove

theorem and noting that here d = (s +4,s + 1) we can immediately deduce
the following corollary.
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Corollary 2.3 Let f and g be two non-constant meromorphic functions and
s be a positive integer such that s+ 1 is not divisible by 3. Suppose f5(f>—1)f
and g°(g> — 1)g share (1,1). Then f = g provided one of the following holds.

(i) 1 >2 and s > 13 — 2{O(o0; f) + O(00; )} — min{O(o0; f),O(c0; g)};
(11) L =1 and s > 16.5 — 3{O(c0; ) + O(00; 9)};
(111) 1 =0 and s > 34 — 5{O(o0; f) + O(00; g)} — min{O(c0; f), O(c0; 9)}.

Remark 2.4 Since Theorems E-F can be obtained as a special case of The-
orem 2.1, clearly Theorem 2.1 tmproves and supplements Theorems E-F.

Theorem 2.5 Let f and g be two non-constant entire functions and n,
k(> 1), m(> 2) be three positive integers. Suppose for two non zero constants
a and b [f" (af™ + 0™ and [¢" (ag™ + b)|®) share (1,1). Then f = tg for
some constant t, satisfying t¢ = 1, where d = (n + m,n) provided one of the
following holds.

(i) 1 >2 and n > 2k +m+4;
(i) 1=1 and n > 3k + 2 4 4;
(i5i) 1 =0 and n > 5k +4m + 7.

Also the possibility f = —g does not arise if n and m are both odd or if n is
odd and m is even or if n is even and m is odd.

3 More Definitions

We now explain some definitions and notations which are used in the paper.
Definition 3.1 [14] Let p be a positive integer and a € CU {oo}.

(i) N(r,a; f |> p) (N(r,a; f |> p))denotes the counting function (reduced
counting function) of those a-points of f whose multiplicities are not less
than p.

(ii) N(r,a; f |< p) (N(r,a; f |< p))denotes the counting function (reduced
counting function) of those a-points of f whose multiplicities are not
greater than p.

Definition 3.2 {11, cf.[21]} For a € CU {oco} and a positive integer p we
denote by Ny(r,a; f) the sum N(r,a; f) + N(r,a; f |[>2) +...N(r,a; f |> p).
Clearly Ni(r,a; f) = N(r,a; f).
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Definition 3.3 Let a,b € C U{oo}. Let p be a positive integer. We denote
by N(ra;f | >p|lg=10) (Nrya;f | >p| g #b)) the reduced counting
function of those a-points of f with multiplicities > p, which are the b-points
(not the b-points) of g.

Definition 3.4 {cf.[1], 2} Let f and g be two non-constant meromorphic
functions such that f and g share the value 1 IM. Let zy be a 1-point of f with
multiplicity p, a 1-point of g with multiplicity q. We denote by N(r,1; f) the
counting function of those 1-points of f and g where p > q, by N]?(r, L; f)
the counting function of those 1-points of f and g where p = q = 1 and by
Ng(r, 1; f) the counting function of those 1-points of f and g where p = q > 2,
each point in these counting functions is counted only once. In the same way

we can deﬁne NL(ra 179)7 Nll?)(rv 179)7 N(EZ(T7 179)

Definition 3.5 {cf.[1], 2} Let k be a positive integer. Let f and g be two
non-constant meromorphic functions such that f and g share the value 1 IM.
Let zg be a 1-point of f with multiplicity p, a 1-point of g with multiplicity q.
We denote by N p<y (r,1;g) the reduced counting function of those 1-points of
f and g such that p > q=k. Ny (r,1; f) is defined analogously.

Definition 3.6 /9, 10] Let f, g share a value a IM. We denote by N.(r,a; f, g)
the reduced counting function of those a-points of f whose multiplicities differ
from the multiplicities of the corresponding a-points of g.

Clearly N,(r,a; f,g) = N.(r,a;g,f) and N.(r,a; f,g) = Np(r,a;f) +
NL(ra a; g) :

4 Lemmas

In this section we present some lemmas which will be needed in the sequel.
Let F', G be two non-constant meromorphic functions. Henceforth we shall
denote by H the following function.

F(k+2) 9 fr(k+1) G (k+2) 2 (k+1)
o= ( F+1) gk — 1> o ( G+ k) — 1) : (1)

Lemma 4.1 [7/Let f be a non-constant meromorphic function, k a positive
integer and let ¢ be a non-zero finite complex number. Then

T(r,f) < N(r,o0; f)+N(r,0; f) + N (r,c; f®) = N (r,0; f*D) + S(r, f)
< N(r,00; f) + Nisa (1,0, ) + N (r,c; fP) = No (7,05 &) + S(r, f),

where Ny (7“, 0; f(k“)) is the counting function of the zeros of f*+1) which are
not the zeros of f(f® — c)
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Lemma 4.2 [22] Let f be a non-constant meromorphic function and p, k
be positive integers, then

Np(r,0; f*B) < Npar(r, 05 f) + kN (r, 005 f) + S(r, f).

Lemma 4.3 [1] If f,g be two non-constant meromorphic functions such
that they share (1,1). Then

INL(r 13 f) + 2N0(r, 15 g) + Noa(r, 1; f) = Nyoa(r, 1 9)
S N(ﬁ 1; g) - N(Ta 1; g)

Lemma 4.4 [2] Let f, g share (1,1). Then

N(7,05 ) + 587,001 £) = 5 No(r,0; ) + S(r, ),

DN | —

Nf>2(7’, 17 g) S

where Ng(r,0; f) is the counting function of those zeros of f which are not

the zeros of f(f —1).

Lemma 4.5 [2] Let f and g be two non-constant meromorphic functions
sharing (1,0). Then

No(r 13 ) + 2N, 15.9) + No(r, 1 £) = Nysr(r, 1) = Nyor (. 1; )
< N(r,1;9) — N(r,1;9).

Lemma 4.6 [2] Let f, g share (1,0). Then
NL(an) SN(T,O,f) ‘I—N(T’,OO,‘]C) +S(T7f)
Lemma 4.7 [2] Let f, g share (1,0). Then

(Z) Nf>1(7’,1;g)SN(T,O;_}C)—FN(T,OO;JC)—N@(T,O;f/)+S(T,f)
(1) Ngsa(r, 1) < N(r,0;9) + N(r,00;g) — No(r,0;9') + S(r, g).

Lemma 4.8 [20] Let | be a non-constant meromorphic function and P(f) =

ao+arf+asf?+ ... +a,f", where ag,ai,ay...,a, are constants and a,, # 0.
Then T (r,P(f)) =nT(r, f) + O(1).

Lemma 4.9 Let f and g be two non-constant meromorphic functions and
a, b be two non zero constants. Then

[f™ (af™ +0)]®[g"(ag™ + b)]*) #£ 1,

where n, m > 2, k =1 be three positive integers and n(> m + 3).
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Proof. We note that when k£ = 1, according to the statement of the lemma
we have to prove

[ (aln+m) f™ +n) £ [g" 7 (aln+m)g™ +bn) g ] # 1.
If possible let us suppose that
[/ (a(n+m) f™ +bn) £ [g" " (a(n +m)g™ +bn) g] = 1. (2)

Let zy be a zero of f with multiplicity p(> 1). So from (2) we get zy be a pole
of g with multiplicity ¢(> 1) such that

ie.
mg=np—q)—2>n-—2.
Again from (3) we get

np = (n+m)g+2
n—2

> (n+m) +2,

m

ie.,

n—+m-—2

p— m .

Therefore m
e0:f)>1— ——
(0:1) 2 n+m—2

Suppose a(n +m)f™ +bn =a(n+m) (f —a1)(f —a2) ... (f — o). Let
z1 be a zero of (f — ;) i =1,2,...,m with multiplicity p. Then from (2) we
have z; be a pole of g with multiplicity ¢(> 1) such that

2p—1=(n+m)qg+1

ie.,

S n+m—|—2'
- 2
Hence 5
e s 1-— .
(a f)_ n+m-+2
Since .

it follows that
2m m

_.|_
n+m+2 n+m-—2"
which is a contradiction.
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Lemma 4.10 Let f and g be two non-constant entire functions. Then

[f(af™ + 0)] ) [g"(ag™ + b)]*) #£ 1,

where a and b are nonzero complex numbers; n, m, k be three positive integers
and n(> 2k +m+4).

Proof. We omit the proof since the proof can be found in the proof of Theorem
1in [23].

Lemma 4.11 Let f and g be two nonconstant meromorphic functions and
n(> 2), m(> 2) be two distinct integers satisfying n +m > d + 7. Then for
two nonzero constants a, b,

[ (af™+b)=g" (ag™ +b)
implies f = tg, for some constant t, satisfying t* = 1, where d = (n +m,n).

Proof. Suppose F' = " (af™ +b) and G = ¢" (ag™ +b). Let f # tg for a
constant ¢ satisfying t? = 1. We put h = 5. Then h?® # 1. First suppose that
h is constant. Also F' = G implies
m_ b h"—1
I =T T 1

We note that the numerator and the denominator has d common factors namely
h—wv, £k =0,1,2,...,d — 1, where v, = exp (%) . Since (h — vy)(h —
vg)...(h —vg) # 0, it follows that ¢ is a constant, which is impossible. So h
is nonconstant. We observe that since a nonconstant meromorphic function
can not have more than two Picard exceptional values h can take at least

n+m —d — 2 values among u; = exp(ff::i), where 7 =0,1,2,....,n4+m — 1.
Since f™ has no simple pole A —wu; has no simple zero for at least n+m —d—2
values of u;, for j = 0,1,2,...,n+m — 1 and for these values of j we have

O(uy; h) > 3, which leads to a contradiction. This proves the lemma.

5 Proofs of the theorems

Proof of Theorem 2.1 Let F' = f"(af™+0b) and G = ¢"(ag™+0b). It follows

that F®) and G® share (1,1).

Case 1 Let H # 0.

Subcase 1.1 >1

From (1) we get

N(r,o0; H) < N(r,00; F)+ N(r,00;G) + N, (r, 1, F®), G(k)) (4)

+N (r,0; F® |>2) + N (r,0;G® |> 2)
TN (1,0, FHD) 4 N (r,0, DY
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where Ng (r, 0; F (k“)) is the reduced counting function of those zeros of F*+1)
which are not the zeros of F®*) (F(k) — 1) and Ng (7’,0; G(k“)) is similarly
defined.

Let 2 be a simple zero of F®) — 1. Then z, is a simple zero of G*) — 1
and a zero of H. So

N (r,1; F® |=1) < N(r,0; H) < N(r,00; H) + S(r, F) + S(r,G) ~ (5)
While | > 2, using (4) and (5) we get
N (r, 1; F(k)) (6)
N LF®|=1)+N (r, ,F® |> 2)
N(r,00; F) + N(r,00;G) + N(r.0; F® |> 2) + N (r.0; G® |> 2)
+N, (1, 1, F® . GP) 4N (r,1; F® > 2) + N (r, 0; FH)
+Ng (r,0; G(k+1)) +S(r,F)+ S(r,G).

IN A

So from Lemmas 4.1 and 4.8 we have
T(r,F)+T(r,G) (7)
< 2N(r,00; F) +2N(r,00; G) + Njs1(r,0; F) + Nypy1(r,0; G)
AN (1,0, F® > 2) + N (r,0;G® |> 2) + Ny, (r, 0; FE)
+Ng (1,0;GF D) + N (1, 1,60) + N (r, 1, F®) |> 2)
+N. (r, 1, F® G = Ny (r,0; DY = N (r,0; GE+D)
+S(r, F)+ S(r,G).
We note that
Non0 ) + T (05 22) 4 T (0 F5) ()
Ny (7, 0; F) +N(r 0; F® |> 2| F =0)
+N (r,0; F®) [> 2| F #0) + Ng (r,0; F*HD)
Nit1(r,0; F) + N (r,0; F |> k + 2) + No (r, 0; F(k+1))
Nita(r, 0, F) + N (r, 0; P&

IN A

Clearly similar expression holds for G. Also

N(rLF® |>2) + N, (r,,F®,GP) + N (n1,6W)  (9)
N (r,1;G® |=2) + 2N, (r,1; F®) 4+ 2N, (r, 1;G®)

"’NS (7“7 L G(k)) +N (r, 1; G(k))

N (7“, 1; G(k))

T (r,G™) + O(1)

T(r,G) + kN(r,00;G) + S(r,G).

IA

VAR VAN VAN
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Using Lemma 4.8, (8) and (9) in (7) we obtain for ¢ > 0

IN

IN

IN

IA

(n+ m)T(r, /) (10)
T(r,F)+ O(1)

Nio(r,0; F) 4 Nyya(r,0; G) + 2N (r, 00, F)

+(k +2)N(r,00;G) + S(r, F) + S(r, G)

N2 (1,05 f") + Niga(r, 0;a f™ + b) + Ni2 (r, 0; g")

+Nisa(r, 05 ag™ +b) + 2N (r, 001 f) + (k + 2)N(r, 003 g)

+S(r, )+ S(r,g)

(Ad4+m+k—20(c0; f)+e)T(r,f) + (4+m+ 2k — (2+ k)O(c0; g)
+e)T(r,g) + S(r, f) + S(r,9)

(84 2m + 3k — 20(o0; f) — 20(00; g) — kmin{O(oo; f), O(c0; 9)}
+2e)T(r)+ S(r, f) + S(r, g).

In a similar way we can obtain

<

(n+m)T(r,g) (11)
(8 4+ 2m + 3k — 20(o0; f) — 20(00; g) — kmin{O(oc; f), O(o0; 9)}
+2e)T(r)+ S(r, )+ S(r,g).

So from (10) and (11) we get

(n—m — 3k — 8 + 20(c0; f) + 26(00; g) + kmin{O(c0; f), ©(00; 9)H12)
—2e)T'(r) < S(r).

Since £ > 0 be arbitrary, (12) gives a contradiction.
While [ = 1, using Lemmas 4.2, 4.3 and 4.4, (4) and (5) we get

IN

IN

IN

IN

N (r,1; F®) + N (r,1;G™) (13)
N (r, 1, F® = 1)+ Ny (r, 1;F(k))

+Ng (7’, 1; G(k)) +N§§ (r, 1; G(k)) +N (7“, 1; G(k))

N (r,; F® |=1) + N (r,1; G®) = Ny (r,1; F®)

—N; (r, 1; G(k)) + N g5 (r, 1; G(k))

N(r,00; F) + N(r,00;G) + N (r.0; F® |> 2) + N (1.0;G® |> 2)
+N, (r, 1, F®), G(k)) — Np (r, 1; F(k)) — Np (r, 1; G(k))

1— 1— —
+§N (r,0; F®)) + §N (r,00; F®) + T (r,GW) + Ng (r, 0, F*TD)

+Ng (r, 0; G(k+1)) +S(r, F)+ S(r,G)

<§ + ;) N(r,00; F) + (k+ 1)N(r,00;G) + N (r.0; F®) |> 2)
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R 1 .
N (r0; @Y |2 2) + SNy (r,0; F) + T(r, G) + N (r, 0 F)
+Ng (r,0;GED) 4 S(r, F) + S(r,G).
So in view of Lemmas 4.1, 4.8, (8) and (13) we get for € > 0

(n+m)T(r, f) (14)
= T(r,F)+0(1)

< (g + g) N(r,00; F) + (k + 2)N(r,00; G) + %Nk+1(rv 0; )
+Nit2(r,0; F) 4+ Niyo(r,0; G) + S(r, F) + S(r, G)

< (2kz+5+37m — (§+2> O(o0; f) — %@(oo;f)Jre) T(r, f)
+ (zk +4+m— (g + 2) O(o0;9) — g@(oo;g) +5) T(r,g)
+S(r, f)+ S(r,g)

<

(4k +9+ 57m — (g + g) (©(00; f) + O(o0s9)) + 25) T(r)
+5(r).

In a similar manner we can get

(n+m)T'(r, g) (15)
< <4k; +9+ 57m - (g + g) (O(o0; f) + O(00; 9)) + 25) T(r)+ S(r).

Combining (14) and (15) we get

(n k9 (g + g) (8(c0: f) + O(00: g)) — zg) T(r) (16)
< S

Since € > 0 be arbitrary, (16) implies a contradiction.
Subcase 1.2 [ = 0. Here (5) changes to

Né) (r,1; F® |=1) < N(r,0; H) < N(r,00; H) + S(r, F) + S(r,G) ~ (17)
Using Lemmas 4.2, 4.5, 4.6, 4.7 and (4) and (17) we get

N (r,1; F®) + N (r,1;GW) (18)
< Né) (7“, 1; F(k)) + N, (7’, 1; F(k)) +Np (7“, 1; G(k))

NG (1, 1; F9) 4 N (r,1;G®)
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IN

Né) (7“, 1; F(k)) + N (7’, 1; G(k)) - N; (7‘, 1; G(k))

+NF<k)>1 (r, 1; G(k)) +NG<M>1 (r, 1; F(k))

N(r,00; F) + N(r,00;G) + N (r,0; F® |> 2) + N (r,0,G"® |> 2)
N (1 FO,GW) £ T (r,G0) — N, (1,160

+NF(k)>1 (r, 1; G(k)) +NG(k)>1 (r, 1; F(k))

+Ng (T, 0; F(k+1)) + Ng (r, 0; G(k+1)) +S(r, F)+ S(r,G)

(2k + 3)N(r, 00; F) + (2k + 2)N(r, 00; G) + N (r, 0; F® > 2)
+N (r,0; G® |>2) + 2N (r, 0, F) + Nyt (1,0, G) + T(r, G)
+Ng (r,0; F¥) + Ng (r,0; GE) + S(r, F) + S(r,G).

IN

IN

So in view of Lemmas 4.1, 4.8, (8) and (18) we get for ¢ > 0

(n+m)T(r, f) (19)
T(r,F)+ O(1)

(2k +4)N(r, 00; f) + (2k + 3)N(r, 00; g) + 2Nj11(r, 0; F)
+Nii1(r,0; G) + Niyo(r,0; F) + Niyo(r,0; G) + S(r, f) + S(r, 9)
(9% + 14 + 5m — (2k + 3)O(o0; ) — (2k + 3)O(00; 9)

—min{O(oo; f), O(c0; g)} + 2¢) T'(r) + S(r).

IN

IN

Similarly we can obtain

(n+m)T(r,g) (20)

T(r,G)+ O(1)

< (9% + 14+ 5m — (2k + 3)O(o0; f) — (2k + 3)O(00; g)
—min{O(oo; f),O(c0; g)} + 2¢) T(r) + S(r).

Combining (19) and (20) we get

(n— 9k — 14+ 4m + (2k + 3)O(o0; f) + (2k + 3)O(00; g) (21)
+ min{©(o0; f), O(00; 9)} — 2e) T(r) < S(r).

(21) implies a contradiction for € > 0.
Case 2 Next we suppose that H = 0. Then by integration we get from (1)

1 bG®ta—b

FR_1- GW_1 (22)

where a, b are constants and a # 0. From (22) it is clear that F*) and
G*) share (1,00) and hence they share (1,2). So in this case always n >
3k +m + 8 — 2{0(0c0; f) + O(00; 9)} — kmin{O(o0; f),O(c0;9)}. We now
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consider the following subcases.
Subcase 2.1 Let b # 0 and a # b.
If b= —1, then from (22) we have

W - —*
= a1
Therefore o o o
N (r,a+ 1;G(k)) =N (r,oo;F(k)) = N(r,o0; f).
Since a # b = —1, from Lemma 4.1 we have

(n+m)T'(r,g)

T(r,G)+ O(1)

N(r,00;G) + Njj1(r,0;G) + N(r,a + 1;G®) + S(r, Q)
N(r,00; f) + N(r,00; 9) + Neja(r, 0, G) + 5(r, G)

VAN VANRPA
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(1=0O(co; f)+e)T(r, f)+ (k+24+m—0(c0;9)+e)T(r,g) + S(r,9)

Without loss of generality, we suppose that there exists a set I with infinite

measure such that T'(r, f) < T(r,g) for r € I.
So for r € I we have

(n—k =34 6(00; f) + O(005 ) — 26)T(r, 9) < 5(r,9),

which is a contradiction for arbitrary € > 0.
If b # —1, from (22) we obtain that

—a

1
P (145) = e

Therefore

N (r,(b—a)/b;G®) =N (r,00; F¥) — (14 1/b)) = N(r, 00; f)

Using Lemma 4.1 and the same argument as used in the case when b = —1 we

can get a contradiction.
Subcase 2.2 Let b # 0 and a = b.
If b = —1, then from (22) we have

FRGH = 1,
that is
[f (af™ + )] [g"(ag™ + b)]*¥ =1,

which is impossible by Lemma 4.9 when k = 1.
If b # —1, from (22) we have

1 bG*)

FO ~ 1+0)G0 -1
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Hence from Lemma 4.2 we have
N (7‘, 1/(1+b); G(k)) = N (r, 0; F(k))
S Nk’-l—l(rv 07 F) + k’N(’f‘, o5 f)
From Lemma 4.1 we have

(n+m)T(r,g) +O(1)
T(r,Q)

IN

_ — 1
N(T’,OO,G) +Nk+1(r707G) +N (Tu G(k)) +S<T7 G)

b+1’
EN (r,00; f) + N(r,00; g) + Nigg1(r,0; F) 4+ Niy1(r,0; G) + S(r, G)
(2k+1+m — kO(co; f)+e)T(r, f)
+(k+2+m—0(co;9)+€)T(r,g)+ S(r,9)

VARVAN

For r € I we have
(n — 3k — 3 —m+ kO(o0; f) + O(0c0; g) — 2¢)T(r,g) < S(r,9),

which is a contradiction for n > 3k + 9.
Subcase 2.3 Let b = 0. From (22) we obtain

G® +a—1
- :

F® = (23)

If a — 1 # 0 then From (23) we obtain
N (7", 1—a; G(k)) =N (r, 0; F(k)) :

We can similarly deduce a contradiction as in Subcase 2.2. Therefore a = 1
and from (23) we obtain

F=G+p(2), (24)

where p(z) is a polynomial of degree at most £k — 1. We claim that p(z) = 0.
Otherwise noting that f is transcendental when k > 2. in view of Lemma 4.8
we have

(n+m)T(r, f) T(r,F)+ O(1) (25)
N(r,0;F) + N(r,00; f) + N(r,p; F) + S(r, F)
N(r,0;F) + N(r,00; )+ N

30(r, f)+2T(r,g) + S(r, f)

VAN VANRVAN

Also from (24) we get
T(r,f) =T(r,g) + 5(r, ),
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which together with (25) implies a contradiction. So
F=aG.

So from Lemma 4.11 we get the conclusion of the theorem.

Proof of Theorem 2.5 We omit the proof since instead of Lemma 4.9 using
Lemma 4.10 and proceeding in the same way the proof of the theorem can be
carried out in the line of proof of Theorem 2.1 and Theorem 1 of [23].

6 Open Problem

Theorems 2.1 and 2.5 are proved for transcendental meromorphic functions.
Are both the theorems also true for non-constant meromorphic functions 7
Keeping all other conditins intact can the second conclusion in Theorem 2.1
be removed when k£ > 2 7
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