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Abstract

In this manuscript, a new subclass of multivalent prestarlike
functions with negative coefficients defined by Dziok-Srivastava
linear operator is introduced. Coefficient estimate, distortion
Theorems associated with fractional derivative operator are in-
vestigated for this class. Further class preserving integral op-
erator, extreme points, radii of p-valently convexity and other
interesting properties for the said class have been determined.
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1 Introduction

Let S, denote the class of functions of the form

f(2) = P4 ar " (pe N=1,2,3,.), (1)
k=1

which are analytic and multivalent in the unit disk U = {z : 2| < 1}. Also denote
by T}, the class of functions of the form
o
f(2)=2" =Y ar 2" (2 €U) (arsy > 0), (2)
k=1
which are analytic and multivalent in U.

A function f(z) € S) is said to be starlike of order a (0 < a < p), denoted by Sp(«),
if and only if

2f'(2)

Bels)

}>a (z€U), (3)
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and it is called convex of order o (0 < o < p), denoted by K,(«), if and only if
2f"(2)
f'(z)

The classes Sp(a) and Kp(«) were introduced by Patil and Thakare [5].
The function

Re{l+ }>a (z€U). (4)

Sy(2) =(1=2)20™) (0<y<pp=1,23,.), (5)
is the familiar extremal function for the class Sp(7).
Setting
k+1 )
II Cp—7)+i-2)
Clyk) = =—py k=1, (6)
then S,(z) can be written in the form
Sy(z) = 2P+ C(v, k) 2715, (7)
k=1

We note that C(v, k) is a decreasing function in v and that

oo, ¥<(2p—1)/2
Jim C(y.k)=q 1, y=@2p-1)/2 . (8)
0, v>(2p—1)/2

For functions
F5(2) = 2= i 77 (any > 0) (5 =1,2), (9)
k=1

in the class T}, the modified Hadamard product fi * fa(z) of fi(z) and fa(z) is
defined by

o0

(frf2)(2) = 2P = " hip Ghpp 277, (10)
k=1

A function f(z) € S, is said to be p-valent y— pre-starlike function of order a(0 <
a<p0<y<p),if

(f #55)(2) € Sp(a) (11)

We denote by R,(vy,a) the class of all p-valent y—pre-starlike functions of order
a . The class R,(v,«) was studied by Aouf and Siverman [1] while the class
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R,(o,a) = Rp(a) was studied by Silverman and Silvia [8], Shenan, Salim and
Marouf [7] and others. We note that R,(a) = Sp(«) for o =1/2.
Let Sp(a) = Sp(a) N1y, Kj(a) = Kp(a) T and Ry (v, a) = Ry(y, a) T

The generalized hypergeometric function is defined by

_ _ e (e)p ()i 28
lFm(al, ...,Oél,ﬂl, ...,,Bm) - kzo (ﬁl)k(ﬁm)k A y (12)
((<m+1;me Ny=1{0,1,2...}) ,

where (a)y is the Pochhammer symbol defined by

(a+/~c):{1; k=0

(@) = I'(a) ala+1)(a+2)...(a+k+1), ke N=12,.. (13)

Corresponding to the function hy (a1, ..., 05 81, s Bmi 2) = 22 1 Epp (0, ooy 015 B1y oy Bim)
the Dziok-Srivastava operator [3], H};m(al, ey O3 By oovy Brn) 18 defined by

Hy ™ (a1, ooy 13 By o Bn) f(2) = hp(@1, ey 013 B ooy B 2) % f(2) (14)
= P e M zk+p
) +; BB 7 1

It is well known [3] that
a1 Hy ™ (01 + 1,00y 013 Buy o Bn) F(2) = 2[Hy ™ (a1, s 003 B, ooy ) £(2))

+(ar—p) Hy ™ (01, ey 0t B, o Bn) [ (2) (15)
To make the notation simple, we write,

HpL’m[al]f(z) = HpL’m(al, ey O3 By ey B) f(2)

We note that special cases of the Dziok-Srivastava operator HZ{“ ™[] include the
Hohlov linear operator [4], the Carlson-Shafer operator[2], the Ruschweyh derivative
operator[6], the Srivastava-Owa fractional operators [10], and many others.

We note that H;’O[l]f(z) = f(2) and Hg’l[l +p,1;p)f(2) = Zf;(Z)

Now using HpL "™[c1] we define the following subclass of analytic function.

Definition 1. Fora; € C (i =1,2,3...,1), j € C—{0,-1,-2,..} ( =1,2,3,...,m),
and -1 < B<A<1,0<a<p 0<v<p, welet Sé’m(al,ﬂm,A,B,'y,a) be
the subclass of T}, consisting of functions f(z) of the form (2) and satisfying the
following condition,

AH"[a](f +S)(2))  p+[pB+ (A= B)(p— )

Hy ™ [oa] (f * S5)(2) 1+ Bz (=€), (16)
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where < denote the subordination . From the definition, it follows that f(z) €
T, belongs to the class Sf,’m(al, Bm, A, B,7,«) if there exists a function w(z) regular
in U and satisfying w(0) = 0 and |w(z)| < 1 for z € U such that

2(Hy ™ [ea](f #5,)(2) _ p+ [pB+ (A= B)(p — 0)]w(z)

(zeU). (17)
Hy ™ [a1](f * $,)(2) L+ Bu(z)
The condition (17) is equivalent to
(1 M5 )
HE ™ aq](£%S)(2)
(M elrs) | <1,2€U (18)
B+(A—B)(p—a)—B (7 ’ ‘
PEHA=B) =)= B e

It may be noted that the class Sll;m(al, Bm, A, B,7, ) extends the classes of starlike
and convex functions for suitable choice of I, m, a4, 8j, A, B, v and «a. For example

i) For A=1=a; = —B =1 and m = 0 the class S},’m(al,ﬂm, A, B,v, «) reduces to
the class of «-prestarlike functions of order a.

i) ForA=l=a;=—-B=1,m=0and y= % the class S]ljm(al,ﬂm,A,B,fy, a)
reduces to the class of starlike functions of order «.

(ii) For A=m=-B=a3=1,1l=2, a1 =1+ p and 51 = p we obtain the class of
convex function of order .

among several interesting definitions of fractional derivative and fractional in-
tegral given in literature we find it to be convenient to to restrict ourselves to the
following definition used by Owa [9].

Definition 2. The fractional integral of order A for a function f(z) is defined
by

1 [* ¢
D f(2) = F(A)/O G f(tfu dt | (19)

where X\ > 0, f(z) is analytic function in a simply connected region of the z-plane
containing the origin, and the multiplicity of (z — ¢)*~! is removed by requiring
log(z — t) to be real when (z —t) > 0.

Definition 3. The fractional derivative of order A for a function f(z) is defined by

_ 1 d e f()
D;\f(z)_l“(l—)\)dz/o (z—t)/\dt’ (20)

where 0 < A < 1, f(z) is an analytic function in a simply connected region of the
z-plane containing the origin, and the multiplicity of (z —¢)™ is removed by requir-
ing log(z — t) to be real when (z —t) > 0.
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Definition 4. Under the hypothesis of Definition 2, the fractional derivative of
order n + A of f(z) is defined by

mn

DI f(2) = S D2f(2), (0<A<1, neNy) (21)

Following Owa and Srivastava [10], we introduce the linear operator UM defined
by
Fp+1-2X)

U IR = =51

2D f(2) (22)

where D2 f(z) is the fractional derivative of f, of order A (0 < X\ < 1), while

Uéo’p)f(z) — f(z) : Uz(l’p)f(z) _ Zf’(Z)
p

Lemma 1. [9]. If 0 < A < 1 then,

F(p—|— 1) p—A

D P — J 23
T Tp-rt1) (23)
Applying Lemma 1 for the function f(z) defined by (2) we have from (17)
- + Dk
URNP) f(z) = 2P — a _pH+De P (k> 1 24

2 Coefficient Estimates
Theorem 1. A function f(z) defined by (2) is in the class S,l;m(al,ﬂm,A,B,'y,a),

a; € C>i=1,2,3...,1),8,€ C—{0,-1,-2,..} (j=1,2,3,....m), -1<B<AL1,
0<~v<pand0<a<pif and only if

Y {1 = B)+ (A= B)(p— )} $(p, k)C(1,k) asp < (A=B)(p—a),  (25)
k=1

where C(v, k) is given by (6) and

(o) ()
L IR N N (26)

and the result is sharp.

Proof.
Assuming that (25) holds and |z| = 1, we have

|2(Hy ™ [aa)(f % 8,)(2)) = pHy ™[] (f *85) (2)]
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~{(pB+(A=B)(p—a)) Hy ™ [on] (f5,)(2)} = Bz(Hy ™ 1) (fx8,)(2))'|

=D _(k)o(p, K)C (7, k) app 2P| =|(A = B)(p — ) 2"
k=1

+Y {kB— (A= B)(p— )} ¢(p, k)C (7, k) aryp 21
k=1

<> {k(1=B)+ (A= B)(p— )} ¢(p, k)C (7. k) arsp
k=1

—(A-B)(p—a)

<0.
Hence by maximum modulus principle f(z) € S,l,’m(al, Bm, A, B,7, ).
Conversely, assume that f(z) is in the class S}l,’m(ozl,ﬁm,A, B,v,«). Then

(Y ™ o) (f+859)(2))
Hy ™ aq](f57)(2)
L,m * z
pB-l—(A—B)(p—a)—BZ(H]Z m[al](f Sy)( )/ <1 , 2 c U. (27)
HE ™ [a1)(f+Sy)(2)

Z k(b(pa ]{;)0(77k) Qk+p Zk+p
k=1

(A—B)(p—a)zP + kz {Bk — (A—B)(p—a)} ¢(p,k)C(7, k) agtp 2P
=1
Since |Re(z)| < |z| for any z,we find from (27) that

o0
Z k¢(p»k)c(77k) ak+p Zk+p
k=1

Re <1 (28)

(A=B) -0+ 5 (kB—(A=B)(p-0)}o(pRIC(1H) aryp 47

2(Hy " [on](f5)(2))"
Hy ™ on](£#55)(2)
then upon clearing the denominator in (28) and letting z — 1 through real values,

we have

Now choosing, the value of z on the real axis so that is real,

> k¢, k)C(v, k) aryp < (A= B)(p— )
k=1

+> {kB—(A=B)(p— )} é(p, k)C(7,k) arp
k=1

which gives the desired assertion(25).
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Finally ,we note that equality in (25) holds for the function
(A-DB)(p—a) Sktp. (29)
{k(1=B))+ (A= B)(p—a)} o0, k)C(7, k) arip

fz) = -

3 Distortion Theorem
Theorem 2. Let the function f(z), defined by (2), be in the class

S;;m(al,ﬂm,A,B,’y, «). Then

I'(p+1) —
|D?f(z)’2m|zl A
2(p )4~ B)p-)p-+1) {1 5,
—— |4 (30)
:1ai

X< 1—
(1-B)+(A-B)p—a)llp+1-A)

and
F(p+ 1) |Z’p7)\

|D;‘f(z)| < m
2(p—)(A- B)p—a)p+1) ] 6,

j=1
2|

X< 14 .
(1-B)+(A-B)p—a)llp+1-2A) [T o

forzeUand 0 < XA <1.
Equalities in (30)and (31)are attained by the function given by (29).

Proof. In view of Theorem 1, we have

2p— (A= B)p—a) 1 8
j:
!

iak—l-p < . ]
S e a-Be-allla

we have from (22)
(33)

UM f(z) = 2P = apyy 0(k) 2577, (k> 1)
k=1

where (k) is given by

_ (pH+ 1)
o) = (p+1— A
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It is easily seen that (k) is non-increasing , that is , it satisfies the inequality
d(k+1) <d(k) for all £ > 1, and we have

0<5(k) < S(p+1) = m. (35)

Consequently, we obtain

PP f(2)] = [2P = 2P+ Y arspd(k)
k=1

o
> (2P = 5(p+ DI any
k=1

2p — (A - B)(p - a)p+1)(I1 8))
> |2 - e

(1-B)+ (A~ B)p— )] T

o
1

which proves (30).
similarly (31) can be proved.

Corollaryl . Let the function f(z), defined by (8), be in the class
SIl)’m(ah 5m7 A7 B7 Y, Oé) Then

2(p )4~ B)(p—0) 1T 5,
()] 2 2Pxq1- = (36)
(1=B)+ (4= B)p—a) I

and

20— (A~ B)p—a) I
FE < [alPxd 14 =
(1= B)+ (4= B)p—a) I

J
ay
\ =1

ERY (37)

The result is sharp for the function defined in (29).
Proof. The proof follows readily from Theorem 2 in the special case when A =0 .

Corollary2 . Let the function f(z), defined by (2), be in the class
S]l;m(al? 57717 A7 B7 Y, Oé) Then

3

<. |
|| | =
—_

2(p —v)p(A=DB)(p — a)
|/ (2)] = p?|z[Px {1 — J

[(1=B)+ (A= B)(p-a)]

Bj

2| (38)

ay
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and

2(p— (A - B)p—a) [1 8;

J

=1
(1-B)+ (A-B)p—a) [

=1

/()] < p?efPx § 1+ 2l ¢ - (39)

The result is sharp for the function defined in (29).
Proof. The proof follows readily from Theorem 2 in the special case when A =1 .

4 Radius of convexity

Theorem 3. Let the function f(z), defined by (2), be in the class
S},’m(al,ﬂm, A, B,v,a), then f(z) is convex in the disc |z| < 71

==

, 2k(1—B)+(A-B)(p—« JK)C(y, k
= infoy (BB (4 Bo ol 1011 w0
(k+p)*(A=B)(p—a)
The result is sharp for the function f(z) given by (29).
Proof. To establish the required result it is sufficient to show that
21"(2)
1+ —p| <p, for|z] <ri. (41)
e .
we have -
k(k k
zf”(z) B kzz:l ( + p)ak’-i-pz
) B B W
p— kZ (k + p)ajpz*
=1
> k(k + p)agsp|2]*
< k=1
p— kE (k + p)ap|z[*
=1
Therefore, if (41) is true, then
e} o0
> k(k+plagp?® <p {p > (k+p)aggpz }
k=1 k=1
that is
Z< ) apsplzlf < 1. (42)
k=1

By virtue of Theorem 1, (42) is true if

==

2 < (pz[k(l — B) + (A - B)(p — a)]é(p,k)C(~, k))
- (k+p)*(A-B)(p-a)
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Thus f(z) is p-valently convex in |z| < r1, where r; is given by (40).
5 Integral operators

Theorem 4. Let ¢ be a real number such that ¢ > —p if
f(z) € S5™(oq, B, A, B, 7, @) then the function F(z) defined by

F(z)= 4P /O e d (43)

ZC

also belongs to S]lg’m(ozl, Bm, A, B,v, @)
Proof. Let f(z) defined by (2) be in the class S:f;m(al, Bm, A, B, 7, a) then from the

representation of F'(z)

oo
F(z) =2 =) by 2P (44)
k=1
where
c+p
bptk = otk Gk < G (45)
Therefore

2 ie1l(L = B)k + (A= B)(p — a)]o(p, k)C (v, k)br4p
<Ykl =Bk + (A= B)(p — a)]é(p, k)C (7, k) ap

<(A-B)(p—a).
Since f(z) € S,l;m(al, Bm, A, B,v,a) hence by Theorem 1, F'(z) € S}D’m(al, Bm, A, B,v, ).

6 Extreme points of the class S]l)’m(()zl,lim,A,B,f)/7 a) .

Theorem 5. Let f,(z) = 2P and

(A-B)(p—a)
(1= B)k+ (A= B)(p—a)lo(p,k)C(v, k)

Then f(z) € S]lg’m(al, Bm, A, B,7,a) if and only if it can be expressed in the form

fori(z) = 2P — 2P (k> 1)(46)

f(z) =X fp(2) + Z Apth fp+i(2), (47)

k=1

where A,y >0 and ) Ay = 1.
k=o
Proof. Let (47) holds, then by (46) we have

(A-B)p—a)

z) = 2" — 3 Stk
1 kz (1= B+ (A= B)(p — a)lé(p, IC(r, B) 7
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Now

k(1= B) + (A= B)(p — )} $(p, k)C (7, k)
Z A-—B)(p—«
2 A-B)(p—a)

S (A-B)p—a)
) 2 (A= B)k+ (A= B)(p— o, OO ) 7+
= Z)\k+p
k=1
= 1-)\<L

hence by Theorem 1, f(2) € Sll;m(al,ﬁm, A, B,v,a)
Conversely, suppose f(z) € S,l,’m(al,ﬁm,A,B,fy, «). Since

(4-B)(p-a)
B = [ B+ (A B)p -~ o RoG R e 2D

settjng )\erk = {k(l7B)+(A(Zé)éi;g)j)(b(p’k)c(%k) CLp+k and Ap =1- Z )\ker, we get
k=1

(47). This completes the proof of the Theorem.
7 Open Problem

One can define a new subclass of multivalent uniformly functions with negative
coefficients instead of class of prestarlike functions using the same linear operator
defined in this paper and hence new results can be obtained.
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