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Abstract

In this manuscript, a new subclass of multivalent prestarlike
functions with negative coefficients defined by Dziok-Srivastava
linear operator is introduced. Coefficient estimate, distortion
Theorems associated with fractional derivative operator are in-
vestigated for this class. Further class preserving integral op-
erator, extreme points, radii of p-valently convexity and other
interesting properties for the said class have been determined.
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1 Introduction

Let Sp denote the class of functions of the form

f(z) = zp+
∞∑

k=1

ak+pz
k+p (p ∈ N = 1, 2, 3, ...), (1)

which are analytic and multivalent in the unit disk U = {z : |z| < 1}. Also denote
by Tp the class of functions of the form

f(z) = zp −
∞∑

k=1

ak+pz
k+p (z ∈ U) (ak+p ≥ 0), (2)

which are analytic and multivalent in U .
A function f(z) ∈ Sp is said to be starlike of order α (0 ≤ α < p), denoted by Sp(α),
if and only if

Re{zf ′(z)
f(z)

} > α (z ∈ U), (3)



On a Subclass of p-valent Prestarlike ... 25

and it is called convex of order α (0 ≤ α < p), denoted by Kp(α), if and only if

Re{1+
zf ′′(z)
f ′(z)

} > α (z ∈ U). (4)

The classes Sp(α) and Kp(α) were introduced by Patil and Thakare [5].
The function

Sγ(z) = zp(1−z)−2(p−γ) (0 ≤ γ < p, p = 1, 2, 3, ...), (5)

is the familiar extremal function for the class Sp(γ).
Setting

C(γ, k) =

k+1∏
i=2

(2(p− γ) + i− 2)

k!
k ≥ 1, (6)

then Sγ(z) can be written in the form

Sγ(z) = zp+
∞∑

k=1

C(γ, k) zp+k. (7)

We note that C(γ, k) is a decreasing function in γ and that

lim
k→∞

C(γ, k) =


∞ , γ < (2p− 1)/2
1 , γ = (2p− 1)/2
0 , γ > (2p− 1)/2

. (8)

For functions

fj(z) = zp−
∞∑

k=1

ak+p,j zk+p (an,j ≥ 0) (j = 1, 2), (9)

in the class Tp, the modified Hadamard product f1 ∗ f2(z) of f1(z) and f2(z) is
defined by

(f1 ∗f2)(z) = zp−
∞∑

k=1

ak+p,1 ak+p,2 zk+p. (10)

A function f(z) ∈ Sp is said to be p-valent γ− pre-starlike function of order α(0 ≤
α < p; 0 ≤ γ < p), if

(f ∗Sγ)(z) ∈ Sp(α) (11)

We denote by Rp(γ, α) the class of all p-valent γ−pre-starlike functions of order
α . The class Rp(γ, α) was studied by Aouf and Siverman [1] while the class
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Rp(α, α) = Rp(α) was studied by Silverman and Silvia [8], Shenan, Salim and
Marouf [7] and others. We note that Rp(α) = Sp(α) for α = 1/2.
Let S∗p(α) = Sp(α)

⋂
Tp, K∗

p(α) = Kp(α)
⋂

Tp and R∗
p(γ, α) = Rp(γ, α)

⋂
Tp.

The generalized hypergeometric function is defined by

lFm(α1, ..., αl;β1, ..., βm) =
∞∑

k=0

(α1)k...(αl)k

(β1)k...(βm)k
.
zk

k!
, (12)

(l ≤ m + 1;m ∈ N0 = {0, 1, 2...}) ,

where (a)k is the Pochhammer symbol defined by

(a)k =
Γ(a + k)

Γ(a)
=

{
1; k=0
a(a + 1)(a + 2)...(a + k + 1), k ∈ N = 1, 2, ...

(13)

Corresponding to the function hp(α1, ..., αl;β1, ..., βm; z) = zp
lFm(α1, ..., αl;β1, ..., βm)

the Dziok-Srivastava operator [3], H l,m
p (α1, ..., αl;β1, ..., βm) is defined by

HL,m
p (α1, ..., αl;β1, ..., βm)f(z) = hp(α1, ..., αl;β1, ..., βm; z)∗f(z) (14)

= zp +
∞∑

k=1

(α1)k...(αl)k

(β1)k...(βm)k
ak+p

zk+p

(k)!
.

It is well known [3] that
α1H

L,m
p (α1 + 1, ..., αl;β1, ..., βm)f(z) = z[HL,m

p (α1, ..., αl;β1, ..., βm)f(z)]′

+(α1−p)HL,m
p (α1, ..., αl;β1, ..., βm)f(z) (15)

To make the notation simple, we write,

HL,m
p [α1]f(z) = HL,m

p (α1, ..., αl;β1, ..., βm)f(z) .

We note that special cases of the Dziok-Srivastava operator HL,m
p [α1] include the

Hohlov linear operator [4], the Carlson-Shafer operator[2], the Ruschweyh derivative
operator[6], the Srivastava-Owa fractional operators [10], and many others.
We note that H1,0

p [1]f(z) = f(z) and H2,1
p [1 + p, 1; p]f(z) = zf ′(z)

p

Now using HL,m
p [α1] we define the following subclass of analytic function.

Definition 1. For αi ∈ C (i = 1, 2, 3..., l), βj ∈ C−{0,−1,−2, ..} (j = 1, 2, 3, ...,m),
and −1 ≤ B < A ≤ 1, 0 ≤ α < p, 0 ≤ γ < p, we let Sl,m

p (αl, βm, A, B, γ, α) be
the subclass of Tp consisting of functions f(z) of the form (2) and satisfying the
following condition,

z(HL,m
p [α1](f ∗ Sγ)(z))′

HL,m
p [α1](f ∗ Sγ)(z)

≺ p + [pB + (A−B)(p− α)]z
1 + Bz

(z ∈ U), (16)
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where ≺ denote the subordination . From the definition, it follows that f(z) ∈
Tp belongs to the class Sl,m

p (αl, βm, A, B, γ, α) if there exists a function w(z) regular
in U and satisfying w(0) = 0 and |w(z)| < 1 for z ∈ U such that

z(HL,m
p [α1](f ∗ Sγ)(z))′

HL,m
p [α1](f ∗ Sγ)(z)

=
p + [pB + (A−B)(p− α)]w(z)

1 + Bw(z)
(z ∈ U). (17)

The condition (17) is equivalent to∣∣∣∣∣∣∣∣∣
z(H

L,m
p [α1](f∗Sγ)(z))

′

H
L,m
p [α1](f∗Sγ)(z)

−p

pB+(A−B)(p−α)−B
z(H

L,m
p [α1](f∗Sγ)(z))

′

H
L,m
p [α1](f∗Sγ)(z)

∣∣∣∣∣∣∣∣∣ < 1 , z ∈ U. (18)

It may be noted that the class Sl,m
p (αl, βm, A, B, γ, α) extends the classes of starlike

and convex functions for suitable choice of l,m, αi, βj , A, B, γ and α. For example
i) For A = l = α1 = −B = 1 and m = 0 the class Sl,m

p (αl, βm, A, B, γ, α) reduces to
the class of γ-prestarlike functions of order α.
i) For A = l = α1 = −B = 1, m = 0 and γ = 2p−1

2 the class Sl,m
p (αl, βm, A, B, γ, α)

reduces to the class of starlike functions of order α.
(ii) For A = m = −B = α2 = 1, l = 2, α1 = 1 + p and β1 = p we obtain the class of
convex function of order α.

among several interesting definitions of fractional derivative and fractional in-
tegral given in literature we find it to be convenient to to restrict ourselves to the
following definition used by Owa [9].

Definition 2. The fractional integral of order λ for a function f(z) is defined
by

D−λ
z f(z) =

1
Γ(λ)

∫ z

0

f(t)
(z − t)1−λ

dt , (19)

where λ > 0, f(z) is analytic function in a simply connected region of the z -plane
containing the origin, and the multiplicity of (z − t)λ−1 is removed by requiring
log(z − t) to be real when (z − t) > 0.

Definition 3. The fractional derivative of order λ for a function f(z) is defined by

Dλ
z f(z) =

1
Γ(1− λ)

d

dz

∫ z

0

f(t)
(z − t)λ

dt , (20)

where 0 ≤ λ < 1, f(z) is an analytic function in a simply connected region of the
z -plane containing the origin, and the multiplicity of (z− t)−λ is removed by requir-
ing log(z − t) to be real when (z − t) > 0.
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Definition 4. Under the hypothesis of Definition 2, the fractional derivative of
order n + λ of f(z) is defined by

Dn+λ
z f(z) =

dn

dzn
Dλ

z f(z), (0 ≤ λ < 1, n ∈ N0) (21)

Following Owa and Srivastava [10], we introduce the linear operator U
(λ,p)
z defined

by

U (λ,p)
z f(z) =

Γ(p + 1− λ)
Γ(p + 1)

zλDλ
z f(z) , (22)

where Dλ
z f(z) is the fractional derivative of f , of order λ (0 ≤ λ < 1), while

U (0,p)
z f(z) = f(z) ; U (1,p)

z f(z) =
zf ′(z)

p

Lemma 1. [9]. If 0 ≤ λ < 1 then,

Dλ
z zp =

Γ(p + 1)
Γ(p− λ + 1)

zp−λ (23)

Applying Lemma 1 for the function f(z) defined by (2) we have from (17)

U (λ,p)
z f(z) = zp−

∞∑
k=1

ak+p
(p + 1)k

(p + 1− λ)k
zk+p, (k ≥ 1) (24)

2 Coefficient Estimates

Theorem 1. A function f(z) defined by (2) is in the class Sl,m
p (αl, βm, A, B, γ, α),

αi ∈ C (i = 1, 2, 3..., l), βj ∈ C−{0,−1,−2, ..} (j = 1, 2, 3, ...,m), −1 ≤ B < A ≤ 1 ,
0 ≤ γ < p and 0 ≤ α < p if and only if

∞∑
k=1

{k(1−B) + (A−B)(p− α)}φ(p, k)C(γ, k) ak+p ≤ (A−B)(p−α) , (25)

where C(γ, k) is given by (6) and

φ(p, k) =
(α1)k...(αl)k

(1)k(β1)k...(βm)k
. (26)

and the result is sharp.

Proof.
Assuming that (25) holds and |z| = 1, we have

|z(HL,m
p [α1](f ∗Sγ)(z))′−pHL,m

p [α1](f ∗Sγ)(z)|
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−|{(pB+(A−B)(p−α))HL,m
p [α1](f ∗Sγ)(z)}−Bz(HL,m

p [α1](f ∗Sγ)(z))′|

= |
∞∑

k=1

(k)φ(p, k)C(γ, k) ak+p zk+p|−|(A−B)(p− α)zp

+
∞∑

k=1

{kB − (A−B)(p− α)}φ(p, k)C(γ, k) ak+p zk+p|

≤
∞∑

k=1

{k(1−B) + (A−B)(p− α)}φ(p, k)C(γ, k) ak+p

−(A−B)(p−α)

≤ 0.
Hence by maximum modulus principle f(z) ∈ Sl,m

p (αl, βm, A, B, γ, α).
Conversely, assume that f(z) is in the class Sl,m

p (αl, βm, A, B, γ, α). Then∣∣∣∣∣∣∣∣
z(H

L,m
p [α1](f∗Sγ)(z))′

H
L,m
p [α1](f∗Sγ)(z)

−p

pB+(A−B)(p−α)−B
z(H

L,m
p [α1](f∗Sγ)(z))′

H
L,m
p [α1](f∗Sγ)(z)

∣∣∣∣∣∣∣∣< 1 , z ∈ U. (27)

=

∣∣∣∣ ∞∑
k=1

kφ(p, k)C(γ, k) ak+p zk+p

∣∣∣∣∣∣∣∣(A−B)(p− α)zp +
∞∑

k=1

{Bk − (A−B)(p− α)}φ(p, k)C(γ, k) ak+p zk+p

∣∣∣∣
Since |Re(z)| ≤ |z| for any z,we find from (27) that

Re


∞∑

k=1
kφ(p,k)C(γ,k) ak+p zk+p

(A−B)(p−α)zp+
∞∑

k=1
{kB−(A−B)(p−α)}φ(p,k)C(γ,k) ak+p zk+p

 < 1 (28)

Now choosing, the value of z on the real axis so that z(HL,m
p [α1](f∗Sγ)(z))′

HL,m
p [α1](f∗Sγ)(z)

is real,

then upon clearing the denominator in (28) and letting z → 1 through real values,
we have

∞∑
k=1

kφ(p, k)C(γ, k) ak+p ≤ (A−B)(p− α)

+
∞∑

k=1

{kB − (A−B)(p− α)}φ(p, k)C(γ, k) ak+p

which gives the desired assertion(25).
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Finally ,we note that equality in (25) holds for the function

f(z) = z− (A−B)(p− α)
{k(1−B)) + (A−B)(p− α)}φ(p, k)C(γ, k) ak+p

zk+p. (29)

3 Distortion Theorem

Theorem 2. Let the function f(z), defined by (2), be in the class
Sl,m

p (αl, βm, A, B, γ, α). Then

|Dλ
z f(z)| ≥ Γ(p + 1)

Γ(p + 1− λ)
|z|p−λ

×

1−
2(p− γ)(A−B)(p− α)(p + 1)

m∏
j=1

βj

[(1−B) + (A−B)(p− α)](p + 1− λ)
l∏

i=1
αi

|z|

 (30)

and

|Dλ
z f(z)| ≤ Γ(p + 1)

Γ(p + 1− λ)
|z|p−λ

×

1 +

2(p− γ)(A−B)(p− α)(p + 1)
m∏

j=1
βj

[(1−B) + (A−B)(p− α)](p + 1− λ)
l∏

i=1
αi

|z|

 (31)

for z ∈ U and 0 < λ ≤ 1.
Equalities in (30)and (31)are attained by the function given by (29).

Proof. In view of Theorem 1, we have

∞∑
k=1

ak+p ≤
2(p− γ)(A−B)(p− α)

m∏
j=1

βj

[(1−B) + (A−B)(p− α)]
l∏

i=1
αi

(32)

we have from (22)

U (λ,p)
z f(z) = zp−

∞∑
k=1

ak+p δ(k) zk+p, (k ≥ 1) (33)

where δ(k) is given by

δ(k) =
(p + 1)k

(p + 1− λ)k
(34)
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It is easily seen that δ(k) is non-increasing , that is , it satisfies the inequality
δ(k + 1) ≤ δ(k) for all k ≥ 1, and we have

0 < δ(k) ≤ δ(p + 1) =
(p + 1)

(p + 1− λ)
. (35)

Consequently, we obtain

|U (λ,p)
z f(z)| ≥ |z|p − |z|p+1

∞∑
k=1

ak+pδ(k)

≥ |z|p− δ(p + 1)|z|p+1
∞∑

k=1

ak+p

≥ |z|p −
2(p− γ)(A−B)(p− α)(p + 1)(

m∏
j=1

βj)

[(1−B) + (A−B)(p− α)]
l∏

i=1
αi

|z|p+1

which proves (30).
similarly (31) can be proved.

Corollary1 . Let the function f(z), defined by (8), be in the class
Sl,m

p (αl, βm, A, B, γ, α). Then

|f(z)| ≥ |z|p×

1−
2(p− γ)(A−B)(p− α)

m∏
j=1

βj

[(1−B) + (A−B)(p− α)]
l∏

i=1
αi

|z|

 (36)

and

|f(z)| ≤ |z|p×

1 +

2(p− γ)(A−B)(p− α)
m∏

j=1
βj

[(1−B) + (A−B)(p− α)]
l∏

i=1
αi

|z|

 . (37)

The result is sharp for the function defined in (29).
Proof. The proof follows readily from Theorem 2 in the special case when λ = 0 .

Corollary2 . Let the function f(z), defined by (2), be in the class
Sl,m

p (αl, βm, A, B, γ, α). Then

|f ′(z)| ≥ p2|z|p×

1−
2(p− γ)p(A−B)(p− α)

m∏
j=1

βj

[(1−B) + (A−B)(p− α)]
l∏

i=1
αi

|z|

 (38)
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and

|f ′(z)| ≤ p2|z|p×

1 +

2(p− γ)p(A−B)(p− α)
m∏

j=1
βj

[(1−B) + (A−B)(p− α)]
l∏

i=1
αi

|z|

 . (39)

The result is sharp for the function defined in (29).
Proof. The proof follows readily from Theorem 2 in the special case when λ = 1 .

4 Radius of convexity

Theorem 3. Let the function f(z), defined by (2), be in the class
Sl,m

p (αl, βm, A, B, γ, α), then f(z) is convex in the disc |z| < r1

r1 = infk≥1

(
p2[k(1−B) + (A−B)(p− α)]φ(p, k)C(γ, k)

(k + p)2(A−B)(p− α)

) 1
k

. (40)

The result is sharp for the function f(z) given by (29).
Proof. To establish the required result it is sufficient to show that∣∣∣∣1 +

zf ′′(z)
f ′(z))

− p

∣∣∣∣ ≤ p, for|z| < r1 . (41)

we have ∣∣∣∣1 +
zf ′′(z)
f ′(z))

− p

∣∣∣∣ =

∣∣∣∣∣∣∣∣
∞∑

k=1

k(k + p)ak+pz
k

p−
∞∑

k=1

(k + p)ak+pzk

∣∣∣∣∣∣∣∣
≤

∞∑
k=1

k(k + p)ak+p|z|k

p−
∞∑

k=1

(k + p)ak+p|z|k

Therefore, if (41) is true, then

∞∑
k=1

k(k + p)ak+pz
k ≤ p

{
p−

∞∑
k=1

(k + p)ak+pz
k

}
that is

∞∑
k=1

(k + p)2

p2
ak+p|z|k ≤ 1 . (42)

By virtue of Theorem 1, (42) is true if

|z| ≤
(

p2[k(1−B) + (A−B)(p− α)]φ(p, k)C(γ, k)
(k + p)2(A−B)(p− α)

) 1
k

.
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Thus f(z) is p-valently convex in |z| < r1, where r1 is given by (40).

5 Integral operators

Theorem 4. Let c be a real number such that c > −p if
f(z) ∈ Sl,m

p (αl, βm, A, B, γ, α) then the function F (z) defined by

F (z) =
c + p

zc

∫ z

0
tc−1f(t) dt (43)

also belongs to Sl,m
p (αl, βm, A, B, γ, α)

Proof. Let f(z) defined by (2) be in the class Sl,m
p (αl, βm, A, B, γ, α) then from the

representation of F (z)

F (z) = zp−
∞∑

k=1

bp+k zp+k (44)

where

bp+k =
c + p

c + p + k
ap+k < ap+k (45)

Therefore∑∞
k=1[(1−B)k + (A−B)(p− α)]φ(p, k)C(γ, k)bk+p

<
∑∞

k=1[(1−B)k + (A−B)(p− α)]φ(p, k)C(γ, k)ak+p

≤ (A−B)(p− α).
Since f(z) ∈ Sl,m

p (αl, βm, A, B, γ, α) hence by Theorem 1, F (z) ∈ Sl,m
p (αl, βm, A, B, γ, α).

6 Extreme points of the class Sl,m
p (αl, βm, A, B, γ, α) .

Theorem 5. Let fp(z) = zp and

fp+k(z) = zp − (A−B)(p− α)
[(1−B)k + (A−B)(p− α)]φ(p, k)C(γ, k)

zk+p, (k ≥ 1)(46)

Then f(z) ∈ Sl,m
p (αl, βm, A, B, γ, α) if and only if it can be expressed in the form

f(z) = λpfp(z) +
∞∑

k=1

λp+kfp+k(z), (47)

where λp+k ≥ 0 and
∞∑

k=o

λk+p = 1.

Proof. Let (47) holds, then by (46) we have

f(z) = zp −
∞∑

k=1

(A−B)(p− α)
[(1−B)k + (A−B)(p− α)]φ(p, k)C(γ, k)

λp+kz
p+k.
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Now
∞∑

k=1

{k(1−B) + (A−B)(p− α)}φ(p, k)C(γ, k)
(A−B)(p− α)

×
∞∑

k=1

(A−B)(p− α)
[(1−B)k + (A−B)(p− α)]φ(p, k)C(γ, k)

λp+k

=
∞∑

k=1

λk+p

= 1− λp ≤ 1.

hence by Theorem 1, f(z) ∈ Sl,m
p (αl, βm, A, B, γ, α)

Conversely, suppose f(z) ∈ Sl,m
p (αl, βm, A, B, γ, α). Since

ap+k ≤
(A−B)(p− α)

[(1−B)k + (A−B)(p− α)]φ(p, k)C(γ, k)
λp+k , (k ≥ 1)

setting λp+k = {k(1−B)+(A−B)(p−α)}φ(p,k)C(γ,k)
(A−B)(p−α)

ap+k and λp = 1 −
∞∑

k=1

λk+p, we get

(47). This completes the proof of the Theorem.

7 Open Problem

One can define a new subclass of multivalent uniformly functions with negative
coefficients instead of class of prestarlike functions using the same linear operator
defined in this paper and hence new results can be obtained.
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