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Abstract

In this paper, the authors introduce and study the classes
StoaWT(w,a,8), S7 (W) T (w, e, 8) and S, ) (w)T'(w, v, B) con-
sisting of analytic functions with negative coefficients defined
by using Aouf et al derivative operator.These classes are re-
spectively, n-w-\-l-starlike with respect to symmetric points,
n-w-A-l-starlike with respect to conjugate points and n-w-\-I-
starlike with respect to symmetric conjugate points. Proper-
ties such as coefficient estimates , distortion theorem , ex-
treme points , radius theorem , e.t.c and the consequences of

the parametrics involved are discussed.
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growth theorem, distortion theorems, radii of starlikeness,convexity, close-to-
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1 Introduction

Let A(w) denote the class of function of the form
f(z):(z—w)—i-Zak(z—w)k ap >0 (1)
k=2

which are analytic and univalent in the open unit disc U = {z : |z| < 1}, and
normalized with f(w) = 0 and f'(w) — 1 = 0, where w is a fixed point in U.
S(w) C A(w) denote the class of analytic and univalent functions. [1,2,4,5].

Definition 1.1 (5). Let f(z) be defined by (1) and w is a fized point in U,
for a function f(z) € S(w) we define I7(\,1) : A(w) — A(w) as follows

LA Df(2) = f(=
Df(z) =1L,
VA +
:(Z—w)—kzk:Q( (1 )
If}()\’l)f(z) :[j}()\’ l)f(z)lf)\+l ([1(}\,[) (Z)>/)\(z w)

)
0f(z)
l

I (A,
(2 )f (Z))’A(f;f :

(A,
=LA Df I5(A,

1)+1 a/k(z

1+1 1+1

oo 1+ X (k—1)+1
:(Z_w)+2k:2< - 1+ LA L ak

and in general

IZADf(2) = L5 A D f(2)

(w0, (%@”“)nak(z—w)k ne Ny A>0,0>0. (2)

Definition 1.2. Let the function f(z) be defined by (1) , then f(z) €
Sy ialw) if and only if
1A Df(2)

Ip(A D f(2)
and S} , (w) denote the class of w-n-A-l-starlike function.

Definition 1.3. Let the function f(z) be defined by (1) and S7, ,,(w) be
the subclass of A(w) consisting of functions of the form (1) satisfying

I Df(2)
DS (2) = 15N D f(=2)

These classes of functions are called starlike with respect to symmetric points,
and w is a fized point in U.

Re >0 né€Ny,A>0,01>0,(z€U) (3)

Re

>0 néeNy,A>0,0>0,(z€U). (4)
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Definition 1.4. Let f(2) be defined by (1). Then the class S}, 5 ;(w)T (w, o, B)
of functions f(z) € S(w) if it satisfies the following condition :
I\ D f(2) al™ (N D) f(2)
13N D f(2) = 13 F (AN D)(=2) L3N D f(z) = 15(A D) f(==)
for some 0 < a<1,0<B<1,l>0,A>0 and z € U, and w 1s a fired point

i U.We denote the class of n-A\-l-starlike with respect to symmetric points by
S:,n,k,lT<w7 «, ﬁ)

Let T(w) denote the subclass of S(w) consisting of functions of the form:
f2)=(z—w) = D an(z = w)" (ax 20). (6)
k=2

Definition 1.5. Let the function f(z) be defined by (6). Then f(z) is said to
be w-n-A\-l-starlike with respect to symmetric points if it satisfies the following
condition:

(D) f(2) ol (N ) f(2)
LEADf(2) = 15N D f(=2) LA Df(2) = 15N D f(=2)

wheren € No = NU{0},0<a<1,0<B<11>0A>00< 28 <1 and

z € U. We denote the class of w-n-A-l-starlike with respect to symmetric points
by S ai(W)T(w,, B), w is a fived point in U.

Definition 1.6. Let the function f(z) be defined by (6). Then f(z) is said
to be w-n-\-l-starlike with respect to conjugate points if it satisfies the following
condition:

I\ D) f(2) aly ™ (A D f(2)
ADf(2) + 12D f(Z) IRADf(2) + 1A D f(Z)
where n € Ng = NU{0},0<a<1,0<p<11>0X1>00< 38 <1,

and z € U,and w 1s a fixed point in U. We denote the class of w-n-\-l-starlike
with respect to conjugate points by Sy, ,(w)T(w, a, B).

Definition 1.7. Let the function f(z) be defined by (6). Then f(z) is said
to be w-n-\-l-starlike with respect to symmetric conjugate points if it satisfies
the following condition :

15 (A D) _1‘< oz (DS (2)

— 1l <8 +1f, (7)

—1‘<6 +1f, (8)

+ 1/, (9)

D) = 130D f(=2) 1A Df(2) = 15N D f(=2)

wheren € No = NU{0},0<a<1,0<B<11>0A>00< 28 <1 and

z € U,and w s a fixed point in U. We denote the class of w-n-A-l-starlike with

respect to symmetric conjugate points by S7, , \(w)T(w, o, B).
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2 Coefficient estimates

Let all the parameters remain as earlier defined except otherwise defined. Then
we state and proof the following.

Theorem 2.1. Let function f(z) be defined by (6) and I" (N, 1) f(z)—I12(A\ 1) f(—=2) #
0 for z#0. Then f(z) € S;, \,(W)T(w,a,B) if and only if

kf; (1 +A(1k+—l1) +l>" {<1+A(1k+—ll) +l) (1t af)+ (511 (—1)1“]} (10)

ap(r+d)* " < pla+2)—1

Proof: Using Definiton , (6) and (2) , that is

aly™ (A D f(2)
ADF(2) = L3N D f(=2)

-1 <p

A Df(2)
LDI(z) = 130D f(=2)

+1¢

" Z<1+A1+—Z1)+1) e — ot
and
1) =~ —w) = 3 () -t - o

then we have

Z( 1+z ) ax(z —w)" W)+ 1+l

k=2

o0

ak(Z_W)k—(Z—w)—Z(1+)\(k 1) 1)n(—1)kak(z—w)k|

k=2
1+ Ak —1)+1
1+1

LT+ AE—-1)+1\" .
_k2< T ) ap(z —w)" + (2 —w)

% (1 +Ak—1)+ 1>n (—D)*ap(z — w)¥|

- L+

<6M@—w%}:a< )nﬂ%u—wf+u—w>

+
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which readily gives

'_(2 - i (1 +/\(1k+—ll) +1)” {(1 +)\(1k+—l1) +z> L (—1)’“] anle - )

<3 (a+2)<kj_ o) _i <1+A(11<;;l1)+1>" {a (1+>\(1k+—ll)+l> o (—1)’“] _
Jar(z — w)| h

Also,

(s —w)] +i (1 +A(1k+—l1) +l)” [1+)\(1k+_51) +1 - (—1)’“] ax| (2 — )]

k=2
< Blla+2)(z —w)| =

_§(1+A(/€—1)+1>”[&5(1+A(/€—1)+1>+ﬁ_ﬁ<_1)k} ai |z — w)¥|

141 141
That is
(c—w |+Z(1+/\1+_zl)+l>n[<1+A<1k+_zl)+l)_1+(_1)k]ak|(z_“’)k}
+Z<1+/\(1k+_zl)+l) {aﬁ(lJrA(lkJr—ll)H) +ﬁ—ﬁ(—1)’“} ak‘(z—w)k|

< Bla+2)[(z —w)|

which gives

> (R (R o+ (o i oy

ca (2 —w)*| < Bla+2) (2 —w)| = [(z — w)]

Let |(z —w)| = r + d. So we have

(A (M) 0ot

ap(r+d)F < Bla+2) -1

Hence by the maximum modulus theorem, we have f € S}, (w)T(w, a, B).
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For the converse, we assume that
RO0fE)
12(ADf(R)—Iz(AD f(==)

I D f(2)
oI G- T3 T

(2 = w) + Ly (ARG [ (124050) — 1 4 (—1)F] an(z — w)*
(a+2)(z —w) = T2y (F22) " [o (252 +1 - (—DF] an(z - w)t
<p

Since |R.z| < |(z —w)| for all z, we have

(2~ )+2(1“1’1l1>+l) () — 14 (1) a(z - )t

Rt S A LEA(k—1)+ b < B(11)
TR e e e P
IO f(2)

Choose values of z on the real axis so that TEOD 0T O T is real and
I"N D f(z) = 12N D) f(—=2) # 0 for z # w. Upon clearing the denominator in
(11) and letting (z) — (r 4 d) through real values, we obtain

1+§: <1+>\(1k:+—l1) +l)" KlJFA(lkJr—ll)H) y (_1);@}

k=2

Sﬁ(a+2>_ﬁ§;<1+)\(l€—l)+l>"[a(1+)\(k—1)+l>+1_(_1)kak]

1+1 1+1

This gives the required condition.

Corollary 2.2. Let the function f(z) be defined by (6) be in the class
;*7n,>\7l(w)T(w, a, 3). Then we have

B2+a)—1

ap < 7
(1+,\(1k+—11)+l> [<1+>\(111—ll)+l> (1+afB) + (8- D[ — (=D]| (r + &)k
(k>2 ,né€ Nyl>0,A>0).

(12)

The equality in (12) is attained for the function f(z) given by

B2+a)—1
LG )" [ (LD (1 4 0) 4 (5 — 1)1 — (~1)H] (r + d)-!
(z—w)" (k>2 ,n€Nyl>0,A>0)

F2) = (- ) -
(

(13)
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Theorem 2.3. Let the function f(z) be defined by (6). Then f(z) €
S:,n’/\ﬂl(w)T(w, a, B) if and only if

5 (1+)\(1k:+—l1) +z) [1+)\(1k+—l1) L0 4 aB) 4205 1)] anlr + d)F-1(14)

<pBla+2)—-1
Proof: Using Definition and (2), we have:
1A D ()
LEADf(2) + 15N D)

and we let

O - i(um —1)+1)”&k(2_w)k

— 1+1

<p

oIl (A1) f2) 1‘
Ir(0 D f(2) + 12D )

such that

|(Z_w)_§:<1+A(k;—1)+1)n+1ak(z_w)k_(z_w)

P 1+1

+i(1+>\(k;—1)+1>"ak(2_w>k_(z_w>

— 1+1

+i (1+>\(k;—1)+1>”ak(z_w>k‘

P 141

oo _ n+1
<ﬂ]a(z—w)—2a<1+>\<1k+l1>+1) ap(z — w)F
k=2

+(z—w)—; (1+)\(1k_:ll>+1) ap(z — W) + (2 — w)

1+ Mk—=1)+1\"
. ( ( ) ) ak(z_w)k|
—~ 1+1

which gives
e w) _g’; <1+)\(1k;+—11)+l)” Kl+>\(1k+—ll)+l) _2} an(z — )]
< Bl + (=~

_Z (1+/\1+—11)+l)" [& <1+A(1k+—ll)+l) +2} 0z — W)
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that is,

(2 — )| +:‘22 (1+>\(1k+—l1) +l>” KHA(IZ—ZU +z> _2} ail(z — W)

< Bla+ 2|z —w) _é (1+A(1kj:l1)+l>” Kl+>\(1k+—l1)+l> aﬁ+2ﬁ}
—

kf’; <1+)\(1k+—l1)+l)” [(1+)\(1k+—l1)+l> (1+aﬂ)+2(6—1)} aal(z — )

< Bla+2)[(z —w)| = |(z = w)

let |z —w| =7r+d, then

,i (1 +/\(1k:+—ll) +l)” {(1 + /\(1k+—ll) +l) (1+aB) +2(3— 14 a4 )
<fBla+2)-1

Corollary 2.4. Let function f(z) defined by (6) be in the class S}, \ (w)T (w, a, ()
Then we have

Bla+2)—1
k<
<1+A(k—1)+z

Y [ on () 2 ] et

(k>2,n¢€ Ny, A>0,1>0.)

The equality in (15) is attained for the function f(z) given by

fz)=(z=w)-

Bla+2)—1

(SR (14 ag) (B2E0H) 28 - 1) (r + )
(k>2,n€NoyA>0,0>0)

(2 —w)"

(16)
Theorem 2.5. Let the function f(z) be defined by (6) be in the class
Stenny(W)T(w,a, 3). Then we have

> (R oo (FAEE) - i v o)

an(r+ ) < [Bla+2) — 1]
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Proof: Using definition 1.7, we have,

I (A D f(2)

_ 1‘ ) al™ (X 1) f(2)
13N 0 f(2) = 15(A D) f(=2)

ADf(z) = 130D f(=2)

+1

)

here
T 0 =30 (BN g e -y
k=2
and

(z—w)—i(1+)\(k_1)+l)n+lak(z—w)k—(z—w)

— 1+1
+g <1+>\1+—l1)+l) an(e— ) — (2 — )
-3 (FAEE) e -t e -
B () e
e w) _I; (1+A(1k:+—l1)+l)"ak<z_w)k+(z_w)
+§ <1+A(1k+—l1)+z>”ak(_1)k(2_w>k -0

which readily yields

s (LX) (LN D) ]

k=2

ak( —w)*| = Bl(a+2)(z —w)
B Z (1 +A1+—l1) +l>” {a (1 +A(1k;l1) +l> 1 (—1)’“] 0z — w) < 0

that is,

(2 — )| + > (1+>\(1k+—11) +l)” {1+A(1k+—l1)+l 14 (_1)k1

T HZ (1 +>\(1/<:+l1) +l> [aﬁ (1 +A(1k;+—ll) +l> +6—ﬁ(—1)’“]

cag|(z — W) = Bla+2)|(z —w)| <0
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and that

S (RN ke (B -y - -]
cagl(z = )] = [Bla+2)|(z ~w)| = |(z —w)] <0

Let |(z —w)| =r+d.

Hence
g <1+)\(1k+—l1)+l)" {(Haﬁ) (1+>\(1k+—ll) +z> LB (—1)’f]}

cap(r+ ) = [Bla+2)—1] <0

Corollary 2.6. Let function f(z) defined by (6) be in the class S%.,, \ (w)T(w, a, ).
Then we have

. _ Bla+2) -1 (18)
() [k ae) (FPEEE) + (8- D0 = (S0

(k>2,n€ Ny, A>0,0>0).

The equality in (18) is attained for the function f(z) given by
f(z)=(z—w)-
Bla+2) -1

LAGk=1)+1\" 14 A(k—1)+ (2 —w)*
(E2%2)" [0+ ) (B2U50) 4+ (6= 1)[1 = (1)) + )i
(k>2,n€ Ny, A>0,0>0)

(19)

3 Distortion theorem

Theorem 3.1. Let function f(z) defined by (6) be in the class S5, \ ,(w)T(w, @, B).
Then we have

z—w)| — ﬂ(?j—a)—l 2 —w)? D (2
=~ ey g SHEO05E)
W B2+a)—1 JREANE:

for z € U, where 0 <1 <n, and w is a fixed point in U. The result is sharp.
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Proof: Note that f(z) € S}, \,(w)T(w,,3), if and only if I}(X,1)f(z) €

S* (w)T(w, a, ) and

S,n—1i,\,l

LD (2) Yy (1“”) anz - w)* (21)

= 141

Using Theorem 2.1, we know that

(1+—)\+l>n+1i(1 +aﬁ)(r+d)§: (1 + Ak —1) + 1)"%

1+1 P 1+1
< Z (FA) (R e -

k(r+d)k L<p@2+a)-1
(22)

That is, that

i":(1+A(l<:—1)+l>"'akS B2+a)~1 (23)

n+1—1
st L+1 (B2 T+ ap)(r+d)

It follows from (21) and (23) that

D) 2 (2 — )l — (2 |§j(1“1+‘l””) o
B2+a)—1 )
> l(z—w)| — . z—w 24

and

1+)\(k—1)+l)i
Qg

EODIE < G-l + -l 3 (FAES
) [ o) R [ L )

(X" (1 ) (r + d)

Finally, we note that the equality in (20) is attained by the function

B2+ a)—1

(L) (1 o) (r + d)

LADf(2) = (z —w) — (z—w)*  (26)
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or by

B2+a)—1
fz)=(z—w)— P |
(=) = ) (“{fjl) (1+aB)(r+d)

(2 —w)? (27)

Corrollary 3.1: Let the function f(2) defined by (6) be in the class S, | ,(w)T'(w, a, 3).
Then we have

z—w)| — ﬁ(2+a)—1 z—w2< 2)| <
I ey o reer R EIE
[ R Ch ) ool (@)

(L) (1 4 aB)(r + d)

for z € U,where w is a fixed point in U. The result is sharp for the function
f(z) given by (27).

Proof: Taking i = 0 in Theorem 3.1, we can easily show (28).

Corollary 3.2. Let the function f(z) defined by (6) be in the class S, 5 ,(w)T(w, a, B).
Then we have

2024+ a) —2 ,
1— i z—w)| < |f(z
el G R C! .
202+ a) —2

= (%§QM1u+am&+d)|@_w”

for z € U, where w is a fized point in U. The result is sharp for the function
f(z) giving by (27)

Theorem 3.3. Let the function be defined by (6) be in the class S}, 5 ;(w)T(w, @, ().
Then we have

R f2+a) -1 WP <IN
(2 — W) (Tt [(“{—i,“) 045+A+(261_+15)(1H)} rd) [(z —w)[F < LD f(2)]
B2+a)—1
<|(z—w)| + (IJ{—il”)n_Z [(1T—il+l) n A+(261_+ll)(1+l)] — (2 — w)|?
(30)

for z € U, where 0 < i < n, and w is a fived point in U. The result is sharp,
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for the function f(z) giving by

LADf(2) = (z —w)
B2+a)—1

(1t 14+ A+(28-1)(1+1) (2 = w)?
( 1+1 ) [( 1+1 )CYB—}— 1+ :| <T+d)
(31)
or by
B2+ a)—1 )
ST — w)? (32
e (S5 [ (1240) 0 + HEENED] (4 ) Foer @

Corollary 3.4. Let the function f(z) defined by (6) be in the class S, \ (w)T (w, a, ).

Then we have

B2+ a)—1 2
~w)| - —w)P<|f
Ty [(H28) 0 + 22008 (5 1. g) s
B2+a)—1 2
<z -w)l+ |(z —w)[” (33)
(32" () a5 + M -+ a)

for z € U, where w is a fixed point in U. The result is sharp for the function
f(2) given by (32).

Corollary 3.5. Let the function f(z) defined by (6) be in the class S%,,  ,(w)T(w, o, B).
Then we have

26(2+ a) — 2 ,
b= Iz —w) < F(2)
(528" [(A53) o + 200 (r 1)
262+ a) —2
s1+ - 34
() [ ap + 2 g

for z € U, and w is a fixed point in U. The result is sharp for the function
given by (32).

Theorem 3.6. Let function f(z) be defined by (6) be in the class S}, ,, \ ,(w)T (w, a, ).

Then we have

z—w)| — 5(2'+a)—1 z2—w)? < |ILN D f(2
(=)~ e s [ S MDA
W B2+ a)—1 Y

S T e T

for z € U. where 0 <1 < n, and w is a fived point in U. The result is sharp.



14 Abiodun Tinuoye Oladipo, O. Fagbemiro and Daniel Breaz

4 Extreme points

Theorem 4.1. The class S}, \ (w)T(w, a, B) is closed under convex linear
combination.

Proof: Let the functions

agj(z — w)k (ag; > 0;5=1,2)

WE

fi(z) = (z —w) =

b
I|
o

be in the class S}, , ,(w)T(w,a,3) and w is a fixed point in U. It is sufficient
to show that the function h(z) defined by

h(z) = Afi(2) + (1 =N fa(z) (0<A<T) (36)
is in the class S}, , ;(w)T'(w, @, B). Since for 0 <\ <1,

h(z) =(z —w) — Aag1 + (1 — Nago](z — w)*

k=2

With the aid of Theorem 2.1, we have

T HEME-D I\ [T+ Ak—1)+1 . o1
> (FAEE) [ (FAEE e oo e
“[Aags + (1= Nago] < fla+2)—1

which implies that h(z) € S, \,(w)T(w,a, 3). As a consequence of Theorem
2.1, there exist extreme points of the class St (W) T (w, a, B).

Theorem 4.2. Let fi(2) = (z —w) and
fe(z) = (z —w)=

B B2+a)—1
(2452)" [+ a8) (2221 + (3= Dt = (~D4)] (r+ !
(37)
for0<a<1l>0,A>0,0<3<1,n€eN,, and w is a fixed point in U.

Then f(z) is in the class Ssn/\l( )T (w, af) if and only if it can be expressed
i the form

(2 —w)*

2) = Mefiu(2) (38)

where A\, >0 (k> 1) and

k=2
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Proof: Suppose that

F(2) = Nefilz) = (2 — w)—

B B2+ a)—1
(EU0) " [(1 4 ) (H2ED) 1 (5 — D1 — (1] (r + )

k(2 — w)k,

(39)
then we get that

- 1+>\(1k;11)+1 " (1+ af) 1+,\(1k+—11)+z F (B =11 = (=] (r + d)F
5. (2 foson (242 e,

];2 ] B2+ a)—1
(B2U0) " [(1 4 ) (FREDE) 4 (5 - 1)[1 = (~1)] (r + d)-t

Ak

[M]¢

M=1—-X <L

T

2

(40)

By virtue of Theorem 2.1, this shows that f(z) € S}, \ (wW)T(w, , 3).
On the other hand, suppose that the function f(z) defined by (6) is in the
class S7,, 1 (w)T(w,a, 3). Again, by using Theorem 2.1, we can show that

"< i B(2+0)—1
T (ARERE) (14 ap) (B 4 (5 1)1 - (—DH] (r + @)
(k>2,n€Ny)
(41)
setting
o () [0 (B42) + (3 - it - (1) (0 + )
B2+a)—1
(k>2,n€ Ny)
(42)
and

M=1-) "N (43)
k=2
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We can see that f(z) can be expressed in the form (38). This completes the
proof of Theorem 4.2.

Corollary 4.3. The extreme points of the class S}, , ,(w)T(w, a, B) are the
function fr(z) (k> 1) given by Theorem 4.2.

Theorem 4.4. Let fi(z) =(z —w) and

fule) = (s = w)-
B B2+ a)—1 (2 — w)
(220) [+ ) (2024 205 - 1))+ )
(k > 2)

foro<a<1,A>0,1>0and0< (<1 andn € Ny, where w is a fixed
point in U. Then f(2) is in the class S}, \ ,(w)T(w,a, B) if and only if it can
be expressed in the form

F(2) = Mefu(2)

where \y >0 (k> 1) and

k=2

Corollary 4.5. The extreme points of the class S}, , ,(w)T(w,a, B) are the
function fr(z) (k> 1) given by Theorem 4.4.

Theorem 4.6. Let fi(z) = (z — w) and

fu(2) = (2 —w)
B B2+ a)—1 (2 — w)
(S22 [(1+ @) (252 + (8 - DL = (~1] (r + d)
(k> 2)

foro<a<1,A>0,1>0and0< (<1 andn € Ny, where w is a fixed
point in U. Then f(z) is in the class S}, , (w)T(w,, B) if and only if it can
be expressed in the form

F(2) = Mefu(2)

where \y >0 (k> 1) and

k=2
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Corollary 4.7. The extreme points of the class S, ,, , (w)T(w, a, 3) are the

functions fr(z) (k > 1) given by Theorem 4.6.

5 Radii of close-to-convexity,starlikeness and

convexity

Theorem 5.1. Let the function f(z) defined by (6) be in the class S, \ ,(w)T (w, a, 3).

Then f(z) is w-n-A-l- close-to-convex of order § (0 < § < 1) in|(z—w)| <7 :

where

r =

(1 - ) (LAY (1 ) (LD 4 (5 1)1~ (18] (7 + d)f!

1+1

= inf B2+a)—1
(k>2) (43%)

The result is sharp with the extremal function given by (13).

Proof: for w-n-A-I-close-to-convexity it is sufficient to show that
[f'(z) =1 <1=46

for |(z — w)| < r1. we have

1f'(z) = 1] < Z <1 i /\(1]1_11) i l) ax|(z — w)|F

Thus
1f'(z) =1 <194

if

L1+ ANE—1)+1) 1
Z( e )ak|<z—w>| <1

According to Theorem 2.1, we have

o (2252 [+ ap) (B4 + (8- DL - (-1
Z BR2+a)—1

k=2

(r+d)*ta, < 1(45)

1
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Hence (41) will be true if

(1 +A(k—1) +l)) (2 — ) <

(T+1)(1—-9)
B G M aﬁ)ﬁgﬂa—)il) G e P
Or if
(- )l <
(1) (S8205)™ [ 4 ) (12850) 4 (3 (] 40|
) B2+ a)—1
(k> 2)

(46)
The theorem follows from (46)

Theorem 5.2. Let the function f(z) defined by (6) be in the class S5, \ ,(w)T (w, a, ).
Then f(z) is starlike of order § (0 <0 <1) in |(z — w)| < 19, where

ngin
k

[= (24) [0+ as) (M) + (0 Dl - (4] 0+ @)
(A=) 52 +0) — 1

(k>2) (46%)

The result is sharp with the extremal function given by (18) and ry attains its
mfimum for k =2

Proof: it is sufficient to show that

M—l’gl—é for |(z —w)| < re.

f(2)
We have
LS ER P2 Kl
f(2) s ar](z —w)"
Thus
f'(2)
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if

(A H(1-9) -
Z( 1_,_1 — %) )ak|<2_w)| <1 (47)

k=2

Hence by using (45)and (47) will be true if

(
LEDELEDIEDMR
(1+l)1 J)

< E n[”‘w (%)Jr(ﬁ—l)[l—(—l)k]] (r+d)Ft!
B2+a)—1

<

(k> 2) or if

[“ — ) ()" [ 0) () + 0 - - 1 et

A k— l 1)
(AE=LEED0D) [5(9 1 ) 1]

|z —w| <

(k >2)
(48)
The theorem follows easily from (48)

Remarks: It is clear that r, attains its infimum at k=2 for the function f(z)
given by

B2+a)—1

f(z)=(z—w)— pro] 2 —w)?
(=)= ) (H2H) (1+ozﬁ)(r+d)k1( )
Also , we have
BR2+a)—1

M—l‘ZI(z—wﬂ

/z) (2 (1 L a)(r+d) - [B2+a) — 1] 2 —w
Then
82+ 0) = 1]z = w) i
(B2 (1 af)(r +d) — [BQ2+a) —1]|(z —w)| ~
that is, we have
2-9Pe+a)-1lc-wl<0-0) |(FT) arane+a

Then we have

1+1

(2-0)[B(2+a)—1]

] (G-l ]
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Corollary 5.3. Let the function f(z) defined by (6) be in the class S, 5 ;(w)T (w, a, B).
Then f(z) is convex of order § (0 <6 < 1) in |(z —w)| < r3 where

1

n—1
e () [ el) (B + (6 - DL (D4 + )
3 pu—
: (A2 ) (82 + @) — 1]

(k>2) (48%)

The result is sharp with the extreme function given by (13).

6 Integral operators

Theorem 6.1. Let the function f(z) defined by (6) be in the class S,  (w)T'(w, a3)
and ¢ be a real number such that ¢ > —1. Then the function F(z) defined by

| (- ) (e (49)

(2 —w)e

also belongs to the class S, \ ,(W)T (w, , B).

F(z) =

Proof: From the representation of F'(z), it follows that

F(z) = (—w) = 3 bz —w)* (50)
where
_ (c+1)(1+1)
e (A(kr — 1)+ (c+1)(1+ z)) i (51)
Therefore
; <1 + >\<1k+_l1) + l) [(1 + )\(1/:_—[1) + l) (1+aB)+(B—-1)1 - (_1)k]
(r +d)k_1bk _ Z (1 + )\(1/:——[1) + l)
. Kl - A(1k+_ll) + l) (1+aB)+ (3 —1)1— (_1);@]}
(r k—1 (c+1)(1+41)
i) < Ak —1)+ (c+ )(1+z))

§<1+A1+l)+l) Kl+>\1+—l1)+l)(+ 0f) 1 (6 — D[l — (—1)]

2
(r+d) e < B2+ a) -
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Since f(z) € S5, 1, (W)T(w, a, B). Hence, by Theorem 2.1, F'(z) € S, \ (w)T(w, @, ).

Theorem 6.2. Let ¢ be a real number such that ¢ > —1 . If F(z) €
St @) T(w,a, B), then the function F(z) defined by (49) is univalent in
|(z —w)| < r*, where

1
k—1

*

n—1
() e (M) - Dl - (V] 4
T =11
k (M) 182+ a) = 1)

(k>2) (52x%)

The result is sharp.
Proof:
Let F(z) = (z —w) = > ey ar(z —w)*  (ar > 0) It follows from (49) that

(2 —w)'~[(z —w)°F ()] _ o3 ()\(k; — D)+ (e+ 1)1+ l)) 0 — w)*

c+1 (c+1)(1+1)

f(z) =

(c>-1)
(52)

In order to obtain the required result it suffices to show that |f’(z) — 1| in
|(z —w)| < r*. Now

. T ME=1D) 1 (AE=1) + (c+1D)(1+1) _1
@< 3 (R () el

Thus
[fi(z) =1 <1
if
5 (1 Ak —1) +z> (/\(k — D+ (c+ 11 +l)) ar|(z — )"t < 1 (53)

p 1+1 (c+1)(141)

Hence by using (49), (54) will be satisfied if
(1 + Ak —1) +l> (A(k — 1)+ (c+1)(1 +l)> (2 — )

141 (c+1)(1+1)

(2242 [+ aB) (22E24) + (8- DL = (~DH)] (r + @)
B+a)—1]

<
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that is, if
n—1 %
. y <1+A(1k;l1)+1) [(1 + af) (%{zl)“) (8- D[ — (=] (r + d)*?
z—w)| <
(AR ) (82 + @) 1)
(k> 2)

(54)
Therefore F(z) is univalent in |(z — w)| < r*. Sharpness follows if we take

f(z)=(z—w)

B (CES)IGEE)) (2 — w)

(%j’“)"—l [0+ ap) (HRUDH) 4 (5 1)1~ (~1)4]] (r + d)p!
(k22§n€N0;c>_1>

(A(H)Hcﬂ)(lm) B2+ ) — 1]

Conclusively, with various choices of all the parameters involved the results
in [6,7,8,9,10,11,12,13,14,15,16,17] could be obtained and some other new ones
could be derived.

7 Open Problem

The authors suggest to study the properties of Hadamard product for two func-
tions from the classes S, \ ((w)T'(w, , B), S}, 31 (W) T (w, @, B) and S, . \ (W) T (w, a, B).

S
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