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Abstract.

We use the differential operator HD] , f tO introduce a new class
>. (n,4, p) of multivalent meromorphic starlike harmonic functions

in punctured open unit disc U” ={z:0<|7<=U\{o}. We give

sufficient coefficient condition for this class. Also, this coefficient
condition is shown to be necessary if the coefficients of the co-
analytic part of the harmonic functions are negative. Furthermore,
we determine the inclusion relation, extreme points, distortion and
covering theorems, convolution and convex combination conditions
for these functions.
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1 Introduction

A continuous function f =u+iv IS a complex-valued harmonic function in a

domain p<=c if both u and v are real harmonic in D. In any simply connected
domain D we write f =h+g, where h and g are analytic in b. We call h the

analytic part and g the co-analytic part of f . A necessary and sufficient condition
for f to be locally univalent and sense-preserving in D is that |h'(z)|>|g'(z)| in D.

See Clunie and Sheil-Small [6]. There are numerous papers on harmonic functions
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defined in the exterior of the unit disc J:{z:\z\>1} (see [1], [7], [9] ) or in
punctured open unit disc U" = {z:0<|z| <1} (see [5], [10] ).

Denote by Zy, the class of p-valent harmonic functions f =h+ g that are sense-
preserving in u” and h, g are of the form

0

h@)=+3az" , g@)= bz . (1.1)

p
yA k=p k=2p

Also, denote by Zu, the subclass of Ty, consisting of all functions f =h+g where
h, g are given by

h@)=L+3 a7 | g@)=-3b2" ,a.b, >0 (1.2)
z

k=p k=2p

We denote by 3 (o) the subclass of =, consisting of starlike functions of

order a(0<a < p) in U”. A necessary and sufficient condition for such f to be
starlike of order & in U™ is

—%arg[f (reig)]z a, z=re’, 0<r<1.

Similarly, we denote by s¢ («) the subclass of X, consisting of convex

functions of order a(0<a < p) in U". A necessary and sufficient condition for
such f to be convex of order ¢ inu” is

—%arg[% f(re‘”)} >a, z=re’,0<r<1. (1.3)

Remark 1.1. For 0< ¢, <a, < p, We have

¥ ()< I ()2 (0)=Z
p p Hp Hp

Z‘;p (a,) c Z°Hp () < ZCHP 0) = ZCH,, :

1 & =
The Convolution or Hadamard Product of f(2) :ZT+Zaka +>°b, 7" and
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0

1 2 —
9(2) ==+ 2,62 + >.d, 7" defined as (f *9)(2) =
k k=2p

p
z ~p

1
P

+iakckzk + iﬁkakik
z k=p )

k=2p

For f ez, we define the differential operator HD]  f as

HD! f=D? h+D! g, neN,=NU{0}, 220 . (1.4)

Where
D} 0@ =+ Y [+ Alk + p)I"a, 2"
" kep (1.5)
D} ,9(2) = X [1+A(k+p)]"b, 2"

k=2p

Both h and g satisfies the identity

!

DIh—(@+Ap)D} ,h=2z(D] h) , DIg—(+1p)D],g=4z(D! g), 220.

P P

Remark 1.2. I. If p=1and the co-analytic part of f being identically zero, i.e.,
g =0, then HD]  f reduces to the differential operator which is introduced in [2].

Il If the co-analytic part of f being identically zero, i.e., g=0, then HD] f
reduces to the differential operator which is introduced in [4].

Remark 1.3. If f €x, and the differential operator HD] f is given by (1.4) and
(1.5), then

HDf — 1+ Ap)HD;  f =Az(HD ) +z(HD], f) (1.6)
A function f in Z, is said to be in the class 2 (0, 4,0) if
HD! f(z)) —z(HD] f)
—Re z(HD}, (Z))Z Z(HD;, ) >a,zeU, 0<a<p, (1.7)
HD] | f(2)

Remark 1.4. |. Putting n=0,we gety,, (0,4,0)=X}, (@)
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. 1f we consider p =1 and the co-analytic part g=0, then X, (n,4,a) = MS}(«)

the class of meromorphic starlike functions, studied by Al-Oboudi and Al-Zkeri

[3].

. fex, (n4a) < HD],feI (a).

Finally, we define the subclass >, (n,2,0)=X, (n4,&)NZ,, -

We obtain sufficient bounds for functions in the class >, (n,4,&). This

sufficient coefficient condition is shown to be also necessary for functions in the
class 3, (n,1,a). A representation theorem, inclusion properties, and distortion

bounds for the class 3, (n, 1, «) are also obtained.

2 Main Results

We prove necessary and sufficient convolution condition for the class
sz(nilla)'

Theorem 2.1. Let f €X, . Then f ez, (n,4,«) ifand only if

A BzP Czp“}

h *u, *u, =*..%U, *J—+ +
A ap ¥ ,
P P 2P zP 1-z (l—Z)2

n-times

DzzP*l+Ez2P}
—Z2 T=% li0

+g *viyp*vivp*...*vﬂyp*{ (7

n—times

where
I£|=1, A=al+a-2p, B=¢(@2p+a)+a, C=¢{+1
D=¢(p—-a-D)+3p—-a-1, E=—{(p—-a)-3p+«

oo =L Br2aplz’ -[+2@p-B)z*
Ap 7P 1-2)°

vo@ _[L+34pJ2* —[1+A@p-1)]2*"
1-2)° '

Proof. The condition (1.7) is equivalent to the following
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Re{z(ozphm) -2(D},9(2)) +aszh(z>+aD2p9(Z>}>o .Y
D;,h(2)+ D7 ,9(2)

Since

| 20},h@) -2(D},9(2)) +aD;} (@) + D}, 9(2) Cow
D;ph(z) + D)r:pg(z) 7= 0
The required condition (2.1) is equivalent to

b} ,h@) -2(0,9() +aDj,h(2)+aD},9(2) Ll 2.2)
D} ,h(z)+ D} ,9(z) ¢+l

where |¢|=1and & #-1.

By a simple algebraic manipulation, inequality (2.2) yields

!

0= (¢ +D[z(D] ,h(2)) z(Dﬂ”ypg(z)), +aD] h(z) +aD! ,g(2)]

- pA-9ID; ,h(2) + D; ,9(2)]

. . 2P +z-1 " 1=z +2%
=D;,h(2) {(§+1)[p D) +(1_Z)2}+[§(a+ p)+a p]{ - 2) }

+ Dz,pg(z)*{— (¢+1>(21pr . (1Z_p;)2]+[4(a+ p)+a- p](lz_pzj}

= Dzyph(z)*{angzoé_Zp+[§(2p+1f)z+a]zp . (((:_1)5:*1}

+D;,9(2)*

{[C(p—a—1)+3p—a—1]22"“—[§(P—“)+3p_a]zzp}- (2.3)
(1-2)*

Now, if we consider
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1.3 ¢ _ 1 [1+22pl2° -[l+A(2p-DJz**
S =

V@) = SHeaks )z < BF3ARIZT [+ A@p -1

k=2p (1— Z)2 ,

we get

Dl h =hxu, =u, =*.*u, , D} g =g*v, *v, *. kv, . (2.4)

n—times n—times
Using (2.4) in (2.3), we obtain the condition required by this theorem. m
The above theorem yields a sufficient coefficient condition for the class
ZHp(n,/i,a).
Corollary 2.1. Let fex,, . If
Sk +allL+ Ak + p)I'fay |+ D[k —alll+ Ak + p)'[o,| < p-e, (2.5)

k=p k=2p

then f ex,, (n, 4,«). The resultis sharp.

Proof. In view to the convolution condition given in Theorem 2.1, we note that
for h and g asin (1.1), we have

ag%ﬁ’_zp+i[§(k+a+ p)+k+a—plll+A(k+p)]"a,z"
k=

+ Y [C(k+ p+a)—k+a-pllL+ Ak + p)I'b,z*

k=2p

2 _ _ o0
zp:"JO“/’V_Zg(kJraqL p)+k+a - p|lL+ Ak + p)'a 2

k=p

— Sle(k+a+ p)—k+a— pliL+ Ak + p)be*

k=2p

s 2p-a)

PO 23 [k +alll+ Ak + P2 - 23 [k —allt+ Ak + p)I'by |2

k=2p
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52| p-a- S [k+alll+ Ak + p)a| — SIk-allL+A(k -+ p)I'l|

k=p k=2p

This last expression is nonnegative by the hypothesis of the corollary and
Ofex, (nia) -®

The condition (2.5) given in Corollary 2.1 is sharp for the function

f(z)— z° kz k+a][1+/1(k+ p)] :Zz: k- 06][1+/1(k+ pI" °

where S js+ 3= p-a-

k=2p

In the next theorem we use Theorem 2.1 to obtain inclusion relation with respect
to n fortheclass £, (n,1,a)-

Theorem 2.2. Forall neN,, 2y, (M+L2,a)c 2, (N 4,q)-

Proof. Letfex, (n4,a), then for the values of A B, C, Dand E given in
Theorem 2.1 we have

h *U,o*U, % kU *{

n+1-times

2" 1-7 (1-27)?

T

A BzP Czp”}

Dz** +EZ?" .0
(1-2)° ’

v

G KV, KV, LY, *{

n+1-times

by commutative property of the convolution, we get

Uy p* o, e, s wu, *T 40, % g *v, xv, k. xp, W =0,

n—times n —times

hence

(ulyp+1711p)* h *U, o*U, kku, T 4+ g xv, xv, ok kv, kY #0,

n—times n —times



On a Class of Harmonic Starlike Multivalent... 75

then we have

hosu, oxu, w kU, *T +Q *v, o+, % xv, xW2£0,

n—times n-times

this yields that f ez, (nAe). =

Remark 2.1. From Theorem 2.2 and Remark 1.4 (1), we deduce that functions in
the class =, (n, 1,) are meromorphic starlike of order « .

Now we show that the sufficient condition (2.5) is also necessary for functions
intheclass 3, (n,4,a).

Theorem 2.3. A necessary and sufficient condition for f to be in the class
T (0 Aa) is that

Sk +allt+ A+ p)'a, + Sk -all+ Ak + p)'b, <Pp-a - (2.6)

Proof. In view of Corollary 2.1 and since ¥, (n,1,a) ==, (n,4,a), We need only
to show that f ¢, (n,4,«) if the condition (2.6) does not hold.

Since
HD] f —7(HD™ f)
_Re Z( AP (Z))Z Z( .p )z >a.zeU, 0<a<p,
HD; , f(2)

we have
e 2(HD} , f(2)), —z(HD; , ), »

HD; , f(2)
— _Re Z(D;ph(z)) —Z(DQ,pg(Z)) +aD} h(z) +aD; ,9(2)

D;,n(2)+D;,9(2)

p-a— S [K+alll+ Ak + p)"a, 2" — 3 [k —allL+ Ak + p)"b,2*2"

=Re

1+ 3 [+ Ak + p)"a, 25" = Y[+ Ak + p)]"b, 22"

k=p k=2p
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a+ S [K+a+ plll+ A+ p)la, 2" + Sk -a— plil+ Ak + p)I"b,7*2°

—Re k=p k=2p
1+ [+ Ak + p)1"a, 2" = D [1+ Ak + p)]"b, 2P
k=p k=2p

k+p

a+ S [k+a+ pllt+ Ak -+ p)l"alz"" + S Ik-a- pllt+ Ak + p)I"b, [

_ k=p k=2p
1- [+ Ak + P ay 7" - S+ Ak + )b,z
k=p k=2p

p—a— S [k+a+2p]lL+ Ak + pT afz"" = Sk —allt+ Ak + p)I'b, |2

B k=p k=2p >0
- = Y

1-3 [+ Ak + p)l'alz " - Y[+ Ak + pI'b [
k=p k=p

(2.7)

if (2.6) does not hold, then the numerator of (2.7) is negative. So, we can find
0<z, <1such (2.7) is negative and this contradict the fact f ¢ 3., (n,1,«). Hence

the condition(2.6) holds.m

3  Representation & Distortion theorems

Theorem 3.1. Let f =h+Q where h and g are of the form (1.2). Then
fex (na) ifandonlyif f canbe expressed as

F@)= Y xh @+ 3 v,0,(2).

k=p-1 k=2p

1 _i p_a k k
2" hk(z)_zp+[k+a][1+,1(k+ 1" 2 (k=p)

Where h_,(z)=
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1 p_a K 0 0
7)=—— Z% (k=2p), x, y, >0 and $x + =1.
9D=2 [k — ]l + Ak + p)]" ‘ Z Zy

Proof. Suppose

F@)= S xh@+ 30, ()

k=p-1 k=2p

:i+i (p—a)x 25 4 N (P—a)yi 7k
z? Slk+alll+Ak+p)]" ok —a]l+ Ak + p)]°

Hence

Sk +allL+ Ak + p)'a, + Sk —allt+ Ak + )b,

k=p k=2p

_ i[k +olll+ Ak + pI"(P-a)X, Z“’:[k—ot][lwl(k +P)I"(P—a)y,

S KedlrAkrpl & k-alir Ak ol
- (p—a){ixwiyk} (P-@l-X,.] <p-a,

andso f ex. (n,4,@)-

Conversely, suppose that f ex (n4a) then we have

a, < p-a k>p, b < p-a - >2p
[k +a]l+ A+ p)]" [k —a][l+ Ak + p)]
Set
Xk:[kJroc][1+/1(k+ Pl a_ k>p, yk:[k—oz][1+}»(k+ p)l b, k>2p
p-«a pP-a

Then note that by Theorem 2.3, x, >0 for k> p and y, >0 for k>2p.

We define

and note that, by Theorem 2.3, x ,>0. Consequently, we obtain f(z)=

S %0 (@)+ Yy 0.(2). ™

k=p-1 k=2p
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We shall obtain distortion bounds for functions in the class x~ (n,2,)-

Theorem3.2. If fex (n4,a) for o<|f=r<1, then

p-1

o p—a - Z[k+a][1+/1(k+ m]" a,

f <7 p k=p
@) o Zak” [2p — ]l +34p]"

and
2p-1
s p-a- Y [k+alll+ Ak + p)]a,
\f(z)\>——rp2ak—r k=p

[2p—a][l+34p]"

Proof. We prove the left hand side inequality for |f|. The proof for the right hand
side inequality can be done using similar arguments.

Let f e (n4,a), then by Theorem 2.3, we obtain

2p-1 )
1@ 251 a - 3 +h)
k=p

k=2p

ip— pz ST a]r[1p+ o7 Z{[k+a][1+ Ak +p)I"a,
+[k —a][L+ Ak + p)I'b, |
1 P—a— f[k+a][1+z(k+ p)]'a,
- k=p .
rP kz [2p—-a]ll+34p]"

The following covering result follows from the left hand side inequality in
Theorem 3.2.

Corollary 3.1. If f e~ (n,4,), then the set
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wi <1- p—a +2P*1 [k+alltr 2k +p)]" ], | U
' 2p-alll+34p]"  &| [2p-alll+34p]" X

4  Convolution & Convex Linear Combination

First, we show that the class =~ (n,4,a) is closed under the convolution of its

members.

Theorem 4.1. Let f ez~ (n4,0) @and Fex~ (n,4,p) for 0<p<a<p and given

by f(z):zip+iakzk—ibkzk, F(z):zip+kiAkzk_inzk, then
=p

k=p k=2p k=2p

f+Fex (nhia)c I, (045

Proof. It's enough to show that the condition (2.6) holds for the function f «F.
That is

SIk+alll+ Ak + P a A + Y[k - alll+ Ak + p)I'b, B,

<3 [k+alll+ Ak + p)'a, + S [k -alll+ A(k+ p)I'b, (A B, <1)

<p-a,

since f e (nAa)- Hence, we get that f xF L (n4a)cZ (n4,p) =

Our next result is on the convex combinations of the members of the family
Z; (n, 4, @).

Theorem 4.2. The class £~ (n, 4, «) is closed under convex combination.

Proof. For i=1,2,3,... suppose that f, S (nAa) where f, is given by

f.(2) =Zip+2akizk - >'b, 7.
Then, by (2.6),

Sk+alll+ Ak + p)a, + Sk-alll+Ak+p)I'b, <p-a.  (41)

k=2p
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For iti -1, 0<t, <1, the convex combination of f may be written as

i=1

iZ::ti fi(z) = Zip+ i[itiah }zk - i{itibh }zk.

k=pL i=1 k=2pL i=1

Then by (4.1),

S k+alll+ Ak +p)I"Sta, + Y[k —alli+ A+ p)I"S b,

k=p i=1 k=2p i=1

M

N

i k=2p

t{i[k+a][1+/1(k+ pl'a, + S k- alfl+ Ak + p)]”bki}

S{iti }(p—a) =p-a,

and so iti feZ, (NAa).

i=1

5 Open problems

1. Consider the function - £h'+ £ g'es  (n,4,a),Where h and g are defined in
P p "

’

(1.1). What can you say about the function _%(Dj,ph)

Z(~n _\

+_(Dﬂ,pg) ?

p

2. (a) Define an integral operator HIj f on the harmonic functions
fex, (n4a), which generalized the integral operator |} f defined on
multivalent meromorphic functions [4].

(b) Find the relation between the integral and differential operators, by using
convolution properties.

3. Jakubowski et al [8] studied the class of harmonic functions with positive real
part. Use these functions to obtain integral representation for functions of the class
Zy, (n, 4, @).
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