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1 Introduction

Bertrand curves are well-studied classical curves and may be defined by their prop-
erty that any Bertrand curve shares its principal normals with another Bertrand
curve, sometimes referred to as Bertrand mate [21]. Accordingly, Bertrand mates
represent particular examples of offset curves [14] which are used in computer-aided
design (CAD) and computer-aided manufacture (CAM). The distance between a
Bertrand curve and its mate measured along the principal normal is known to be
constant.

The aim of this paper is to study biharmonic curves in the Heisenberg group
Heis®.

Firstly, harmonic maps are given as follows:

Harmonic maps f : (M,g) — (N, h) between Riemannian manifolds are the
critical points of the energy

B =3 [ Wk, (1.1)
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and they are therefore the solutions of the corresponding Euler—Lagrange equation.
This equation is given by the vanishing of the tension field

7 (f) = traceVdf. (1.2)

Secondly, biharmonic maps are given as follows:
As suggested by Eells and Sampson in [8], we can define the bienergy of a map

f by .
B2(f) = [ (D, (13)

and say that is biharmonic if it is a critical point of the bienergy.
Jiang derived the first and the second variation formula for the bienergy in [10],
showing that the Euler—Lagrange equation associated to Fs is

n(f) = =T (7(f) = A7 (f) — traceR™ (df, 7 (f)) df1.4 (1)
= 0,

where J7 is the Jacobi operator of f . The equation 75 (f) = 0 is called the bihar-
monic equation. Since J/ is linear, any harmonic map is biharmonic. Therefore, we
are interested in proper biharmonic maps, that is non-harmonic biharmonic maps.

Clearly, any harmonic map is biharmonic. However, the converse is not true.
Nonharmonic biharmonic maps are said to be proper. It is well known that proper
biharmonic maps, that is, biharmonic functions, play an important role in elasticity
and hydrodynamics.

In this paper, we study non-geodesic biharmonic curves in the Heisenberg group
Heis®. We characterize Bertrand mate of biharmonic curve in terms of curvature
and torsion of biharmonic curve in the Heisenberg group Heis®. Finally, we construct
parametric equations of Bertrand mate of biharmonic curve.

2 Heisenberg Group Heis®

Heisenberg group Heis? can be seen as the space R? endowed with the following
multipilcation:

1 1
(f,y,Z)(.fL',y,Z) = (f+x,§+y,§+z—§fy+§x§) (21)

Heis? is a three-dimensional, connected, simply connected and 2-step nilpotent Lie

group.
The Riemannian metric g is given by

g =dz* +dy? + (dz + %d:c - gdy)Q.

The Lie algebra of Heis® has an orthonormal basis

g yo 0 x0 0

Tor 20 ?T oy 20 P 0 (22)

€1
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for which we have the Lie products
le1,e2] = e3, [e2,e3] = [e3,e1] =0

with
gler,e1) = g(ea, e2) = g(es, e3) = 1.
‘We obtain

v6161 = v6262 = v63€3 =0,

1
veleZ — *v5261 = §€3a
1
v6163 = v6361 = _5625
1
V@2€3 = vegeg = 561.

We adopt the following notation and sign convention for Riemannian curvature
operator on Heis? defined by

R(X, Y)Z =-VxVyZ+VyVxZ+ V[X,Y]Za
while the Riemannian curvature tensor is given by
R(X,Y,Z,W)=g(R(X,Y)Z,W),

where X,Y, Z, W are smooth vector fields on Heis?.
The components {R;;i;} of R relative to {eq,e2,e3} are defined by

g (R(es, ej)ex, e1) = Rijp.

The non-vanishing components of the above tensor fields are

3 1 3
R0y = —5e2, Ri31 = je3, Rioo = jeq,
i i i
Roay = 1 Riyaa = —1 Roaa = —1
232 = je3, I3z = —jze1, Rozz3 = —gea,
and
3 1
Rig12 = =4, Riziz = Raszos = 7. (2.3)

3 Biharmonic Curves in the Heisenberg Group Heis?

Let I C R be an open interval and ~: I — (N, h) be a curve parametrized by arc
length on a Riemannian manifold. Putting T = 7/, we can write the tension field of
v as 7(y) = V4 and the biharmonic map equation (1.1) reduces to

V3T + R(T,VyT)T = 0. (3.1)
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A successful key to study the geometry of a curve is to use the Frenet frames
along the curve, which is recalled in the following.

Let v : I — Heis? be a curve on Heis® parametrized by arc length. Let
{T,N,B} be the Frenet frame fields tangent to Heis? along + defined as follows: T'
is the unit vector field v/ tangent to v, N is the unit vector field in the direction
of VT (normal to ), and B is chosen so that {T,IN,B} is a positively oriented
orthonormal basis. Then, we have the following Frenet formulas:

VT = kN,
ViN = —xT-—7B,32 (2)
VB = 7N,

where k = |VpT| is the curvature of v and 7 is its torsion. With respect to the
orthonormal basis {e1, ey, e3}, we can write

T = Tie; +Tres +T3es,
N = N1e1 +N2€2+N3€3,
B = T x N = Bje; + Byes + Bses.

Theorem 3.1.(see [11]) Let v : I — Heis® be a non-geodesic curve on Heis3
parametrized by arc length. Then v is a non-geodesic biharmonic curve if and only

if

k = constant # 0,
1
K242 = 1—35,3.3 (3)
7'/ = Nng.

Theorem 3.2.(see [11]) Let v : I — Heis® be a non-geodesic curve on the
Heisenberg group Heis® parametrized by arc length. If k is constant and N1By # 0,
then ~ is not biharmonic.

4 Bertrand Mate of Biharmonic Curve in Heisenberg
Group Heis?

Definition 4.1. A curve v :I — Heis® with k # 0 is called a Bertrand curve if
there exist a curve (3 :1 — Heis® such that the principal normal lines of ~ and
B at s € I are equal. In this case [ is called a Bertrand mate of ~ [14].

Theorem 4.2. Let ~ : I — Heis® be a Bertrand curve parametrized by arc
length . A Bertrand mate of ~ is as follows:

B(s)=7v(s)+AN(s), Vsel,
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where X is constant [14].

Theorem 4.3. Let v : I — Heis® be a biharmonic curve parametrized by arc
length. If B is a Bertrand mate of =y, then the parametric equations of 3 are

zg(s) = % sin ¢ (cos ¢ — R) sin[Rs + p]
—|—% sin g sin[Rs + p),
ys(s) = —% sin ¢ (cos p — R) cos[Rs + p|4.1 (4)

1
R sin ¢ cos[Rs + p),

1
2g(s) = (cosgo—i-@sichp)s,

cos pt4/5(cos )2 —4
5 .

where p is constant of integration and RN =
Proof. The covariant derivative of the vector field T is:
VT = (T + ToTs)ey + (T — Ty Ts)es + Thes. (4.2)
Thus using Theorem 3.2, we have
T = sin p cos[Rs + ple; + sin psin[Rs + ples + cos pes, (4.3)

_ ++/5(cos p)>—4
where R = =2V 228 2
Using (2.2) in (4.3), we obtain

T = (sinpcos[Rs+ pl,sinesin[Rs + p),
Cos  — %y (s)sincos[Rs + p] + %:c (s)sinpsin[Rs + p]).
From (2.2), we get
T = (sinpcos[Rs+ pl,sinpsin[Rs + pl,
cos ¢ + % sin?  cos®[Rs + p] + % sin? psin?[Rs + p]).

On the other hand, suppose that 3 (s) is a Bertrand mate of v. Then by the
definition we can assume that

B(s) =7(s)+ AN (s). (4.4)
From (4.2) and (4.3), we get

V1T = sing (cos p — R) (sin[Rs + ple; — cos[Rs + plea) .
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By the use of Frenet formulas, we get

1
N = —-VgT
K

= %[sin @ (cosp — R) (sin[Rs + ple; — cos[Rs + plea)].
Substituting (2.2) in (4.5), we have
N = %singo (cosp — R) (sin[Rs + p], — cos[Rs + p],0). (4.5)

Finally, we substitute (4.3) and (4.5) into (4.4), we get (4.1). The proof is
completed.

Corollary 4.4. Let v: I — Heis® be a unit speed non-geodesic biharmonic
curve . Then, the parametric equations of v are

x(s) = % sin p sin[Rs + p],

y(s) = —% sin ¢ cos[Rs + p),
1

z(s) = (cosp+ W sin? )s,

+4/5 2_4
where | = =¥ 2(C°s ©) 4
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