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Abstract

In the present paper we establish several differential super-
ordinations regarding the multiplier transformations

D) +i+1 |
I(m,\I) f(z) =2+ Z( U 1 ) a;z’,

j=n+1

where n € N, m € NU{0}, \,/ >0 and f € A,,

A ={feHU): f(z) =2+ Z a;zl, z€U}.

Jj=n+1

A number of interesting consequences of some of these su-
perordination results are discussed. Relevant connections of
some of the new results obtained in this paper with those in
earlier works are also provided.
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1 Introduction

Denote by U the unit disc of the complex plane, U = {z € C: |z] < 1} and
H(U) the space of holomorphic functions in U.
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Let
A, ={feHU): f(z)=z+ Z a;z, z €U},

j=n+1

and
Hla,n) ={f € HU): f(z)=a+auz" +an12" +..., 2€ U},

where n € N, a € C.

If f and g are analytic functions in U, we say that f is superordinate to g,
written g < f, if there is a function w analytic in U, with w(0) = 0, |w(2)| < 1,
for all z € U such that g(z) = f(w(z)) for all z € U. If f is univalent, then
g < fif and only if f(0) = ¢(0) and ¢(U) C f(U).

Let ¢ : C* x U — C and h analytic in U. If p and ¢ (p (2),2p' (2) ; 2) are
univalent in U, p, h € H(U) and satisfies the (first-order) differential superor-
dination

B(z) < 6p(e), 29 (2):2), 2 €U, 1)
then p is called a solution of the differential superordination. The analytic
function ¢ is called a subordinant of the solutions of the differential superor-
dination, or more simply a subordinant, if ¢ < p for all p satisfying (1).

An univalent subordinant g that satisfies ¢ < ¢ for all subordinants ¢ of (1)
is said to be the best subordinant of (1). The best subordinant is unique up
to a rotation of U.

Definition 1.1 For f € A,, n € N, m € NU{0}, \,l > 0, the operator
I (m,\ 1) f(z) is defined by the following infinite series

—1) 1 ,
I (m,\I) f —z+Z( U l+—1i_l+ ) a;2’.

j=n+1

Remark 1.2 [t follows from the above definition that

[(07)"0 f(Z) = f(z),
I+ I (m+1,0ND f(2)=[1+1=XT(m,\I1) f(2)+ X2 (I (m,\1) f(2),
for z e U.

Remark 1.3 Forl =0, A\ > 0, the operator DY = I (m, \,0) was intro-
duced and studied by Al-Oboudi [2], which reduced to the Salagean differential
operator [4] for A = 1.

Definition 1.4 We denote by () the set of functions that are analytic and
injective on U\E (f), where E (f) = {¢ € OU : lim,_..f (z) = oo}, and are
such that f'({) # 0 for ¢ € OU\E (f). The subclass of Q for which f (0) =
is denoted by Q (a).
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We will use the following lemmas.

Lemma 1.5 (Miller and Mocanu [3, Th. 3.1.6, p. 71]) Let h be a convex
function with h(0) = a, and let v € C\{0} be a complex number with Re v > 0.
If p e Hla,n|NQ, p(z) + %sz’(z) is univalent in U and

h(z) < p(z) + %zp’(z), zeU,

then

q(z) < p(z), z€U,
where q(z) = —= [ h( (t)t/"=1dt, z € U. The function q is convex and is the
best subordmant

Lemma 1.6 (Miller and Mocanu [3]) Let q be a convez function in U and
let h(z) = q(z) + %zq’(z), z € U, where Re v > 0.
Ifpe Hla,n|NQ, p(z) + }sz’(z) is univalent in U and

1 1
q(z) + ;zq’(z) <p(z) + ;zp’ (2),z€U,

then

q(z) < p(z), z€U,
where q(z) = — [ h( (t)t7/"=1dt, » € U. The function q is the best subordi-
nant.

2 Main results

Theorem 2.1 Let h be a convex function in U with h (0) = 1. Let m,n €
N, Ml >0, fe A, F(z) = I.(f)(z) = &5 [Jtf(¢t)dt, z € U, Re ¢ >
—2, and suppose that (I (m,\,1) f(2))" is univalent in U, (I (m,\,1) F (z)) €
H[L,nNQ and

h(z) < (ImAD (), 2€l, )
then

q(Z) < (f(m,M)F(Z))'v zeUl,
where q(z) = Ci’fg fo
subordmant

Proof We have

2ME(2) = (c+2) /OZ tof (t) dt
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and differentiating it, with respect to z, we obtain (¢ + 1) F'(2) + 2F' (2) =
(c+2)f(z) and

(c+DI(m,NDF(2)+z(I(m,\1)F(2)) =(c+2)I(m,\I)f(z), z€U.

Differentiating the last relation we have

(I (m, M) F (2)) + ——2 (I, N F(2))" = (Lm, A1) £ (2)) 2 € U. (3)

c+

Using (3), the differential superordination (2) becomes

h(z) < (I(m,\1)F(2) + L (I (m,\,1)F(2))". (4)
Denote
p(z) =T (m,\1)F(2),z€U. (5)
Replacing (5) in (4) we obtain
h(z) <p(z) L (), zeUl.

Using Lemma 1.5 for v = ¢ 4 2, we have
q(z) <p(2),z€U, ie q(2)<{ITmNI)F(2)),2z€U,

where ¢(z) = Cffz Jo t)t ~Ldt. The function ¢ is convex and it is the best

subordmant

Theorem 2.2 Let q be a convexr function in U and let h(z) = q(z) +
C%zq’ (2), where z € U, Re ¢ > —2.

Let mn e N, \,1 >0, f e A, F(z2) =1.(f)(z2) = &% [Jt°f (t)dt, =
U and suppose that (I (m, A1) f(2)) is univalent in U (I (m,\,]) F (z))
HI[1,n]NQ and

h(z) < (I(m,\I0)f(2), zeU, (6)
then

q(z) < (I(m,\)F(2)), zel,
where q(z) = CJ{EQ s h( )t ~Ydt. The function q is the best subordinant.

Proof Following the same steps as in the proof of Theorem 2.1 and con-
sidering p (2) = (I (m, A\, 1) F (2))’, z € U, the differential superordination (6)
becomes

2 (2) <p(2) + ——2p' (2), z€U.

h(z) =q(z)+ T2

c+2
Using Lemma 1.6 for v = ¢ 4 2, we have

q(z)%p(z) zeU, ie q(z)<{TmNI)F(2),2€U,

where ¢(z) = Cffz fo tcf_ldt The function ¢ is the best subordinant.
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Theorem 2.3 Let h(z) = %, where (€ [0,1). Let m,n € N, \,[ >
0, f € A, F(z2) = Ic(f)(/ = SZ [Jtef(t)dt, z € U, Re ¢ > -2, and
suppose that (I (m,\,1) f(2))" is univalent in U, (I (m,\,1) F (z)) € H[1,n]N

Q and

h(z) < (I(m,\D)f(2), zeU, (7)
then
q(2) = (I(m,\\1)F(2)), zeU,

et2
where q is given by q(z) =26 —1+ C+2)(C2+22ﬁ) Oz t P 1alt, z € U. The function

q 1s convex and it is the best subordinant.

Proof Following the same steps as in the proof of Theorem 2.1 and con-
sidering p(z) = (I (m, \,1) F (2))', the differential superordination (7) becomes

1+ (26 —-1)z 1

he) == <)+

zp' (z), ze€U.

By using Lemma 1.5 for v = ¢+ 2, we have ¢(z) < p(2), i.e

2 [ hine 2 [P14 (26— 1)t .
0 0

c+2
nz n nz 1+¢

c+2 -1

:25—1+<C+2>(3;2ﬁ>/0 t+1dt<([(m,>\,l)F(z))’, zel.

nz n

The function ¢ is convex and it is the best subordinant.

Theorem 2.4 Let h be a convez function, h(0) = 1. Let m,n € N, Al >
0, f € A, and suppose that (I (m,\,1) f(z)) is univalent and M S
HIL,n]NQ.

If

h(z) < (I(m,\1) f(2), z€U, (8)

then
q(z) < L(m, A;l) f(z)’ zeU,

where q(z) = = [ h(t)t=—Ydt. The function q is convex and it is the best

subordinant.

Proof By using the properties of operator I (m, A, 1), we have

= <1+>\(j—1)+l

1 ) a;z’, z€U.
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14+A(—=1)4+1\™ ;
) = LmADIG) A () a2

Consider p(z . =14 p 2"+ pppr 2"+
...,z € U. We deduce that p € H[1,n].

Let I (m, A1) f(2) = zp(2), z € U. Differentiating we obtain
(I (mv A, l) f(Z)), = p(z) + Zp/(Z), zeU.

Then (8) becomes

h(z) < p(z) + zp'(z), zeU.

By using Lemma 1.5 for v = 1, we have

q(z) <p(z), zeU ie q(z)=< L(m, )\;Z) f(z), zeU,

where ¢(z) = =t [ h(t)tw~Ldt. The function ¢ is convex and it is the best

subordinant.

Theorem 2.5 Let q be convex in U and let h be defined by h(z) = q(z) +
zq (2).

If m,n € N, \,l >0, f € Ay, suppose that (I (m,\,1) f(z))" is univalent
and M € H[1,n| N Q and satisfies the differential superordination

h(z) =q(2) + 24 (2) < (I (m, A1) f(2)), 2€T, (9)

then N
q(Z)‘<I(m7 ;)f(z)7 ZGU,

where q(z) = = [ h(t)tn—'dt. The function q is the best subordinant.

nzn

Proof Following the same steps as in the proof of Theorem 2.4 and con-
sidering p(z) = ](m+’l)f(z), the differential superordination (9) becomes
q(2) +2¢'(2) < p(z) +2p'(2), 2€U.

Using Lemma 1.6 for v = 1, we have

q(z) < p(2),z €U, 1ie ¢q(z)= 11 /Z h(t)t%_ldt < [(m, A1) f(z),z eU,
0

nzn Z

and ¢ is the best subordinant.

Theorem 2.6 Let h(z) = H(ff;l)z be a convex function in U, where 0 <

B < 1. Letm,n € N, \,1 >0, f €A, and suppose that (I (m,\,1) f(z)) is
univalent and M eH[l,nNQ.
If
h(z) < (I(m,\1) f(2)), z€eU, (10)
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then
() < LIS

1_
where q is given by q(z) =20 — 1+ 27;2; Oz tthl dt, z € U. The function q is

conver and it is the best subordinant.

Proof Following the same steps as in the proof of Theorem 2.4 and con-

sidering p(z) = w, the differential superordination (10) becomes
14+ (28 —-1)z
h(z) = % <p(z)+2p'(z), ze€U.

By using Lemma 1.5 for v = 1, we have ¢(z) < p(z), i.e.,

1 1 14 (28— 1
q(2) = / h(t)tntdt = / +@6-Dt
0 0

nzn nzn 1+¢

228 [*ta! I(m, )\l
nznr 0 t+1 z

, zel.

The function ¢ is convex and it is the best subordinant.

Theorem 2.7 Let h be a convex function, h(0) = 1. Let m,n € N, \;1 > 0,

!/
f € A, and suppose that (W) 15 univalent and W €
H[L,nlNQ.

If

zZI(m+ 1,00 f(2))
h(z)—<( Tim D) F (2) ), zeU, (11)

then
I(m+1,\1) f(2)

I(m, A1) f(z)
where q(z) = =t [ h(t)tw—Ydt. The function q is convex and it is the best
subordinant.

q(z) <

z e U,

Proof For f € A,, f(2) = 2+ 322, a;2) we have I (m,\1) f(z) =
2+ (%)maﬁj, 2z e U.
Consider

o0 LAG-DH ™

) I(m+1 M0 f(z) #7F D imnt < + 511 - ) a;z’

p\z) = = . ™ .
I(m,\10) f(2) YT (M) a;20

I+1
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We have p/ (z) = (I(;"(::/\—w —p(z) - %m and we obtain p(z) + z -

/(o) = ((HmEADfE)
P(2) = < Tm D (2) > '
Relation (11) becomes

h(z) < p(z) + zp'(z), zeU.
By using Lemma 1.5 for v = 1, we have

I(m+1,\1) f(2)
I(m, D) f(z)

where ¢(z) = =t [ h(t)tw—Ldt. The function ¢ is convex and it is the best
subordinant.

q(z) < p(z), zeU, ie ¢q(z)< zeU,

Theorem 2.8 Let q be a convex function and h be defined by h (2) = q (2 )+
z2q (z). Let A\,1 > 0, m,n € N, f € A, and suppose that (—ZI m“’\l)f(z)) is

1m0 f(z)
univalent and %)lfz) eHI[l,nNQ.

If
, 2 (m+ LD f(2)
= 12
b =0+ o ()< (TSI en
e 1(m+1,0,0) f(2)
m—+ 1, A, Z
S TN F e R
where q(z) = 1+ [ h( (t)tw—dt. The function q is the best subordinant.

nzn

Proof Following the same steps as in the proof of Theorem 2.7 and con-

sidering p(z) = % the differential superordination (12) becomes

h(z) =q(z) +2¢'(2) < p(z) + 2p'(2), ze€U.

By using Lemma 1.6 for v = 1, we have ¢(z) < p(z), z € U, i.e.

# 1 1 Al
q(z) = n; /0 h(t)tntdt < ([nzn;r 1\’ l),f)(JZ)Z)’ zeU,

and ¢ is the best subordinant.

Theorem 2.9 Let h(z) = W be a convex function in U, where 0 <

G < 1. Let \,1 >0, myn €N, fe A, and suppose that <—ZI mHM)f(Z)) is

1m0 f(2)
univalent and W eHI[l,nNQ.
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If

2ZI(m+ 1,00 f(2))
h(z)—<( Tom D) f(2) ), zeU, (13)

then

L(m+ 1L\ f(2)
L(m, A0 f(z)
where q is given by q(z) =20 — 1+ 272f Oz tz: dt, z € U. The function q is
convex and it is the best subordinant.

q(z) < zeU,

Proof Following the same steps as in the proof of Theorem 2.7 and con-

sidering p(z) = W, the differential superordination (13) becomes
1+ (26—-1)z
h(z) = % <p(z)+2p'(2), ze€U.

By using Lemma 1.5 for v = 1, we have ¢(z) < p(z), i.e.,

q(z) = — / h(t)r— = — / +(26-1) RN,
nzn Jo nzn Jo 14+t

2-28 [*t'  T(m+1,)\10)f(2)
=20—-1+ - dt < )
& nzn Jo t+1 I(m,\1) f(2)

The function ¢ is convex and it is the best subordinant.

zeU.

Theorem 2.10 Let h € H (U) be a convex function in U with h(0) =1 and
let \,1>0,m,neN, feA,, HTII(m+ 1,/\,l)f(z)+(2 — HTI) I(m,\ 1) f(2)
is uniwalent and [I (m,\,1) f(2)] € H[1,n]NQ.

If

h(z) < H_Tll(erl,)\,l)f(z)Jr (Q—H_Tl>l(m,)\,l)f(z), ceU (14)

holds, then
q(z) < [L (m, A1) f(2)], z€U,

where q(z) = — [ h(t)tn~t. The function q is convex and it is the best

subordinant.

Proof For f € A,, f(2) = 2+ 3272, a;2) we have I (m,\1) f(z) =

HAG-D)+\™ ;
z+ Z;’inﬂ (%) a;7’, z € U.
Let

p(z) = (I (m, A1) f(2)) (15)
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N (T A(G—1)+1
Z ( + lj—l—l )+> ja;zt =14 puz" 4 pa 2"+

We obtain p(2) +.2 3/ (2) = Lm0 1) £ ) 4 2 (1 om0 (2 =
I (m’ )\7 l) f (Z) + (HD)I(m+1ND) f(2)—(1+1=X)I(m, ) f(z)

X
LI m+ 1L, f(z)+ 2-8 T (m,\1D)f(z2).
Using (15), the differential superordination (14) becomes

h(z) < p(z) + 2p'(2).

By using Lemma 1.5 for v = 1, we have
9(z) < p(z), z€U, ie q(2) <L (mA\I1)f(2), z€U,

where g(z) = —2r [7h(t)t='. The function ¢ is convex and it is the best
subordinant.

Theorem 2.11 Let q be a convex function in U and h(z) = q(2) + z2¢' (2).
Let \,1 >0, m,n €N, f € A,, suppose that HTII (m+1,\1) (z)+(2 — HTl .
I (m,\ 1) f(2) is univalent in U and [I (m, \,1) f(2)]" € H[1,n] N Q.

If
h(z) = q(2) + 24 (2) <

HTII(erl)\l)f() (Q—HTl)I(m,)\,l)f(z), ceU (16)

then
q(Z) < (I(m,\0) f(2), zel,

1

where q(z fo . The function q 1is the best subordinant.

Proof Following the same steps as in the proof of Theorem 2.10 and consid-
ering p(z) = (I (m, A\, 1) f (2)), the differential superordination (16) becomes

h(z) =q(z) + 2¢' (2) < p(z) + 2p'(2), z€U.
By using Lemma 1.6 for v = 1, we have ¢(z) < p(z), i.e.,

q(z) = S /Ozh(’f)ti_1 < (I (m A f(2), z€U.

nzn

The function ¢ is the best subordinant.

Theorem 2.12 Let h(z) = H(fi Y2 be a conver function in U, where 0 <

G <1. Let \,l >0, myn €N, feA,, suppose that lJ;l[(m—l—l,)\,l)f( )+

(2—5L) I (m, A l)f( ) is univalent in U and [I (m,\,1) f(2)] € H[1,n]NQ.
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If
h@)<A%£I@r+L&DfCﬂ+(Q—A}E)Imuxwf@L LeU, (17)

then
q(z) < (I (m,\ 1) f(2)), zeUl,

1_
where q is given by q(z) =20 — 1+ 220 (=i 1dzf, z € U. The function q is

0 11
convezr and it is the best subordinant.

Proof Following the same steps as in the proof of Theorem 2.10 and consid-
ering p(z) = (I (m, \, 1) f (2)), the differential superordination (17) becomes
14+ (28 -1
nz) = L2812
142
By using Lemma 1.5 for v = 1, we have ¢(z) < p(z), i.e.,

1[5 1 [P14+28—-1)t 1
q(Z) 2 /0 (t)t /0 ! '

nzn nz% 1 +t

<p(z)+2p'(2), ze€U.

2_2 z %—1
:26_1+ 16
nzn 0 t—i-l

The function ¢ is convex and it is the best subordinant.

dt < (I(m\1)f(2)), zeU.

3 Open Problem

The definitions, theorems and corollaries we established in this paper can be
extended by using the notion of superordination. One can use the operator
from Definition 1.1 and the same technique to prove earlier results and to
obtain a new set of results. Compare these results with the results given by

3]-
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