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Abstract

The main object of this paper is to study a new subclass
of analytic functions in the open unit disk which is de-
fined by Al-Obouds fractional differential operator. Results
of coefficients estimates, extreme points, radii of close-to
converxity, starlikeness and convexity and integral means
inequalities for functions belonging to this subclass are es-
tablished.
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1. Introduction

Let A be the class of functions of the form

f(2) :z—l—Zakzk (1.1)

that are analytic in the open unit disk i = {z:2 € C,| z |< 1} .

The fractional derivative is defined as follows (e.g.,[9,14])
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Definition 1.1: The Riemann-Liouville fractional derivative of order o(0 <
a < 1) is defined for the function f by

¥4

/ (2= )" f(t)dt (1.2)
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=) I'(1l—a)dz

where the function f(z) is analytic in a simply connected region of the z-plane

containing the origin, and the multiplicity of (z —1t)™ is removed by requiring
log(z —t) to be real when z —t > 0.

Owa and Srivastava [10] introduced the operator Q% : A — A which is known
as an extension of the fractional derivative and fractional integral , as follows:

Q°f(z) = T(2-a)*D2f(2)
Tk+ 12 -a)

Tht1—a) agz (1.3)
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Note that Q°f(2) = f(2).

Now we recall the linear fractional differential operator DY : A — A in-
troduced and studied by Al-Oboudi and Al-Amoudi [ 2,3 ]as follows

DYf(z) = f(2)
Dy f(z) = A2(Qf(2)) + (1= NQf(2) = D3 f(2)
DY f(z) = DN(Dy*f())

: (1.4)
Dy*f(z) = DS(Dy "f(2))

forneN, A>0and 0 < a < 1.

If f is given by (1.1), then making use of (1.3) and (1.4) we conclude that

DY f(z) = 24> [yl N]"axz*, n € Ng = NU{0} (1.5)
k=2
where
(o ) = F(Ili(*]; ff(f ;)O‘) (4 A(k=1)), (k = 2,3, .) (1.6)

when o = 0 we get Al-Oboudi differential operator [1], when a« =0 and A =1
the Sélagean operator is obtained [12], and on setting A = 0 and n = 1 we
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obtain the Owa-Srivastava fractional differential operator [10].

Definition 1.2: A function f € A is said to be in the class Ny, (b,6, 3, \) if

wfiod B ) e o

for some 6 (0<0<1),8>0,meN, neNy, be C\{0}, \>0and z €U.

The following are the special cases of the class /\/',j‘fb,n(b, 5,8, ) :

i NDL(0,0,8,A) = Npuw(b,9,5,)), the class introduced by Mahzoon and
Latha [8].

ii. N2, (1,0,8,1) = N;un(0, ), the class introduced by Eker and Owa [6].
iii. 170(1 6,3,1) = SD(4, B) and N3, (1,0, 8,1) = KD(J, (), the classes stud-
ied by Shams, Kulkarni and Jahangiri [13].

iv. M) ,(1,8,0,1) = Ky (6), the class studied by Eker and Owa [5].

v. MPy(1,6,0,1) = S(0) and N3,(1,6,0,1) = K(d), the classes introduced by
Robertson [11].

The object of the present paper is to investigate the coefficient bounds, ex-
treme points, radii of close-to-convexity, starlikeness and convexity and integral
means inequalities for functions belonging to a subclass of N2 (b, 6, 3, A).

2. Coefficient Inequalities

The following theorem gives a sufficient condition for functions f € A to
belong to the class Ny, (b, 6,3, A).

Theorem 2.1: Let f(z) € A satisfy

> @r(m,n, a7, 6,8,b) | ax |< 2]b] (1-0) (2.1)
where
Dp(m,n,a,A,6,8,0) = | (1+00)(Y(a, )" = (vy(a, )™ |
+[0(2 = 0) = 1 (e, A)" = (e, A)™)
+2ﬁ ’(77/}]{7(0(, A))n - (¢k(047 A))m’ (2'2)

for some 6(0 < 6 < 1), A >0,8 >0, me N, neNy be C\{0} and
0<a<1. Then f(z)€Ng.,.(b,0,5,N).

Proof: 1t is sufficient to show that
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| [b(2 = 0) = 1] DY f(2) + DY f(2) — Be” | DY f(2) — DY f(2)] |
— | (1 +00) Dy f(2) — D" f(2) + B’ | DY f(2) = DY f(2)] [> 0

So, we have

| [b(2 = 6) = 1] DY f(2) + DY f(2) — Be” | DY f(2) — Dy f(2)] |
— | (L+00) DY f(2) = D" f(2) + e’ | DY f(2) = DY f(2)] |

=1 52 = 8)z + 2 {[b(2 ) 1 (Y0 N)" + (o 1) pout
86" | (Wl )" = (Wil )Yt ||
= |z S {[L 3] (e )" — (e, 1)
67 | (W0 )" = (Walo V) st ||

261 2= 0)| =] = 3 | b2~ 8) = 1] (gl )" + Wyl )" | [ || 2 |
=61 | 3 | Walo )" = el D) | x| | 2]
—1B18]2 = 3 | (L4 )yl )" = Wl ) | ] | 2]
=61 | 35| Walo )" = el ! | x| | 2]

22| b (1) = {1 (14 b)(wler, 1))" = (te(ex, 1)" |

H[(0(2 = 0) = 1) (g (e, )" + (¢ (c, A)™]

+28 | (Vg A)™ = (W, )™ [} | ax [20
which directly yields the inequality (2.1). 0
Example: The function f(z) given by

. 22+ o) bl (1 = D)y S P
f(Z)—Z—i_;<k+0')(k+1+0')q)k<m7n7a7)\75757b)2 —Z—’_;Akz

with
224+ 0)1b] (1 —0)e;

belongs to the class N, (b, 6,8, A) for 0 > —2,&; € C with [g;] = 1 and the

Ay =
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other parameters are as constrained in Theorem 2.1. Because we have

[e o]

Z(I)k(manaaa )‘7575719) ‘Ak| S

k=2 k=2

2+a )10 (1 =96)
o)(k+1+0)

Mg

= 2(2+0) b (1 —-0) (U.Cig) Bl (k+1+a))

= 20b|(1- ).

The coefficient inequality (2.1) has several known results as special cases.
For example, setting a = 0 in Theorem 2.1, we get the result recently obtained
by Mahzoon and Latha [8, Thm. 2.1, p.194]. Also on setting & = 0,b = 1 and
A = 1 in Theorem 2.1, the result of coefficient inequality obtained by Eker and
Owa [6, Thm. 2.1, p.2] is established. Moreover, if we set m = 1 and n = 0,
we get the result obtained by Shams et al. [13, Thm. 2.1, p.2959].

3. The Subclass N2, (5,5, 3,))
In view of Theorem 2.1, we now introduce the subclass

N& L (b,8,8,0) C N2 (b5, B,))

which consists of functions
f(z) =2+ ap2® (ap>0) (3.1)

whose Taylor-Maclaurin coefficients satisfy the inequality (2.1). Thus an im-
mediate corollary of Theorem 2.1 is written as

Corollary 3.1: Let f(z) € /v,j'{’n(b, 9,B8,A). Then

215 (1 5)
< = .
ak o Qk(m’ n7 a? )\7 57 /87 b)’ <k 27 37 4’ ) (3 2)

for some 6(0 < 6 < 1),A >0, >0, m € N, n € Ny ,b € C\{0} and
0<a<l.

Theorem 3.2: If f € A, then

./\77?;’”((), 57 527 )‘) C Nﬁz,n(bv 57 617 )‘)
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for some B, and [y such that 0 < 3, < (3.
Proof: Easily verified since (2.2) implies

Zq)k(manaaa )‘757ﬁlab) | ag |§ Z(pk(myna «, >‘757/627b> | ag |

k=2 k=2
Therefore, if f(z) € ./(V/%n(b,é,ﬁ27 A), then f(z) € ./(f%n(b,é,ﬁl, A). Hence the
proof is complete. O

Next we state the following theorem on extreme points for the class ./\N/ﬁl’n(b, 5,81, \)
without proof .

Theorem 3.3: Let f1(z) = z and

B 20b[(A=0)g; ;. el
fi(z) =2 Qj(m,n,a,)\,é,ﬁ,b)z . (1=2,3,4,.5]g] =1) (3.3)

where ®;(m,n,a, A, 6,8,b) is given by (2.2). Then f € ./(/'ﬁ{’n(b,é,ﬁ,)\) if

and only if it can be expressed in the form f(z) = > n,;fj(z) where n; > 0
j=1

(1=1,2,3,...) and Zlnj = 1.
]:

Corollary 3.4: The extreme points of ./V%,n(b, 9,8, \) are the functions fi(z) =

26| (1 —0d)e; ; :
z and fi(z) = z + B (mm, 0 A,(S,Jﬁ,b)zj’ (j = 2,3,4,..;|g;] = 1) where

®;(m,n,a, A9, 5,b) is given by (2.2).

The results of extreme points of the subclass /T/’ﬁfb’n(b, 9,3, \) obtained in
Theorem 3.3 and Corollary 3.4 contain some known special cases. For ex-
ample, when o = 0, we get the results of extreme points recently obtained
by Mahzoon and Latha [8, Thm. 4.1 and Cor. 4.2, pp. 196-197], and when
a=0,b=1and A = 1, we get the results obtained by Eker and Owa [6, Thm.
5.1 and Cor. 5.3, pp.7-8].

4. Close-to-Convexity, Starlikeness and Convexity

We determine the radii of close-to-convexity, starlikeness and convexity
results for functions in the class N (b,0, 3, A) in the following theorems.

Theorem 4.1: Let f € ./\N/',j‘fbjn(b,é,ﬁ,)\). Then f s close-to-convez of order
v(0 <~ < 1) in the disk |z| = r1; where

_ (1_7)(I)k(manaaa)‘>5>6>b) ﬁ
= }éﬁ{ 2% b (1 —0) (4.1




On a Subclass of Analytic Functions... 38

Proof: Let f belongs to A. It is known that f is close-to-convex of order ~ if
it satisfies the condition

Re{f'(z)} >~
or equivalently
[f'(z) =1 <1-7 (4.2)

For the left hand side of (4.2), we have

"(2) =1 =

The last expression is bounded by (1 — ) if

=k _
D o lal [ <1
-7

k=2

By Theorem 2.1 and Corollary 3.1, f € K/ﬁ{’n(b, 9,8, A) if and only if

Qp S 1, Qg 2 0 (43)

i@kmna)\éﬁ b)
216 (1 —0)
=2

Hence, (4.2) holds true if

1—4" 216 (1—0)

k | ‘kfl q)k(m;n70é7)\75767b)

or equivalently

k—1 (1 _7)(I)k<m7 n, a, )\75757 b)
> 2
I < 2k o] (1 = 0) k2

which completes the proof. O

Theorem 4.2: Let [ € /\772;’”(6,5,5, A). Then f is starlike of order v(0 <
v < 1) in the disk |z| = ro; where

(1= 7)®x(m, n, a, A, 6, 8,b) | 771
{ 2(k—") bl (1—90) } (4.4)

Proof: Let f belongs to A. It is known that f is starlike of order ~ if it satisfies

the condition 2)
zf'(z
Re 7 >

ro = Inf
k>2
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or equivalently
2f'(2) ‘
-1 <1l—7
f(2)

Thus, we have

S ko1
)
702 1‘ =

The last expression is bounded by (1 — ) if

|
~—

S iz

Jar] 1217 < 1
k:21 v

[e.e]

(]

By Theorem 2.1 and Corollary 3.1, f € j\Nfg‘;n(b 0,5, A) if and only if

Op(m,n, o, \, 4, 3,b)

—  2[[(1-9)

Qg S 17 g 2 0
Hence, (4.2) holds true if
k — Y |Z|k—1 < (I)k(ma n, o, )‘7 57 Ba )
11—+ 26| (1 —9)
or equivalently

|Z|k—1 < (1 _7)(1)k<m7na «, )‘75 /6 b)

2 (k=) o[ (1-0)
which yields the assertion (4.4)

L k>2

O
Now, f € A is convex of order 7(0 < v < 1) if and only if zf(2) is starlike
of order v, that f satisfies the condition

zf"(Z)}
Req 1+ >
{ ONA
or equivalently

2f"(2)
f'(2)

So, following similar steps to that in the proof of Theorem 4.2, we get the

theorem:

L=y
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Theorem 4.3: Let | € ./\N/,‘}w(b, d,B8,A\). Then f is convex of order v(0 < v <
1) in the disk |z| = r3; where

ry = 1nf{(1 — )l m 0,0, W’)}ﬁ . (4.6)

k>2 2k (k=) b (1 =)

By setting specified values of the parameters involved in the subclass /\N/’ﬁl7n(b, 5,8, ),
we can get results for radii of starlikeness, convexity and close-to-convexity for
a wide range of more specified subclasses of analytic functions found in the
literature.

5. Integral Means Inequalities

Definition 5.1: For two functions f and g analytic in U, we say that f(z)
is subordinate to g(z) in U written as f(z) < g(z) if there exists a Schwarz
function w(z), analytic in U with w(0) = 0 and |w(z)| < 1 such that f(z) =
g(w(z)), z € U.

In particular, if the function g is univalent in U, the above subordination is
equivalent to f(0) = g(0) and f(U) C g(U).

Now we write down the following lemma of Littlewood [7] (see,e.g. Duren [4])

Lemma 5.2: If the functions f(z) and ¢(z) are analytic in U with g(z) <
f(2), then for v >0 and z =re?? (0 <r < 1)

/ | g(re®) ' do < / | F(re®) ' do. (5.1)
0 0

Theorem 5.3: Let f(z) € /c/'%n(b, 9,0,\) and suppose that
216l (1 = d)e;

(2) = I (j=2,3,4,..:]g5 =1 2
J() = st DS (=234, 5061 = 1) (52)
If there exists an analytic function w(z) given by
- m,mn,a, A, 5 /3,
(wy = B Zajzf : (5:3)

then for z =re? (0 <r < 1),

2

/ | F(re®) | df < / | () [ db (5.4)

0
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Proof: By Lemma 5.2, it would suffice to show that

— 2[0[(1—=0)e; ;0
1 2 < 1 g1 =2.3,4,..;le;| =1
+ jz:;a]z zZ+ <I>j(m,n,oz,)\,5,5,b)z ; (j ) ) |5J| )
By setting
N 2[b] (1= 6)e; .
ED IR ®;(m, n, a, A 5Jﬁ ){w(z)}j -
=2 i g 10y Ly 74 Uy My
we find that

(et = o) Z

which implies w(0) = 0. Furthermore

- ®i(m,n,a, \, 6, 3,b) -
|W(Z|J1 = a;z’
’ IES IR
®i(m,n, a, X, 0, 3,b) i
< ] ) 9 ) » Y 9 . J 1

< |zl <1

by using (3.2). Hence f(z) < f;(z) which readily yields the integral means in-
equality (4.4). O

On setting @ = 0 in Theorem 5.3, we get the result of integral means
inequality established by Mahzoon and Latha [8, Thm. 5.2, p.198]. More
special results of integral means inequalities can be obtained by specifying the
parameters of the subclass N (b, 4, 5, \).

Open Problem: tue dass N o (b,6,5,)) and the subclass

./Vﬁj’n(b, J, 3, A) can be redefined by using a different multiplier operator or by
using the concept of convolution to get new classes. So, new results similar or
parallel to what obtained in this paper can be derived for the new classes.
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