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Abstract

In this paper, we consider some coefficient estimates for
certain class of analytic functions denoted by CL([3), and satisfying

|K*(f,2) -(1-B)<1-8, (3<B<1).
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1 Introduction

Let H denote the class of analytic functions which are in the open unit disc
U = {z:|z| < 1} on the complex plane C. Let A denote the subclass of H
consisting of functions normalized by f(0) =0, f’(0) = 1.

Let functions f and g be analytic in U. Then a function f is said to be
subordinate to a function g, if there exists a function w, analytic in U such
that w(0) = 0,|w(z)] < 1 for |z] < 1 and f(2) = g(w(z)). We denote this
subordination by (f < g). In particular, if a function g is univalent in U we
have the following equivalence

f(z) < g(2) & f(0) = g(0) and f(U) C g(U).
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Robertson introduced in [1] the classes S*(3),C*(3) of starlike and convex
functions of order § < 1, in U which is defined by:

S*(3) = Re{zﬁg)} > B (2el),
and
C*(3) = Re{Z;(S) + 1} > 8 (zeU).

If (0 < < 1), then a function in either of this set is univalent. If 3 < 0, then
it may fail to be univalent.

In this way, many interesting classes of analytic functions have been studied
such as the class SL* which is defined by

2f'(2)
f(2)

SL*={feA:

—1‘<1}, zeU.

and can be found in [5].

And also SL* C SS5*(
of order 3 and given

5) C 5%, is the class SS*(f3) of strongly starlike functions

by
* 2f(z), B
SS*( {feA |Arg (Z)|<2}, 0<pB <1,

which was studied in [2].

Moreover, k—ST C SL*, for k > 24++/2, where k— ST is the class of k-starlike
functions introduced in [3] such that

._ o |2(2) 2f'(2)
k:—ST.-{fEA.Re 8 >k 8 1‘}, k>0.
Let us denote ()
K(f,2):= Zf,(;) .
In this paper we consider the class CL([3), given by
CL(B) = {f e A |K*(f,2) - (1= 0)| <1-p}. (1.1)

Notice that, L := {w € C,R(w) > 0: |[w* — (1 — 3)| < 1 — (8} is the interior of
the right half of the lemniscate of Bernoulli v : (x*+y ) 2(1-03)(x?—y?) = 0.
It can be verified that{w : |w®> — 1| <1} C L, for(3 < < 1), thus SL* C
CL(3).

Also, it is easy to see L C {w : |[Argw| < %“} , thus CL(3) C SS*(B).
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Corollary 1.1 Ifk > 2+ /2, % < B <1, then
k— ST Cc CL(B) C SS*(B) C S™.

Theorem 1.2 The function f belongs to the class CL(3) if and only if there
exists an analytic function

g€ H,q(z) < qo(z) = /(1 —B)z+ (1= B),q(0) = /1- 5,

such that

: Yty —1
f(z):/ yexp/ & dtdy. (1.2)
0 0 13
Let
() 342z () 54 3z () 8+ 4z
Z = = =
« 3. & 5+.0 B 81z
8+ 4z 9+ 5z
_ d _
wl?) =55 and a(2) =5

Now, since ¢;(2) < qo(2)for i = 1,2,3,4, we have then by (1.2) that

22 22 1, 2 4, 2 1,2, 1 , 1
fl(Z) = E_l_?’ fz(Z) = 52’ —I-EZ +m, fg(Z) = 52’ +§Z —l—@Z —l-%z
_ 1 2 4 3 1 4 4 5 1 6
fa(z) = 527 52 517 3 Y 303567

2 Main results

Theorem 2.1 If a function f(z) = 2z + a2z + ... + a,2" belongs to the class
CL(B), then

gk2(k—l—2(1—ﬁ))|ak|2§2(1—ﬁ), (% <p<1). (2.1)

Proof. If a function f € CL(), then K(f,z) < qo(z) = /(1 — B)z + (1 — ).
Thus we can write K(f,2) = /(1—B)w(z)+ (1 — ) , where w satisfies
w(0) =0, |w(z)| <1 for|z| <1,

and

5
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Whence

(L= B)(f'(2))* = (2f"(2))* = (1 = Bhw(2)(f'(2))".

From this we can obtain

2(1 - ﬁ)ﬂi K ag[*r?*? = (1 - ) /% £ (re™®)|” do
k=1 0

> (1-p) / Clwlre®)| | £ (re®)| do

/27r
0

41— B)m Y K anr* 2 = 2m Y K (k — 1)an 22,
k=1 k=1

(re” (e} = (1= B)f'(re”)’| a0

for 0 <r <1,

and derive into the following inequalities

21— 8) Y Klar)*r®72 = Y K (k — 1)|ag[*r*
k=1 k=1

2(1-p) Z k2| ag|*r?* 2 — Z E2(k — 1)]ag|*r**=2 > 0.
k=1 k=1
Eventually, if we let » — 17, then we obtain
D Kk —1—=2(1 = 8))]ax]’ < 2(1 - B).
k=2

Corollary 2.2 If a function f(z) = 2+ as2® + azz® + ... + a,z" belongs to the
class CL(B), then

2(1 — B) 1
< > 2 — 1.
|ak|_\/k:2(k:—1—2(1—ﬁ)) for  k>2 and 2<ﬁ<
Theorem 2.3 If a function f(z) = > po, arz® belongs to the class CL(S),
then ) . '
|as| < 1 las| < 6 lag| < 3 (2.2)

These results are sharp.
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Proof: If f(z) = Y"1, axz" belongs to the class CL(3), then (1—3)(f'(2))* =
(2f"(2))2—=(1=B)w(z)(f'(2))?, where w satisfies w(0) = 0, |w(z)| <1 for |z| <
1.

Let us denote

(zf"(z ZAkz () = inzk, w(z) = i Cr2F.
k=0 k=1

Then we have

Ak = 4(&2)222 + 24&2&323 + (48&2&4 + 36&32)2’4 + (80&2&5 + 144&3&2)25 + ... s
(2.3)
and

By = a12® 4 2a2° + (2a3 + ag)z* + (2a2a4 — a3® — ajas)2® + .. ., (2.4)
such that

ZAkz —(1-p ZBkz —ZCkz ZBkz (2.5)

Thus we obtaln

Ay = 4ay, Az = 24asas, Ay = 48azay + 12a3?, As = 80aqas + 144azay, (2.6)

and
B(] = a12 = 1, Bl = 4&1&2 = 4&2, Bg = 6a3a1—|—42, Bg = 8a1a4—|—12a2a3. (27)

Equating second and third coefficients of (2.5), we obtain
() =(1 = B)B1 = (1 = ) BoCh.

(IT) Ay — (1 — B)By = (1 — B)(CyBy + C1By).

(IIT) A3 — (1 — 8)B3z = (1 — 8)(C3By + CoB; + C1 Bs).
And so by (2.5), (2.6) and (2.7), we have

1 1 1
ag = 101, az = _602_'—6012’
-2 1 2 —
(825 C1Cy — —C? + 2-5

24(1 — B3) 3271 16(1 —p3)
Using a well-known inequality |Cy| < 1,77, |Cy|? < 1, we obtain (2.2).

1
ay, = gCg + 013

Other work related to coefficient problems for different class of analytic functions
can be found in ([6],[7],[8]).
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3 Open Problem

The method here is employed from the work done by Sokol [4]. It is interesting
to see other results in a similar technique for different classes such as the starlike
subclasses with respect to symmetric points. We did try, but failed to get any
results and it is left for the readers to tackle this problem.

Acknowledgement: The work here was supported by UKM-ST-06-FRGS0244-
2010.
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