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Abstract

In the present paper we establish several strong differential
subordinations regarding the new operator IRY', defined by the
Hadamard product of the multiplier transforhzation I(m, A1)
and the Ruscheweyh operator R™, given by IRY, : A} — A7,
IRY f(2,Q) = (I (m, A\ 1)« R™) f (2,(), where A}, = {f € H(U x
U), f(z,{) =z+an1(Q) 2" +..., 2 €U, ¢ €U} is the class of
normalized analytic functions with ATC = .AZ.
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1 Introduction

Denote by U the unit disc of the complex plane U = {2z € C : |2] < 1},
U={z€C: |z] <1} the closed unit disc of the complex plane and H(U x U)
the class of analytic functions in U x U.

Let

A= {f €HUXT), f(0) = 24 s ()" 4+, z€U.C T},
with Aj. = A, where a; (¢) are holomorphic functions in U for k > 2, and

Ha,n,¢] = {feHUXU), f(z¢) =a+ay(C)z" 4 anq (¢) 2" +...,
z € UCeU},
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for a € C and n € N, a;, (¢) are holomorphic functions in U for k > n.
Denote by

H, (U) = {f € H'[a,n,{], f (2,¢) univalent in U,for all ¢ € U},

K*:{fEH*[a,n,C], Re%+l>0, z € U, for all(EU},

the class of convex functions and

2f'(z,0)
f(z,.€)

S*:{feH*[a,n,(], Re > 0, zeU,foraugeU}

the class of starlike functions.

Definition 1.1 [7] Let f (2,¢), H (z,¢) analytic in U x U. The function
f(2,¢) is said to be strongly subordinate to H (z,() if there exists a function w
analytic in U, with w (0) =0 and |w (2)| < 1 such that f (2,{) = H (w(z),()
for all ¢ € U. In such a case we write f (z,{) << H (2,(), 2z €U, (€ U.

Remark 1.2 [7] (i) Since f (z,() is analytic in U x U, for all ( € U, and
univalent in U, for all ¢ € U, definition 1.1 is equivalent to f (0,¢) = H (0,(),
for all ¢ € U, andf(UxU) CH(UXU).

(i) If H (z,{) = H(2) and f(2,{) = f(z), the strong subordination be-
comes the usual notion of subordination.

Lemma 1.3 [9, p. 71] Let h(z,() be a convex function with h(0,() = a
for every ¢ € U and let v € C* be a complexr number with Rey > 0. If
p € H*[a,n,(] and

p(2) + %zp' (2,¢) << h(2.0),

then
p(z0) << g(z,¢) << h(z0),
where g (z,¢) = 5 [ h(t,C) tnldt is convex and it is the best dominant.

nzn

Lemma 1.4 /8] Let g(z,¢) be a convex function in U, for all { € U, and
let

B(,0) = 9 ¢) + nazg (-,¢), zeUCeT,
where a > 0 and n is a positive integer. If
p(2,€) = 9(0,) +pa () 2" +pui1 (Q) 2" +..., 2€U(€T,
is holomorphic in U, for all ¢ € U, and

p(z,¢) +azp'(2,¢) << h(2,(), zeU(eU,
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then
p(2,¢) << g(2,¢)

and this result is sharp.

Definition 1.5 For f € A7, m € NU{0}, A\,l > 0, the operator I (m, A1) :
A — AZ is defined by the following infinite series

1 (m,\ 1) f( —z+z<1+/\j_1)+l) a; (C) 2.

[+1

Remark 1.6 The operator I (m, \, 1) verifies the property

[L4+1 =M (m, N1 f(z,0)+ Xz (I (m, \1) f(2,0),
forze U, (eU.

Remark 1.7 Forl =0, A\ > 0, the operator DY = I (m, \,0) was intro-
duced and studied by Al-Oboudi [6], which reduced to the Salagean differential
operator S™ =1 (m,1,0) [11] for A = 1.

Definition 1.8 (Ruscheweyh [10]) For f € A}, m € N, the operator R™ is
defined by R™ : A7 — A,

Rf(2,¢) = f(2)
R'f(2,¢) = zf'(2.0)
(m+1)R™f(2,¢) = 2(R"f(2,0)) + mR"[(2,¢),z €U, (€.

Remark 1.9 If f € .Azf, f(2,0) =2+3272,a; () 27, then
Rf(2,0) =2+ 2, Cnp i a; (Q)2, €U, ¢eU.

2 Main Results

Definition 2.1 [1] Let A\,l > 0 and m € N. Denote by IRY, the opera-
tor given by the Hadamard product (the convolution product) of the operator
I'(m, A1) and the Ruscheweyh operator R™, IR, : A7 — Af,

[R;n,lf (27§> = ([ (m7>‘7l) *Rm)f(27C)
Remark 2.2 If f € A}, f(z, C)—z—I—Z;OQaJ( )27, then
IRy, f (2,€ )—Z#—ZJQ(%;)H) O j_107 2(0#,2z€U,¢Cel.
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Remark 2.3 Forl =0, A > 0, we obtain the Hadamard product DRY [3],
[5] of the generalized Salagean operator DY and Ruscheweyh operator R™.
Forl =0 and X\ = 1, we obtain the Hadamard product SR™ [2], [4] of the

Salagean operator S™ and Ruscheweyh operator R™.
Theorem 2.4 Let g(z,() be a convex function such that g (0,() = 1 and

let h be the function h(z,() = g(2,¢) + 29" (2,(), z€ U, C € U. If \,1 >0,
m €N, f & A and the strong differential subordination

(P .0 - TR (10)) +

Am—-1)—(1+1) , o1 9
A(1+1) (]RA,lf(z7C)) + (1——__> _

2(1+1)(m—1)—2xm [* IR} f(t.¢)—t B
’ 1
AiI+1) 2 dt << h(z,¢),2€U.CeU (1)

holds, then

(IR, f (2.0) == g(2,¢),2€UCeT

and this result is sharp.

Proof With notation

p(2,¢) = (IRY,f (2,0) =1+

= (1+A(j—1)+l
2

l+1 ) Cm+] 1]@ (C) Zj_l

j=

and p (0,¢) = 1, we obtain for f(z,() = z—i—Z;OQaJ( ) 2,

P Q)+ ol (5,0 = 1+ T, (M0 o (02

Aj— l
D (%) e (= 1) a2 (Q) 2971 =
1+, <1+Agg+11)+z> Cmﬂ j2a2 (¢) 711 =
1—|-/\ 1)+ m m

(o D, ()™ et () -

;.12 (1+)\(j—1)+l> Onn;—i-j—l )\(m—l)—()l—i-l)jajz (©) L

Z I+1 A(l+1
00 1+X(G—1)+1
Zj=2 (%) Crngji TQ () -
14AG—1) 4 m 1 (l+1)(m 1)—2\m
Zj:2 (li—1> Om—‘rj—lel A(+1) a; 5 (Q) =

W =

m41 0o 1+X(j—1)+! m—+1 2
N (z + 25 (zi—l Cm+] i ( )

m—2 oo [ 1HAG—1)+1 m
~ (Z + 25 (%) Oy 163
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(1= =) (1 05, (B2E) Oy (05277 ) 5

I+1 T+
)\(m 1)—(14+1) oo 1+A(7—1)+l m 1 2(l+1)m 1)—2\m
l+1 Z]=2( o ) G171 A(+1) a; (¢) 27! =
m m m— m m l /
L(EIRY! S (2,0 = BRAIRT S (2,0) + %( wf(2,0) +
A —=Am+221—21—2 2(l141)(m—1)—2\m oo 1+A(j—1)+! m 1
/\(+l+1) - A(I+1) Zj:2( zj+1 > Coti— 15— 1“? (Q#t=
m m m— m A(m— (1 m /
L(ETREf (2,0) = B2IRY S (2,0)) + 20525 P (TR (2,.0)) +
m—1 2 2(1+1)(m—1)—2xm [z IRY f(t.0)—t
1-55 -3 - "5 o o —dt.
We have p(2,¢) + 27/ (2.€) << h(2.¢) = g(2,¢) + 2 (2.0). 2 € U, € €
U. By using Lemma 1.4 we obtain p(2,¢) %< g(2,(), 2z € U, (€U, ie.

( (2 C)) << 9g(2,¢), z€ U, ¢ €U and this result is sharp.

Theorem 2.5 Let h(z,() be a convex function such that h(0,() = 1. If
ME>0,meN, fe A and the strong differential subordination

(M 0 - P2 0)) +

A(m—1)—(+1 / -1 2

R oy (1= - 3) -
2(1+ 1) (m—1) = 2wm [* TR (1.0~ t

A(l+1) 2
holds, then

(IR&"lf (2.0) <= 9(2.0) << h(2.0), 2 €UCET,
where g (z,() =+ fo (t,C) dt is convex and it is the best dominant.

Proof With notation

p(z,¢) = (IRVf (2,0) =1+

N1+ AG—1)+1
- 1+ 1

‘ ) O m-+j— 1]@ (C) Zj_l
and p (0,¢) = 1, we obtain for f(2,¢) = 2+ 372, a; (¢) #/,

p(z,0) +2p (2,0) = 3 (mflfRTflf(Z, ¢) = "SIRYf (2,Q)) +
e (1S (. 0) (1= 55 = 5) =

2(141)(m—1)—2\m zIRMf (t,0)—
D) IN dt.

We have p(z,() +zp (2,¢) << h(2,(), 2 € U, ¢ € U. Since p(2,() €
H*[1,1,(], using Lemma 1.3, for n = 1 and v = 1, we obtain p(z,{) <<
TTr . /
g(2,¢) =< h(2,(),2€U,¢eU,ie. (I_Rgflf(z,g)) <=<g(z,() =
lfo (t,()dt << h(z,(), z€ U, ¢ € U, and g(z,() is convex and it is the
best dormnant.
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Theorem 2.6 Let g(2,() be a convex function, g(0,() = 1 and let h be
the function h(z,() = g(2,() + 24’ (2,(), z€ U, C € U. If \,1 > 0, m € N,
fe AZ and verifies the strong differential subordination

(IRF.f (2,0) << h(2.(),z € U e, (3)

then

w<<g(z,g)7zEU,C€U,

and this result is sharp.

Proof For f € Af, f(z,() = 2—1-2502&]- (¢) 27 we have

IR (5,0) = 2+ 532, (M0 "o a2 (), 2 €U, (T

Consider p(z,() = IR“f(Z 9 _ A5, (R Oy 120 _

1+3>2 2(%) Cmﬂ a3 (¢) 2771

We have p (z,() + 2zp' (2,() = ( Rg”flf(z,C))/, zeU,Cel.

Then (IRT’lf(z,C))/ << h(z,(), =z € U, ¢ € U becomes p(z,() +
2p' (2,() << h(z,() =g (2,()+ 29 (2,(), z € U, ( € U. By using Lemma 1.4
we obtain p (z,() << ¢g(2,(), 2 € U, ( €U, ie IR“—M <=<g(z,0), z€U,
CeU.

Theorem 2.7 Let h(z,() be a convex function, h(0,() = 1. If \,1 > 0,
m €N, f € A} and verifies the strong differential subordination

(IR f (2,0)) == h(2,(),2 €U €T, (4)
e IR (.0)
v (2, _
Ak <= g(Z7C> <= h(Z7C)7Z € U?C € U>
where g (z,() =+ fo (t,C) dt is convex and it is the best dominant.

Proof The proof is the same with the proof of Theorem 2.6, using Lemma
1.3, forn =1 and v = 1.

Theorem 2.8 Let g(z,() be a convex function such that g (0,¢) =1 and
let h be the function h(z,() = g(2,() + 29 (2,(), z€ U, ( € U. If \,l > 0,
m €N, f € A and verifies the strong differential subordination

(le&'f#f (,¢)

) _
IRT,lf(Z,O ) << h(z,(),z€eUCeU, (5)



Certain strong differential subordinations 7

then )
IRV f (2,0)

IR f (2,6)

and this result is sharp.

<<g(z,(),z€U,§€U

Proof For f € Af, f(z ,Q):z+Z§°2a]( () 27 we have
IR f(2,0) = 2+ 2202 2<%11)H) Chyjaa; ()2, €U, Cel.

. IRm+1 oo (LEAG=DHLYH om0
Consider p (z,() = =0 _ AT, () i3 (02

TRY 7 (:0) 24302, (AR om 1 62(0)2

14A(G—1)+1\m+1
L, (MR " ot )

m+j 4
143052, (B em a2zt
_ (BLEO) (1854 (:0)'
We have p' (,¢) = Igﬂlflf(z&“) —p(20)- ]Rz’fllf(z,C) :
JIRPH (0
Then p (z,¢) + 2p' (2,() = (W

Relation (5) becomes p (2, ) + 20/ (z,¢) << h (2, €) = 9.(2,¢) + 24’ (2,0),
z € U, ¢ € U and by using Lemma 1.4 we obtain p(z,() << ¢(z,(), z € U,

_ mil g, _
ceT,ie. %<<g(z,g), el cel.

Theorem 2.9 Let h(z,() be a convex function, h(0,{) = 1. If \,l > 0,
m €N, f € A7 and verifies the strong differential subordination

AR @O G0 s evceD ©
. <=<nh(z,¢),ze€ U, e U,
]R,S\Tflf (2,¢)
then .
M—<<g(2 () << h(z,0),2€U,eU
]’RTlf (Z’ C) Y ? 9 Y 9
where g (z,() =+ fo (t,¢)dt is conver and it is the best dominant.

Proof The proof is the same with the proof of Theorem 2.7, using Lemma
1.3, forn=1and y=1.

3 Open Problem

The definitions, theorems and corollaries we established in this paper can be
extended by using the notion of strong subordination. One can use the operator
from definition 2.1 and the same technique to prove earlier results and to obtain
a new set of results.
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