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Abstract
In this paper, we find certain sufficient conditions for an-
alytic functions to be starlike of order 3, 0 < § <1 in the open
unit disk E. Using differential subordination, we also extend
some results of Hitoshi and Owa [1]. We use Mathematica
5.2 to plot the extended regions of the complex plane.
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1 Introduction

Let A be the class of functions f, analytic in the open unit disk E = {z € C :
|z] < 1} and normalized by the conditions f(0) = f/(0) — 1 = 0.
A function f € A is said to be starlike of order 3, 0 < § < 1 if it satisfies

the condition /
R <Z}f(iz>)) >3, z € E.

Let 8*(83) denote the class of all such functions. §* = §*(0) is the class of
univalent starlike functions with respect to the origin.
A function f € A is said to be convex of order 3, 0 < 3 < 1 if it satisfies

the condition ,
D14 (1 + Z}i(;)) >3, z € E.
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Let K() denote the class of all univalent convex functions of order f. K =
KC(0) is the class of univalent convex functions.

Let f be analytic in E, g analytic and univalent in E and f(0) = ¢(0).
Then, by the symbol f(z) < g(z) (f subordinate to g) in E, we shall mean
/(E) C g(E)

Let ¢ : C x C — C be an analytic function, p be an analytic function in
E, with (p(2),2p/(2)) € C x C for all z € E and h be univalent in E, then a
function p is said to satisfy first order differential subordination if

U(p(2), 2p'(2)) < h(z), %(p(0),0) = h(0). (1)

A univalent function ¢ is called a dominant of the differential subordination
(1) if p(0) = ¢(0) and p < ¢ for all p satisfying (1). A dominant ¢ that satisfies
G < q for all dominants ¢ of (1), is said to be the best dominant of (1).

Starlike functions play an important role in the theory of univalent func-
tions, so it has always been of interest for the researchers to find a new criterion
for starlikeness and improve the known criteria of starlikeness. In [1], Hitoshi
and Owa proved the following results by making use of Jack’s lemma.

Theorem 1.1 If f € A satisfies

zf”(z)) a+1
9%(1+ 72 < z € E,

for some (2 < a < 3), or

zf”(z)) ba — 1
§R(1+ ) < , 2z €E,

for some a(1 < o < 2), then

2f'(z)  a(l—=z)
f(2) = ez

and

() a | a
f(2) oz+1‘ a+1’

This implies that f € S* a / f dt € K.

Theorem 1.2 [If f € A satisfies

S\ _akl
w(1+505) > mazgy B
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for some a(a < —1), or

z2f"(z2) Ja+1
3%(1+ 70) ) > CESI) z€eE,

for some a(a > 1), then

fz) _ all-2)

z2f'(2) a—z y 2ck
and o
fx)es (O‘Qa )
This implies that /OZ @ dt e K (@2—;1)

The main objective of this paper is to find certain sufficient conditions in

"
terms of the convex operator 1 + ZJ{/ (<§) for normalized analytic functions to
z
be starlike of order 3, 0 < 3 < 1. We also extend the region of variability

2f"(2)
['(2)

the conclusion of starlikeness. We use Mathematica 5.2 to show the extended
regions of the complex plane, pictorially.

of the operator 1+

in above stated results of Hitoshi and Owa [1] for

2 Preliminaries

We shall use the following lemma to prove our results.

Lemma 2.1 ([3], p.132, Theorem 3.4 h) Let q be univalent in E and let
0 and ¢ be analytic in a domain D containing q(E), with ¢(w) # 0, when
w € q(E).
Set Q(z) = z¢'(2)Plq(2)], h(z) = 0[q(2)] + Q(z) and suppose that either
(i) h is convex, or
(ii) Q is starlike.
In addz’tio% §zssum6 that
o 2N (2
(iii) R o0 >0, z € E.
If p is analytic in E, with p(0) = ¢(0),p(E) C D and

0lp(2)] + 20" (2)¢[p(2)] < 0la(2)] + 2¢'(2)la(2)],
then p < q and q s the best dominant.
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3 Main Results

2f'(2)

Theorem 3.1 Let f € A,
f(2)

# 0,z € E, satisfy the differential subor-

dination

z2f"(2) (1-20)z 1+2(1—-0)z
1(2) <1—|—(1—2ﬁ)zjL 1—=2

2f'(z) 1+ (1—20)z
f(z) = 11—z

Proof. Let us define the functions 6 and ¢ as follows:

1+ = h(z),

then

0<p8<1l,z€E ie feS*P).

0(w) = w,
and
1
P(w) = —.
Obviously, the functions § and ¢ are analytic in domain D = C \ {0} and
¢(w) # 0 in D.

Also define the functions Q and h as under:

(=) = 2¢(2)(q(2)) = L)

and 2(2)
) = 0lal2) + Q) = ) + 25,
Further, select the functions p(z) = %S), feAandq(z) = w, 0<
B < 1. Therefore, ( )
B 2(1—0)z
) = A Snra-297
. Q) = (-2
Q=)  T1-: 1va-29=
It can easily be verified that %Zggi';) > 0in [E for 0 < 3 < 1 and hence Q) is

starlike in [E. We also have

(1-20)z 14+2(1 - 0)z
LS iy s T L P

and
2 (z) z (1-20)z 1+ (1 —20)z
Q(z)_1+1—z_l+(1—2ﬁ)z+ 11—z
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h/
It is easy to verify that R (2)
z
F(E) 1+ (1-20)
<
f(z) 1—2z
In view of Theorem 3.1, we have the following result.

2f'(2)
f(2)

B(1-20) 1
%(L+d%@>>{2@@>0§5§2

/() o s<p<1

> 0 in E for 0 < # < 1. Hence, in view of

Lemma 2.1, we obtain ,0<pB<1,z€E.

Corollary 3.1 If f € A, £ 0,z € E, satisfies the condition

then f € §*(5).

Remark 3.1 By selecting 5 = 1/2 in Corollary 3.1, we obtain the follow-
ing result of Marx [2] and Strohhicker [4].

If f € A, %S) # 0,z € E, satisfies the condition
#%@)
R (1 + 0 > 0,

then f € §*(1/2).

By taking f = 1/2 in Theorem 3.1, we have the following result of Miller
and Mocanu [3, Page 60] which is the subordination form of the above result.

/
Let f € A, Z;((;;) # 0,z € E, satisfy the differential subordination
z
2f"(z) 1+=z
1 E
+ 72 < 11— z € I,
z2f'(2) 1
th .
en f(z) < 11—

Remark 3.2 In this remark, we discuss the fact that the result in Theorem
3.1 1s better than Corollary 3.1 for % < B < 1. We notice that the region
2f"(2)
X f'(2)
validity of result in Corollary 3.1 for 5 < B <1, using Theorem 3.1.

of variability of the differential operator 1 + can be extended for the
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3
For 8 = 7 the constant on the right hand side in Corollary 3.1 reduces

7 7
to o In Figure 3.1, we plot the dashing line R z = T2 and the curve h(z)

(given in Theorem 3.1). The result in Corollary 3.1 holds when the operator
2f"(2)

1+—
f'(2)

view of Theorem 3.1, the same result holds when 1+

7
lies in the portion of the plane right to the line ® z = 2 whereas in

zf”(z)

f'(2)
of the plane right to the curve h(z). Therefore, the region between the dashing
line and the curve is the claimed extension over the result by Corollary 3.1.
We show the extended region below, pictorially.

lies in the portion

Figure 3.1 (when § = 3/4)

/
Theorem 3.2 Let o > 1 be a real number. If f € A, ZJ{((';) # 0,z € E,
z
satisfies the differential subordination
2f"(z)  a+(1—-a)z z
1 — =h
* f'(2) a—z 1—z 1(2),
/ p—
then ) < o Z).
f(2) a—z
Proof. Define the functions 6, ¢, @), hy similar as in Theorem 3.1.
, 2f'(2) a(l —2)
Further, select the functions p(z) = ———=, f € Aand¢(z) = ——, a >
f(2) a—z
1. Therefore,
(1= a)z
Q(Z) - (1 . Z)(O& . Z)’
and )
2Q'(2) U A

Q(z) l—2 a-—2z
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/
Obviously %Zg((j) > (0 in E for @ > 1 and hence (@ is starlike in E. We also
z
have ( ) ( )
a(l —z 1 —a)z
h =
1(2) a—z +(1—z)(0z—z)’
" () (12
zh(z z z a(l —z
=1 .
Q(2) +1—z+a—z+ a—z
zhy (z)

It can be easily verified that } o0) > 0 in E for a > 1. Therefore, in view
z

z2f'(z) ol —2)
f(2) a2

of Lemma 2.1, we obtain ya>1z€eE.

Remark 3.3 The result in Theorem 3.2 extends the region of variability of
2f"(2)
f'(2)
[1] for the required implication. We also show our claim, pictorially in Figure

3.2.

over the result in Theorem 1.1 due to Hitoshi and Owa

the operator 1+

For a = o the constant on right hand side of Theorem 1.1 reduces to
13
0 In Figure 3.2, we plot hy(z) (given in Theorem 3.2) and the dashing line
13 , . 2f"(2)
Rz = 0 The result in Theorem 1.1 holds only if the operator 1 + 70
z

13
lies in the portion of the plane left to the dashing line R z = 10’ but our

result shows that the result also holds when this operator lies in the portion of
the plane left to the curve hy(z). Thus the region bounded by the dashing line

Rz= 1 and the curve hy(z) is our claimed extension.

=l L Z

i
|
i
I
=1 |
'
i
I
|
I

Figure 3.2 (when a = 3/2)
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/
Theorem 3.3 Let « be a real number such that |o| > 1. If f € A, Zf(<'§) ]
z
0,z € E, satisfies the differential subordination
z2f"(z) a—z z z
1 — =h
+f’(z) <oz(l—z)—i_l—z a—z 2(2):
z2f'(2) a—z

then

) all—2)

Proof. Define the functions 6, ¢, @), ho similar as in Theorem 3.1.

. 2f'(2) a—z
Further, select the functions p(z) = =——=, f € Aand q(z) = ———, |«
0= (2= o b
1. Therefore,
 (a—1)z
Q(Z) - (1 . Z)(Ck _ Z)’
and Q)
2Q)' (2 z z
=1 .
Q(z) T 1—=2 * a—z
. 2Q'(2) . . .
Obviously R Q02 > 0in E for |a| > 1 and hence @ is starlike in E. We also
z
have ( 0
a—z a—1)z
h pum—
) = St A e
and ()
zhh(z z z a—z
—= 2 =1 .
Q(2) +1—Z+Oé—Z+Oé<1—Z)
. . zhl(2) . .
It is easy to verify that # 002) > 0 in E for |a| > 1. Thus, in view of Lemma
z
!
1—
2.1, we obtain ) < o Z),|oz| > 1,z € E.
f(2) a—z

Remark 3.4 Similar to Remark 3.3, we use Theorem 3.3 to show the ex-
tension of the result in Theorem 1.2 of Hitoshi and Owa [1] for the required
conclusion. For a = 2, the constant on right hand side of Theorem 1.2 reduces

7
to o In Figure 3.3, we plot ha(z) (given in Theorem 3.83) and the dashing
7
line R z = T According to Theorem 1.2, the result holds only if the operator
2"z . . . 7
702 lies in the portion of the plane right to the dashing line R z = 13’
but our result shows that the result holds when this operator lies in the portion
of the plane right to the curve hy(z). Thus the region bounded by the dashing

1+

line R z = 0 and the curve hy(z) is the extension. This justifies our claim.
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Figure 3.3 (when o = 2)

4 Open Problem

One can look at the case for a < 1 in Theorem 3.2 and for || < 1 in Theorem
3.3.
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