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Abstract

For analytic functions f(z) in the open unit disk U, an in-
teresting subclass Ry with |2a — 1| < Rﬁi‘f‘) of analytic func-
tions is introduced. The object of the present paper is to dis-
cuss an extremal function and some coefficient inequalities for

the class Rq.
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1 Introduction and Definitions

Let A be the class of functions f(z) of the form
(1.1) f(z) :z—irZanz”
n=2

which are analytic in the open unit disk U = {z € C; |z| < 1}.

If f(z) € A satisfies the following inequality
Re(f'(2)) > « (z € U)
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for some real a (0 = a < 1), then we say that f(z) € R(a). This class
was investigated by Hayami and Owa (1). In this paper, we consider the new
subclass R, of A defined by some complex number a.

Definition 1.1 If f(z) € A satisfies the following inequality

Re (%) (z € U)

RF(TY)), then we say that f(2) € Ra.
o

If 0 < o < 1, then the class R, is equivalent to the class R(«).

11
F&) 2l "

for some complex number o (|2a -1 <

We first introduce the following remark to think about the extremal func-
tion for the class R,,.

Remark 1.2 Let M(z) be defined by

M(Z):a—rgz (a € C and m > 0).
1——=2
m

Then, we know that M(0) = a and M (z) maps the open unit disk U onto the
following entire circular domain

D={weC ;|w| <m}.

This assertion has been investigated by Miller and Mocanu (2). Using this
result, we consider the extremal function for the class R,.

Theorem 1.3 The extremal function for the class R, is f(z) defined by

f(z)= §Z+ (1 — g) %log(l—i—Az)

Im(a))? — 2alal? a—2al?

_
where A = = Re@ll 27 Re(a)
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Proof : Noting that f(z) € R, satisfies
1 1 -

f'(z)  2a

If we define the function M(z) by

1
().

iR
o 1 1
then it is clear that M(0) = 1 — % and |M(z)| < Re (—) Hence, from
a

2a
Remark 1.2 | we can write

1
I——
11— —210‘,2

Re [ —

(&)
A simple computation gives us that

a — 2|al?
14— 20

: " Re(o)

f(z) = 2 — 2 -
L+ (Im(a))? — 2a| |

2Re(a)|a|?

Integrating both sides from 0 to 27 on 6, we have that

f(z)zgz—l— (1—%) %log(l—i—Az).

Thus, the above function f(z) is the extremal function for the class R,.

Remark 1.4 The extremal function f(z) for the class R, has the following
Taylor expansion of the form

=2t (1 - E) Liog(1+42) =2+ % ()" IA*A-B) ,

A A) A 2 n
(Im(r))? — 2a|a? a — 2|al?
where Re(a)|a]? Re(a)



Extremal Function and Coefficient Inequalities ..... 177

2 Coefficient inequalities

We now consider the coefficient inequalities for f(z) belonging to the class
Ra-

Theorem 2.1 If a function f(z) € A satisfies the following inequality

> — la|]2a — 1
Zn|an| é RG(CM) |C¥H « |
s Re(a) + |«

Re(«)
|l

), then f(z) € Ra.

for some complex number a <|20z -1 <

Proof : Noting that
200 — 1 — > na,z"* 20— 1] + 3 nla,||z|"!
1 n=2 1 n=2

2ol 14 S pagent 2ol S el

n=2 n=2

A

11
‘W_%

12a — 1| + > nlay|
< ]- n=2
2l 3 ’

1= nlay]

n=2

if f(z) satisfies the following inequality

. Re(a .
|20 — 1 +Zn!an! = ]0(4] ) <1 — Zn|an|> ;

n=2 n=2
that is,
[ee]
ann‘ < Re(a) — |af|2a — 1|’
s Re(a) + |af
then we see
1 1 Re(«)
flz)  2af  20a?”

This completes the proof of the theorem.

Letting 0 < @ < 1 in Theorem 2.1, we obtain the following corollary.
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Corollary 2.2 If a function f(z) € A satisfies the following inequality

1
0<a=< -
0 @ ( 05_2)

S nfa] <

n=2 1
l—« (§<oz<1)

for some real number a (0 < a < 1), then f(z) € R(«).
Next we derive the following necessary condition for the class R,,.

Theorem 2.3 If a function f(2) € Ry with a, = |a,|e ™ DF™) (n =23 4...)

then
-« 0<a<1)
nla,| <
2l 2laf? (Re(a) = v/(Re(a))” = (Im(a))?)
- ()2 (@gR).

Proof : By using the same method with Theorem 2.1, we obtain that

200 — 1 — Y na,z"!

n=2 < Re(a)

(o)
1+ > napz! |
n=2

(z e )

for f(2) € Ra. Since a, = |a,|e’ ™1™ if we take 2 = |z|e™, then we know
that

2Re(a) — 14 3. nlay||z["! + 2ilm(«)
n=2

R
o~ < e(a) (z € V).
1= 3 nlag|s/? o]
n=2

Letting |z| — 1 and squaring both sides, we obtain that

(2Re(a) — 1)* + 2(2Re(a) — 1) + 4% + 4(Im(a))?* _ (Re(a))?
1-26+p32

that is, that
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(Im(a))*8 + 2(2Re(a)|a|* — (Im(a))*) 3

+4|a|* — 4Re(a)|af* + (Im(a))* £ 0. (2.1)
where § = > nla,|. If 0 < o < 1, then we see that the inequality (2.1) is
n=2
equivalent to
<1 —a.

If o ¢ R, then solving the inequality (2.1), we have that

—(2Re(a)|a? — (Im(a))?) + 2|af*\/(Re())? — (Im(a))?
(Im(a))? ’

A

g

which is the desired our result.

Furthermore, we state about the following coefficient inequality.

Theorem 2.4 If a function f(z) € Ra (a € R), then

<, - (Re(@)? ~[a(2a— 1)P
2l £

Proof : From the definition of the class R, we note that

la*[200 = f'(2)” < (Re())?|f'(2) ",

Setting z = re”® (0 <r <1, 0 <60 < 27) and integrating both sides from 0 to
271 on #, we have that

o / 7 20 = f(re) 6 < (Re(a))’ / 7 e s,

A simple calculation gives us that

27| arf? <|2a — 1+ Zn2|an|2r2(”_1)> < 27(Re(a))? (1 + Zn2|an|2r2(”_l)> :
n=2

n=2

Therefore, letting » — 1, we obtain that

= < (Re(a) ~ Jaf20 — D
2l S T e

which completes the proof of the theorem.
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3 Open problem

In view of Theorem 2.3, we have that

|an’§1—a O<a<l;n=23,4,--)
and
L, 2|a? (Re(a) — V/(Re(a))?2 - (Im(a))2>
= (i)

where a € R;n = 2,3,4,---.
Also, from Theorem 2.4, we have that
1 2 _|a(2a — D)2\ ?
o < L ((Be@)? ~ a(2a = DPYF
n (Im(ar))?

But, we know that the extremal function f(z) for the class R, in Theorem 1.3
satisfies

(n=2,3,4,---).
Therefore, we guess that the function f(z) € R,, satisfies

A"2(A — B)

lan| <
n

(n=2,3,4,--). (3.1)

How can we prove the coefficient inequality (3.1) for f(2) € R,7
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