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Abstract

In this manuscript, a class of multivalent functions defined
in terms of a linear multiplier operator containing the gen-
eralized Komatu integral operator is introduced and investi-
gated. The main results of inclusion relation, integral preserv-
ing property, argument estimate and subordination property
are proved by making use of subordination formulas between
analytic functions.
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1 Introduction

Let A(p) be the class of functions f(z) of the form

f2) =24 apu™ (peN) (1)

k=1

that are analytic and p—valent in the open unit disk & = {2z : 2 € C, | z |< 1}.
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The generalized Komatu integral operator IC,‘;p - A(p) — A(p) is defined for
d > 0and ¢ > —p as (see, e.g. [7,14,15])

ctp) [ z\ 01

K2,f(2) = % / o (log2) (et 2)
0
and K2, f(2) = f(2).
For f ( ) € A(p), it can be easily verified that
5
c+p

= zp—i-z (c—l—p+k) apr 2. (3)

Now, in terms of K?

c,p?

A(p) — A(p) as follows:
TG = fG2)
TS = (= NI+ (K2, ) = Tl
TN (z) = zmx<$ﬁu»

we introduce the linear multiplier operator 7. e /\ :

N

cp)\f() = ‘-7cp)\< cn;))\léf( ))

for >0,c>—p, A\ >0and m € N.

If f € A(p) is given by (1), then making use of (3) and (4) we conclude
that

cpAf( ) = ZP+ZBk,m(Cvp7 )‘7 5)ap+kzp+k7 (5)
k=1
where
5 m
c+p Ak
B m\& 7)\75 - 7 1+_ 6
ke 0 8) = | () e 2 ©)
Remark 1:

(i) jcp[) = K2, which is the generalized Komatu operator [7,14,15].

(ii) jc 0= 735 which is the integral operator studied by Komatu [8] and Raina
and Bapna [11].
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(iii) jll’;j o = Z9 which is the integral operator studied by Shams et al. [16] and
Ebadian et al. [5].

(iv) ‘7'01110 = L, which is the Bernardi-Libra-Livingston integral operator [2].
(v) \711’15’0 = 7° which is the integral operator studied by Ebadian and Na-
jafzadeh [4].

(vi) jﬁg = DY which is the generalized Salagean operator studied by Al-
Oboudi [1].

(vii) jﬁ’}% = D™ which is the Salagean operator [13].

It can be easily verified for 6 > n% ,m € N that

m,6— -1
2 (T8 0)) = (DT () =TT (2) (7)
Let P denote the class of functions h(z) of the form
z):1+2hkzk (zel),

which are analytic and convex in U/ and satisfy the condition
Re (h(z)) >0 (zelU).

For two functions f and g analytic in U, we say that f(z) is subordinate
to g(z) in U written as f(z) < g(z) if there exists a Schwarz function w(z),
analytic in Y with w(0) = 0 and |w(z)| < 1 such that f(2) = g(w(z)), z € U.

By making use of the multiplier operator 7. p A and the above mentioned
principle of subordination, we define and investigate the following subclass of
p—valent functions.

Definition 1. A function f(z) € A(p) is in the class S(m,0,c,p, \, a; h) if it
satisfies the differential subordination

1 ( TS f (= ))

p—o cp)\f()

—a| <h(z) (z€l), (8)

forpomeN ¢c>—p, d>0,A>0,0<a<pand heP.

Remark 2: The class S(m, 0, ¢, p, A, a; h) contains several well-known as well
as new classes of analytic functions. For example:

(i) S(1,0,1,p,0,; h) = Sg(a; h) which is the class studied by Ebadian et al.



A Class of Multivalent Functions Involving ... 85

[5].

(i) S(1,0,1,p,0, }igi) = S;(a; A, B) which is the class studied by Cho et
al. [3].

(iii) S(1,0,1,p,0, ﬁz) = S;(a) ,where Sy(a) consists of all p—valent star-
like functions of order a.

(iv) 8(1,0,1,p, 1, a; 1££) = C; () ,where C;;(a) consists of all p—valent convex

functions of order a.

The purpose of this investigation is to establish results as inclusion relation,
subordination properties, integral preserving property and argument estimate
for the class S(m, 4, ¢, p, A\, a; h) by making use of the subordination relations
included in the Lemmas of the following section.

2 Required Results

The following Lemmas are needed to prove our main results.

Lemma A. (cfe.g. Eenigenburg et al. [6])

Let ¢,v € C and suppose that p(z) is convex and univalent in U with p(0) = 1
and Re(Cp(z) +v) > 0, (z € U).If q(z) is analytic in U with q(0) = 1, then
the subordination

2q'(2)
q(z) + RO, =< p(2)

implies q(z) < p(z), (z€U).

Lemma B. (cf,e.g. Miller and Mocanu [9])

Let h(z) be convex and univalent in U and g(z) be analytic in U with Re(g(z)) >
0 (z€lU). If v(z) is analytic in U with ©(0) = h(0), then the subordination
0(2) +9(2)¢'(2) < h(z) (2 €U) implies that o(z) < h(z) (z €U).

Lemma C. (cfe.g. Ebadian et al. [5])
Let q be analytic in U with q(0) = 1 and q(z) # 0 for all z € U. If there exists
two points zy,z9 € U such that

T = arglg(2)) < ang(a(2)) < avgla(z2)) = 2o

2
for some oy and as (o, a0 > 0) and for all z  (|z]| < |z1| = |22|), then
z1q' (1) _ L (a1 +a2) U and 24 (2) _ . (ozl +a2) ;
q(z1) 2 q(z2) 2
where

1 — —
[ > 51 and b=itan— (041 a2) .
4 aq + o
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Lemma D. (cfe.g. Robertson [12])
The function

(1—2)" =exp(ylog(l —2)) (v#0)

is univalent if and only if v is either in the closed disk |y — 1| < 1 or in the
closed disk |y + 1| < 1.

Lemma E. (cf,e.g. Miller and Mocanu [10])
Let q(z) be univalent in U and O(w) and p(w) be analytic in a domain D
containing q(U) with p(w) # 0 when w € q(U). Set

Q(2) = 2q'(2)p(a(2)),  h(z) =0(q(2)) + Q(2)

and suppose that
1. Q(z) is starlike(univalent) in U;

vre(g) = (G * o) 70 e

If p(2) is analytic in U with p(0) = ¢q(0) and p(U) C D, and

0(p(2)) + 20’ (2)0(p(2)) < 0(q(2)) + 2¢'(2)¢(q(2)) = h(2),

then p(z) < q(2), and q is the best dominant.
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3 Main Results

We begin our main results by proving the following theorem in which in-
clusion relationship for the class S(m, d, ¢, p, A, a; h) is obtained.

Theorem 1. Let f € S(m,0—=,¢,p, A, a; h) with Re((p — a)h(z) + ¢+ p) >
0. Then

1
S(m, o — LGP A, h) C S(m,d,¢,p, A\, a; h).

Proof. Let f € S(m,d — L, ¢,p, A\, a; h) and assume that

o) = — () ) 9)

p—a cpAf()

Then ¢(z) is analytic in U with ¢(0) = 1.
Making use of (7), then (9) implies

m,0—

‘7cp)\ mf( )

(C+p) cp/\f( )

= (p—a)q(2)+ct+a. (10)

Now, by logarithmic differentiation of (9) and applying (7), we get

1 z(jcwx\ ilf( ))l N 2q'(2)
p—« jc’”’;‘j\ mf( ) — (p—a)q(z) +cta

h(z). (11)

Since Re((p — a)h(z) + ¢+ p) > 0 by hypothesis above, then applying Lemma
A to (11) yields
q(z) < h(z) (z€lU)

which implies f € S(m, d, ¢, p, \, a; h). d

Theorem 2. Let 1 < 3 < 2 and v # 0 be a real number satisfying either
29(B=D(p+c) =1 <Lor 2B -1)(p+c)+ 1] <1 If | € Alp) satisfies
the condition
m,0—L
Tepr "2 -1
—“ /) >2—ﬁ+c .
cp)\f( ) C+p

(12)

Then

¥ 1
(Z C’j;;’jf(z)> <a(z) = 1= 3G - (13)
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Proof. Let -
k) = (20000())

Hence by logarithmic differentiation and using (7), we obtain

1

m,0——
zk'(2) Tepr " [(2)
= y(1—c)+ry(ctp) —2——. (14)
k(z) T8 f(2)
So, by virtue of the condition (12), we get
! 1 2y —
ke 1+ @y =3)z (15)

v(c+ p)k(2) 1—=2
Now, suppose that

. 1
O(w) =1 = d " wlctp)
W =14 = g meem o $W=Zr

then making use of Lemma D, ¢(z) is univalent in . It follows that

Q) = =4 (Jela(z)) = 2022
and 253
0a(=)) + Q) = 2D )

If the domain D is defined by

qUh) = {w ; ‘w% - 1‘ < ’w%

, n=2y(8— 1)(C+p)} CcD,

then it is easily verified that the conditions of Lemma E are satisfied. Hence
k(z) < q(2). O

Theorem 3. Let f € S(m,d,c,p, \,a;h) with Re((p — a)h(z) +c+a) > 0
and ¢ > —p. Then the integral operator K defined by

z

K(:) = Koyt 0) = 2 [ pwyar (16)

ZC

0

belongs to the class S(m,d, ¢, p, A, a; h).

Proof. From (16), it can be easily verified that

2 (TI3K()) +eTTAK() = (e+p) TS (2). (17)
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Assume that

(2 (k)
Q(z) = P—a jm’(SIC(Z) —al, (18)

c,pA

Q(z) is analytic function in ¢ with Q(0) = 0. It follows from (17) and (18)
that

e 2D _ s iajals (19
T (2)
By logarithmic differentiation of (19) and making use of (18), it follows that
m,8 !
/ 1 z jc, :>\ (Z>
Q(2)+ Q) = < ° ) —a | <h(2). (20)

cta+(p-a)Qiz) p-al Jmf()

Since Re((p — @)h(z) + ¢+ a) >0 (z € U), then by Lemma A, we get
Q(z) < h(2)
which implies K(z) € §(m, d, ¢, p, A, a; h). O

Theorem 4. Let f € A(p), 0< 01,00 <1 and 0 <a <p. If

m,6—-L !
z (*70,1;,)\ mf<z)> T
—551 < arg ——T —a | < 55
jc,p:)\ mg(z)
for some g € S(m,d — 1,¢,p, A\, a; iigz), (-1 < B< A<1), then
m,d !

T z <\70,p:)\ (Z)) T
——qp < arg oo —a| < <ae

2 ‘7c,p’,)\g(z) 2

where ay and as (0 < aj,ay < 1) are the solutions of the equations

2 -1 (1—]b])(a1+a2) cos Tt _
51 = aq + T tan (2(1+|b|)((p_?4)-(}13+14)+a+c)+(1_|b)(Oél-i-oéz)sin gt> 3 B 7é 1
aq, B—=_1
and
2 -1 (1—-]b])(a14a2) cos Tt B
52 - a2+ﬂ- v <2(1+b)((1)?3r(13+m+0‘+5)+(1b)(a1+a2)sin gt) ’ B 7é 1

Qg, B=-1
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: _ 7 [ou—a _ 2 a1 (p—a)(A—B)
with b= itan § (81522) and 1 = 2sin (G Gathosm )

Proof. Assume that
m,0 !
(= (anhe)

q(z) = — -7,
p—7 JC’p”Ag(z)

with 0 <y <pand g € S(m,0 —1,¢,p, N\, o; 2F422) (=1 < B < A<1). Then

’ 1+Bz
q(z) is analytic in U with ¢(0) = 1. So, by virtue of (7) and (21), we get

[(p—7)alz) + 1 T3g(2) = (c+p)$7;’,i_%f (2)—cT 3 f(2),
differentiating both sides of (22) yields
(0= 7)2d () T50(2) + [0~ Va(=) +7) = (T0a(2))
= (e+n)z (TN FE) — ez (T3 E)

Since g € S(m, 8 — 1,¢,p, A, a; 142

g € S(m,8,¢,p, A\ o; H22) | Let

), then by Theorem 1, we have

(2 (95
u(z) = — —al ,

then making use of (7), we easily obtain

m,0
T (%) c+p

T mg(z) P eulz) ate

and from (21), (24) and (25), we get

1

(=)

2q'(2)
_ - 1
Rl TR 1) [ "= a)ulz) + a+ delz)
Now, since
14+ Az
—-1<B<A<1
uz) < 1+ Bz (-1 B< )
then, we easily obtain
1—AB A-—B
u(z) — | <1 m (zeU;B# —1)

(21)

(22)

(23)

(24)

(25)
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and

1-A

Re(u(z)) > —— (2 €U; B = —1). (28)

2
(27) and (28) can be rewritten as

(p—a)u(z) +a+c— (a+c)(1 =B+ (p—a)(1-AB) < (p—a)(A—B)

1— B2 1— B?
(B # 1)
and
Re((p — a)u(z) +a+c¢) > (1—A)2(p—a) +a+c (B=-1).
Setting (p—a)u(z)+a+c = rexp (ig@),

S (p—a)(A—B) N
where PO<h P OOl p—a)i—ap) 7V
and -1<6<1 (B=-1),
then

(p—a)(1—A) (p—a)(1+A) _
5 +atce<r< 5 +a+c (B=-1)
and N
(p—a)2(1— )+a—|—c<7“ (B # —1).

Since ¢(z) is analytic in ¢ with ¢(0) = 1, then by applying Lemma B to (26)
yields ¢(z) < h(z).

Now, assume that

(T35 6)
Q) = — [ i) ) _, (0<v<p) . (29)
p=n jc,p’,x "g(2)

then by means of (26) and (29), we have

arg(Q(z)) = arg(q(z)) + arg (1 + [(p— a)u(zjt)a + c]q(z)) .

Suppose there exist zq, 2o € U such that

_gal = arg(q(#)) < arg(q(z)) < arg(q(z2)) = gO‘?'
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Thus by Lemma C, we have

z1q' (1) _ L (al +a2) ! and 24 (2) _ ; (al +a2) l

q(z1) 2 q(22) 2
where [ > L— o] and b= z'tanZ 1~ s )
1+ b 4 \og + o

We have the following two cases:

(i) When B # —1,

= —Zag+arg (1 — L (9422) cos Z(1 — 0) + 2 (2422 sin Z(1 — 0))

2
x . 1 l(c1+az)sin 5 (1-0)
< 21 tan <2r+l(a1+a2) cos 5 (1-0)

arg(Q(=1) = —Fon + arg (1 - il (2502) 1)

_ 1—|b]) (a1 +az) cos St
< —Toy —tan™! ( 2
=21 2(1+ b)) (E=20EA) | )+ (1-[b]) (a1 +a2) sin 5 ¢
—I5
and
_ 1—1b]) (a1 +a2) cos Tt
ar 29) > o t 1 ( 2
8(Q(z2) = Fas + tan (2(1+|b|)((f"f>+%+’*>+a+c)+(1|b|)(a1+a2)singt
Y
= I§,.

(ii)) When B = —1, similarly we have

ar z = ar z ZQI(Zl) _T
Q0 = (o) + o ey ) <

and

ar Z9)) = ar z qu(z2) s
g(Q( 2)) g <Q< 2) + [(p—a)u(ZQ) +a+c]q(22)> > 252'

The above two cases contradict the assumptions of the theorem. Hence the
proof is complete. O

By suitable choice of the parameters m,d,c,p, \,a and the function A, one
can deduce several special cases of the above theorems. For example, when

m = 1 and A = 0 the above theorems reduce to the results recently obtained
by Ebadian et al. [5].
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4 Open Problem

Let the linear operator D\ : A(p) — A(p) be defined as follows

DY f(z) = f(2)
DI = (L= NG+ () = Do f()

D*0f(z) = DLA(DESf(2)

DyNf(z) = DpA(Dy " f(2))
forme N, A >0and 0 < a < 1, where

I'l+p—a)

%) = —prragy D)

and D¢ f(z) is the well known Riemann-Liouville fractional derivative of order
a (0 <a<1) (see, e.g. Srivastava and Aouf [17]). The question arises that if
we rewrite the class defined in Definition 1 by replacing jg';i f(2) by D;”/‘\" f(2),
then can the main results obtained in the above theorems be derived for this
class?. More precisely, what equation can be derived instead of equation (7)
in order to proceed to the main results?.
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