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Abstract
In the present investigation, we obtain some subordination
and superordination results involving Hadamard product for
certain normalized analytic functions in the open unit disk.
Relevant connections of the results, which are presented in
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out.
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1 Introduction

Let ‘H be the class of analytic functions in U := {z : |z| < 1} and H|a,n| be
the subclass of H consisting of functions of the form

f(2)=a+anz" + anq 2"+
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Let A be the subclass of H consisting of functions of the form
f(2)=z4a* +.... (1)
Let p, h € H and let ¢(r, s,t;2) : C3xU — C. If pand ¢(p(2), 2p'(2), 2% (2); 2)

are univalent and if p satisfies the second order superordination

h(z) < ¢(p(2), 2p/(2), 2°p"(2); 2). (2)

then p is a solution of the differential superordination (2). (If f is subordi-
nate to F, then F' is superordinate to f.) An analytic function ¢ is called a
subordinant if ¢ < p for all p satisfying (2). A univalent subordinant ¢ that
satisfies ¢ < ¢ for all subordinants ¢ of (2) is said to be the best subordinant.
Recently Miller and Mocanu[10] obtained conditions on h, ¢ and ¢ for which
the following implication holds:

hz) < o(p(z), 20/ (2), 2°p"(2); 2) = q(z) < p(2).

For two functions f(z) = z + Y025 a,2" and g(z) = z + 202, b,2", the
Hadamard product (or convolution) of f and g is defined by

(F*)2) =24 3 anbuz™ = (g% F)(2). 3)

n=2

Recently Bulboaca [2] (see also [1]) considered certain classes of first or-
der differential superordinations as well as superordination-preserving integral
operators by using the results of Miller and Mocanu[10]. Further, using the
results in [1] and [10], Magesh and Murugusundaramoorthy [7], Magesh et al.,
[8], Murugusundaramoorthy and Magesh [11, 12, 13] and Shanmugam et al.,
[18] have obtained sandwich results for certain classes of analytic functions.

The main object of the present paper is to find sufficient condition for
certain normalized analytic functions f in U to satisfy

<a(f*@)(z)+ﬁ(f*lp)<z)> < q2(2), (4)

z
where q1, ¢o are given univalent functions in U with ¢;(0) =1, ¢2(0) = 1 and
O(z) = 2z + Z A2 U(z) = 2 4 Z w2 are analytic functions in U with

G(z) <

A >0, iy > 0 and An > pip. Also, we obtain the number of known results as
their special cases.

2 Preliminary Results

For our present investigation, we shall need the following:
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Lemma 2.1 [15, p.159, Theorem 6.2] The function L(z,t) = a1(t)z +
as(t)z? + ... with ay(t) # 0 for t > 0 and Jim lai(t)| = +o0, is a subordi-
nation chain if

OL(z,t)
Re {ZBLa(z,t) } >0,2€U, t>0.
ot

Definition 2.2 [10, p.817, Definition 2] Denote by Q, the set of all func-
tions f that are analytic and injective on U — E(f), where

£(5) = ¢ €U - i 1 (2) = o0}
and are such that f'(¢) # 0 for ( € OU — E(f).

Lemma 2.3 [9, p.152, Theorem 3.4h] Let q be univalent in the unit disk U
and 0 and ¢ be analytic in a domain D containing q(U) with ¢p(w) # 0 when
w e qU). Set

Q(2) == 2q'(2)9(q(2)) and  h(z):=0(q(2)) + Q(2).
Suppose that

1. Q(z) is starlike univalent in U and

2. Re{zg’((;))} >0 forzeU.

If p is analytic with p(0) = ¢(0), p(U) € D and

0(p(2)) + 2p'(2)0(p(2)) < 0(a(2)) + 24'(2)6(a(2)), ()

then
p(z) < q(2)

and q 18 the best dominant.

Lemma 2.4 [2, p.289, Corollary 3.2] Let q be convez univalent in the unit
disk U and 9 and ¢ be analytic in a domain D containing q(U). Suppose that

1. Re{?(q(2))/¢(q(2))} > Oforz € U and
2. ¥(z) = 2¢'(2)p(q(2)) is starlike univalent in U.

If p(z) € H[q(0),1]NQ, with p(U) C D, and I(p(2))+zp' (2)p(p(z)) is univalent
in U and
9(q(2)) + 2¢'(2)p(a(2)) < 9(p(2)) + 21 (2)e(p(2)), (6)

then q(z) < p(z) and q is the best subordinant.
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3 Subordination results

Using Lemma 2.3, we first prove the following theorem.

Theorem 3.1 Let &, ¥ € A, v, € C (1 = 1,2,3)(v3 # 0), p, 0, 5 € C such
that p # 0 and a4+ 3 # 0, q be conver univalent with q(0) = 1, and assume
that

Yo zq"(2) ZQ’(Z)}
Res —q(z)+ 1+ — >0 (zel). 7
{73 (=) 7(z)  q(2) ( ) ")
If f € A satisfies
()} 2q'(2)
A ‘ 1(f;q>,\117a,5) - A(f? (I)a\lja 71(72:’73#%5) = 71 +,VQQ(Z) +’73 Q(Z) ) (8>
where
a(f*®)(2)+B(f*¥)(2) \#
. Y1+ 72 (
ALV (f;®, 0,0, 8) :={ () LBy (9)
P az(f*®) (2)+6z(f*¥) (z)
+sm (e — 1)
then

<Oé(f ¥ ®)(2) + B(f * \1/)(2)> < q(2)

z

and q is the best dominant.

Proof: Define the function p by
p(2) = <a(f * ®)(2) + B(f \1/)(2)> (zeu). (10)

z

Then the function p is analytic in & and p(0) = 1. Therefore, by making use
of (10), we obtain

alf = ®)(z) + B(f x¥)(2)
zp'(2)
=71+ Y2p(2) + 3 () (11)

By using (11) in (8), we have

2p'(2) 2q'(2)
Y1+ 72p(2) + 73 ) <M +72q(2) + 73 ) (12)
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By setting
Ow) =7 +7w and  ¢w):= L,

it can be easily observed that 6(w), ¢(w) are analytic in C — {0} and ¢(w) # 0.

Also we see that )
2q'(2)

q(2)

Q(2) = 2¢'(2)p(q(2)) = 73
and

h(2) = 0(a(a)) + QL) = -+ 100(2) + 1 .

It is clear that @(z) is starlike univalent in &/ and
zh'(2) } {w 2q"(z)  2q(z) }
Re =Re{ —q(z)+ 1+ — > 0.
155 O

By the hypothesis of Theorem 3.1, the result now follows by an application of
Lemma 2.3.

By fixing ®(z) = % and ¥(z) = @z in Theorem 3.1, we obtain the
following corollary.

Corollary 3.2 Let v; € C (1 =1,2,3)(y3 #0), u, 0, 8 € C such that yp # 0
and a + (5 # 0, q be conver univalent with q(0) = 1, and (7) holds true. If
f € A satisfies

"+ (af(z) tﬁzf/(z)) T (oz(zf’(z) — f(2) + ﬁfo”(z)>

af(z) + Bzf'(2)
2q'(2)
<71+ 72q(2) + 73 )
then
(af(z) + ﬂzf’(2)>“ <al2)

and ¢ is the best dominant.
Putting @ = 1 and = 1 in Corollary 3.2, we obtain the following corollary.

Corollary 3.3 Let v; € C (i = 1,2,3)(y3 # 0), 0 # p € C, q be convex
univalent with ¢(0) = 1, and (7) holds true. If f € A satisfies

(190 o (P55 1

2q'(z
<7+ 7q(z) + 73L,
q(2)
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then

(f@)+zf%@>“_<q@)

z

and ¢ is the best dominant.
Putting @ = 1 and 8 = 0 in Corollary 3.2, we obtain the following corollary.

Corollary 3.4 Let v; € C (i = 1,2,3) (73 # 0), 0 # u € C, q be convex
univalent with q(0) = 1, and (7) holds true. If f € A satisfies

e (JC(ZZ)Y s (Zf/(z) - 1) <1+ g(2) 7 L)

f(2) q(2)

() <

then

and ¢ is the best dominant.
Putting @ = 0 and § = 1 in Corollary 3.2, we obtain the following corollary.

Corollary 3.5 Let vy, € C (i = 1,2,3)(y3 # 0), 0 # u € C, q be convex
univalent with q(0) = 1, and (7) holds true. If f € A satisfies

Y zf"(z) s 2q'(z)
Y1+ 72 (f(2)" + 3 702) <71 +7q(2) + 73 )
then
(f'(2)" < a(2)

and ¢ is the best dominant.

By taking ¢(z) = }igz (-1 < B < A<1)in Theorem 3.1, we have the
following corollary.

Corollary 3.6 Let &,V € A, v, €C (i =1,2,3)(73 #0), u,a, 8 € C such
that i # 0 and o+ 3 # 0, q be convex univalent with q(0) = 1, assume that
(7) holds. If f € A and

1+ Az (A—B)z

A (£, W <
(f7 ) 7aaﬁ) 71_'—7214—82+73<1—{—A2)(1—|—BZ>,
then
o+ @)(2) + B+ W)\ | 14 Az
~
z 1+ Bz
and 142 is the best dominant.

1+B=z
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Putting @ = 1 and 8 = 0 in Corollary 3.6, we obtain the following corollary.

Corollary 3.7 Let P € A, v, € C (i =1,2,3)(73#0), 0# p € C and q be
convex univalent with q(0) = 1, assume that (7) holds. If f € A and

o (L) (A=) )

(f *®)(2)
DU 1—i—Az+ (A—B)z
NPT IB: T P+ A1+ Be)
then
(f x®)(2)\" - 1+ Az
z 1+ Bz
and %igi is the best dominant.

Putting v = 1, 75 = 0 and 3 = 1 in Corollary 3.7, we obtain the following
corollary.

Corollary 3.8 Let &, A, 0 # u € C and q be conver univalent with
q(0) = 1, assume that (7) holds. If f € A and

1+ <Z(f*q>)/(z)—1><1+ (A—B)z

(f *D)(2) (1+ Az)(1+ Bz)’
then
(fxP)(2) “<1+AZ
z 1+ Bz
and i]‘;‘z is the best dominant.

By setting 1 =1, %2 =0, 3 =1, a=1, 8 =0, ®(2) = % and ¢(z) =
(A-B)

(1+ Bz)" s

in Theorem 3.1, we obtain the following corollary.

Corollary 3.9 Let 0 # peC, —1 < B < A <1 and q be convex univalent
with q(0) = 1, assume that (7) holds. If f € A and

z2f'(z) 1+ Az
1+M< f(2) _1> "1t B2

then

(ﬂ)) < (1+B5

and (1 + Bz)“(AEB) is the best dominant.
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We note that ¢(z) = (14+Bz)* “5 s univalent 1fandonly1f‘ wA—B) 1‘ <
1 or ‘@ + 1‘ <1.
By setting v = 1, 72:0 a=10=0 0(2) =%, q(z )—m(be

C —{0}), p =1 and 73 = 7 in Theorem 3.1, we obtain the following corollary
as stated in [19].

Corollary 3.10 Let 0 # b € C and q be convex univalent with q(0) = 1,
assume that (7) holds. If f € A and

1+1<zf’(z) _1> - 1—|—z7

b\ f(2) 1—=2
then 1) )
z
- (1—2)%
and W is the best dominant.

Bysetting’ylzl,fygzo a=1,06=0 ¢(2) = (1ZZ)2,q(z):m (b e
C —{0}), p =1 and 73 = 7 in Theorem 3.1, we obtain the following corollary
as stated in [19].

Corollary 3.11 Let 0 # b € C and q be convex univalent with q(0) = 1,
assume that (7) holds. If f € A and

12f"(z) ,1+=

14+ - < ,
) C1-e
then ]
/ —
and ﬁ is the best dominant.
By setting v, = 1, 72—0 a=1,0=0, <I>()=1ZZ,C]():W(66
C —{0}), u = a and 3 = + in Theorem 3.1, we obtain the following corollary

as stated in [14].

Corollary 3.12 Let 0 # b € C and q be conver univalent with q(0) = 1,
assume that (7) holds. If f € A and

1 (zf'(2) 1+z

(fi@)a < _12)2ab

and W is the best dominant.

then
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0
By taking ¢(z) = (}%ﬁ) (0 < 6 < 1), in Theorem 3.1, we have the following
corollary.

Corollary 3.13 Let &,V € A, v, € C (i =1,2,3)(v3 #0), p,a, B € C such
that i # 0 and o+ 3 # 0, q be convex univalent with q(0) = 1, assume that
(7) holds. If f € A and

z

: 1+ 2\? 20
INCOHET X R <) =
(f7 ) 705>B)_<71+72 1 2 _'_73(1_22)7

then

z 1—=2

(a(f*q))(z)Jrﬁ(f*\P)(Z))“ . <1+z>6

5
and (Hi ) is the best dominant.

Putting ¢(2) = e#4* (|uA| < ), in Theorem 3.1, we have the following corol-
lary.

Corollary 3.14 Let ®, V€ A, v, €C (i =1,2,3)(v3 #0), p,a, B € C such
that p # 0 and o + 5 # 0, q be convex univalent with q(0) = 1, assume that
(7) holds. If f € A and

%)S(f OV, a,0) <M +72€“ + 13uAz,

then

<Oé(f * ®)(2) + B(S * W)(Z))“ pyve

z

and e*4* is the best dominant.

3.1 Superordination results

Now, by applying Lemma 2.4, we prove the following theorem.

Theorem 3.15 Let D,V € A, v, €C (i =1,2,3)(y3 #0), p, 0, 5 € C such
that i # 0 and o + B # 0, q be conver univalent with q(0) = 1, and assume
that

Re {%q(z)} > 0. (13)

73
If f € A (ALBEUWENT ¢ H[g(0),1] N Q. Let ACI(f;®,¥,0,3) b

univalent in U and

Y1+ 724(2) +V3Z;];S) < AD (f D, ¥, a, B), (14)
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where A(%)?(f; O U «, ) is given by (9), then

o) < (Oé(f*‘b)(Z) +ﬁ(f*‘1’)(Z)>

z

and q 18 the best subordinant.

Proof Define the function p by

p@%=<Mﬂ“W@+ﬁU*m@vf

z

(15)

Simple computation from (15), we get,

AOR (£, 9, 0, B) = 71 + 12p(2) + Y5 ) :
p(2)
then
2q'(2) zp'(z)

Y1+ 72q(2) +3—— <71+ 72ep(R) +3——-
B+ 170 SRR

By setting J(w) = 71 + 7w and ¢(w) = 2, it is easily observed that 9(w)
is analytic in C. Also, ¢(w) is analytic in C — {0} and ¢(w) # 0.
If we let

L(z,t) = 9(q(2) + o(a(2))t2d (2) = +12a(z) + 73tZ§ES)

= a(t)z+... (16)

Differentiating (16) with respect to z and ¢, we have

OL(z,t) _ .. 2q"(2) | d(z) _ 2(d(2)?
o~ O NG T T R0
= a(t)+...
and
OL(z,t)  =2q'(2)
o B q(2)
Also,
8L6<g’ 9 _ 734 (0) Uz + tq(lo)l

From the univalence of ¢ we have ¢’(0) # 0 and ¢(0) = 1, it follows that
ai(t) # 0 for t > 0 and Jlim a1 (t)] = +oo.
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A simple computation yields,

OL(z,t) m ’
od o\ _pel2, zq (Z)_ZQ(Z)>}
RJ{ Mﬁ”} f {%Q()+t<1+ 7(z2)  qlz) )’

Using the fact that ¢ is convex univalent function in &/ and 4 # 0, we have,

OL(z,t)

Re{ 2223 >0 if R Bq(z) >0, z€U, t>0.

OL(z,t) V3
ot

Now Theorem 3.15 follows by applying Lemma 2.4.

By fixing ®(z) = 1% and ¥(z) = oz in Theorem 3.15, we obtain the
following corollary.

Corollary 3.16 Let v € C (i = 1,2,3)(y3 # 0), p,«, 5 € C such that
w#0 and o+ B # 0, q be conver univalent with q(0) = 1, and (13) hold
true. If f € A, (Lf(z)tﬁzf,(z*)y € H[q(0),1] N Q. Let y1 + 7 <7af(z)+fzf/(z))“ +

alzf'(z)—f(z 22 f" (2 . .
vg,u( (zf (af)(zj;iﬁ))ng(z)f ( )) , be univalent in U and

2q'(2)
Y1+ 72q(2) + 73 e

af(z) + B2f'(2)\" a(zf'(z) = f(2) + B22f"(2)
-<71+72< s > +V3M< af(2) + B2f'(2) );

then

o) < (af(z) +ﬁzf’(z)>“

z

and q 18 the best subordinant.
Putting o = 1 and = 1 in Corollary 3.16, we obtain the following corollary.

Corollary 3.17 Let v; € C (i = 1,2,3)(v3 # 0), 0 # pu € C, q be con-
vex univalent with q(0) = 1, and (13) hold true. If f € A, (M)H €

2)+2f'(2) \H 221" (2)+zf'(2)—f(z .
H[q(0),1]N Q. Let v1 + o (%) + Y3 ( i ;();)Zrﬁf(,()z) K )) , be univalent
m U and

2q'(2)
Y1+ 72q(2) + 73 )

e (S50 o (223 )

then

and q 18 the best subordinant.
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By taking ¢(z) = (1 4+ Az2)/(1+ Bz) (-1 < B < A <1) in Theorem 3.15,
we obtain the following corollary.

Corollary 3.18 Let v € C (i = 1,2,3)(y3 # 0), p,«, 5 € C such that
w# 0 and o+ B # 0, ¢ be convex univalent with q(0) = 1, and (13) hold
tmeﬁfeA(f@@WW“ )EHH)]HQIMAW(fQWaﬁ)
be univalent in U and

1+ Az (A—B)z

1+ B: Pt Ana+m <o e Tl

Y1+ Y2

then

1+ Az  (a(f*®)(2) + B(f * ) (2)\"
1+ Bz << z )

1442 4o the best subordinant.

1+Bz

and

4 Sandwich results

There is a complete analog of Theorem 3.1 for differential subordination and
Theorem 3.15 for differential superordination. We can combine the results of
Theorem 3.1 with Theorem 3.15 and obtain the following sandwich theorem.

Theorem 4.1 Let ¢ and g, be convex univalent inU, v; € C (i =1,2,3)(y3 #
0), p,ar, 8 € C such that p # 0 and o+ 3 # 0, and let qo satisfy (7) and ¢
f*‘l’)(Z)Jrﬁ(f*‘I’)( "
satzsfy (13). For f, &,V € A, let ( ) € H[L,1] N Q and

(f, O U, o, 3) defined by (9) be umvalent in U satisfying

10 (E) ql((z)) < A0 (2,0, a,8) <+ 7202(2 )+73qu22<iz))a

then

z

()< (ALEDELEH = DE)

and q1, q2 are respectively the best subordinant and best dominant.

By taking ¢;(z) = i%gij (-1 < B < A <1) and ¢o(2) = }%‘zj (1<

By < Ay <1) in Theorem 4.1 we obtain the following result.

Corollary 4.2 For f,®, U € A, let (O‘(f*@)(z)%(f*\y) ) e H[1,1]NQ and
AL (f: @ W o, B) defined by (9) be univalent in U satisfying

1+ Az (A1 — By)z
NI TP T A (14 Bre)
< ALY(f0, 0,0 6)
1+ Asz (Ay — Bs)z

+
11 Boz {1+ A32)(1 + Baz)

<7+
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then
1+ Az - alf*®)(2) + B(f*¥)(2)\" - 1+ Ayz
1+ Bz z 14+ Byz
and ALz 1Az g0 respectively the best subordinant and best dominant.

1+B12z’ 14+B2z

5 Conclusion and Open Problem

We conclude this paper by remarking that in view of the function class defined
by the subordination relation (4) and expressed in terms of the convolution (3)
involving arbitrary coefficients, the main results would lead to additional new
results. In fact, by appropriately selecting the arbitrary sequences (®(z) and
U(z)), the results presented in this paper would find further applications for
the classes which incorparate generalized forms of linear operators illustrated
below

1.

n

— > - (al)n—l S (al)n_1 z
CI)(Z> =z+ n§2 (ﬁl)n—l . (ﬁm)n—l (n — 1)!

and
n

= 5 al n—1 - (Oél>n71 z
" Z Bl)n 1- (ﬁm)nfl (n — 1)'

where ay,...,ap and By, ..., B, (ILm e N =1,2,3,...) are complex pa-
rameters 3; ¢ {0,—1,-2,...} for j =1,2,...m, [l < m + 1 (results for
Dziok-Srivastava operator [6])

2. &(2) = 2 —|— Z C): i(nz—nn! and U(z) = z + ZSLO:QnEi))::II (nz_nl)!, where

c#0,— .., ((results for Carlson and Shaffer operator [3])
3. (z) = T A = L and U(z) = T A = -1 (results for

Ruscheweyh derivative operator [16])

4. ®(2) = 2+ 32 ,nk2" and U(2) = 2 + 300, n* 12" k> 0, ( results for
Salagean operator [17])

k k
5. (2) = 2+ X302, (%ﬁ) 2" and U(z) = 24+ Y00 ,n (%) 2", where

A >0k € Z,( results for Multiplier transformation [4, 5])
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and specializing the parameters «, 3, u, 71,72, 73 and 74 and the function ¢(z)
Theorem 3.1, Theorem 3.15 and Theorem 4.1 would eventually lead further
new results for the classes of functions defined analogously by associating in
the process of ®(z) and W(z). These considerations can fruitfully be worked
out and we skip the details in this regard.
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