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Abstract

The purpose of this paper is to derive subordination and su-
perordination results involving Dziok-Srivastava operator for a
family of analytic multivalent functions in the open unit disk.
These results are applied to obtain sandwich results. Some
results which are useful in geometric function theory are also
obtained as special cases of the results presented in this paper.
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1 Introduction

Let ‘H denote the class of functions analytic in the open unit disk A := {z €
C: |z| < 1}, and let H]a, p] be the subclass of H consisting of functions of the
form

f(z)=a+a? +a, 12"+ ..., pe N={1,2,3,...}. (1.1)

Let A(p) be the subclass of H consisting of functions of the form

f(z)=2"+ Y @zF, peN. (1.2)
k=p+1
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If f and g are analytic in A and there exists a Schwarz function w(z),
analytic in A with

w(0) =0, |w(z)| <1, z € A, (1.3)

such that f(z) = g(w(z)), then the function f is called subordinate to g and is
denoted by
f=<gorf(z)<g(z), z€A. (1.4)
In particular, if the function ¢ is univalent in A, the above subordination is
equivalent to
f(0)=4g(0), f(A) Cg(A). (1.5)
Suppose h and k are analytic functions in A and ¢ (r,s,t;2) : C3 x A — C.

If b and ¢(h(z), zh (2), 22h"(2); 2) are univalent and if h satisfies the second-
order differential superordination

k(z) = ¢(h(2), 2k (2), 221" (2); 2), (1.6)

then h is a solution of the differential superordination (1.6). Note that if f is
subordinate to g, then g is superordinate to f. An analytic function ¢ is called
a subordinant if ¢ < h for all h satisfying (1.6). A univalent subordinant ¢ that
satisfies ¢ < ¢ for all subordinants ¢ of (1.6) is said to be the best subordinant.
Miller and Mocanu [8] obtained conditions on k, ¢ and ¢ for which the following
implication holds:

k(z) < ¢(h(2), 2R/ (2), 221" (2); 2) = q(2) < h(2). (1.7)

Ali et al. [1] have obtained sufficient conditions for certain normalized
analytic functions f(z) to satisfy

2f'(2)
f(z)
where ¢; and ¢, are given univalent functions in A with ¢;(0) = 1 and ¢»(0) = 1.
Shanmugam et al. [11,12] and Goyal et al. [6] have obtained sandwich
results for certain classes of analytic functions. Further subordination results
can be found in [14-16].
Obradovi¢ [9] introduced a class of functions f € A(1) = A, such that, for

O<p<l, .
Re {f’(z) <f<2)> } >0, z€A. (1.9)

He called this class of functions as "non-Bazilevi¢” type.
We consider a class N (i, p, A\; A, B) defined as

N(p,p, A\;A,B) = {f € Ap): (1+X) (;;;)) - A;fc,((j)) (fi)) = 1122
(1.10)

q(z) < < q2(2), (1.8)

3
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where A\ €(C, —-1<B<A<1,0<u<l1, peN.
Wang et al. [16] studied many subordination results using the above class
for p = 1.

2 Definition and preliminaries

Definition 2.1. Corresponding to the function

hp(alaa% "'7al;617ﬂ27 7ﬁmﬂz) = Zp lFm(alaab "'7al;617ﬂ27 7ﬁmaz) (21)
(I<m+1,I,me Ny=NU{0},o, €C, 5, € C\Z; ={0,-1,-2,...}
1<i<l1<j<m)

(where | F,, is the well-known generalized hypergeometric function), and f €
A(p), Dziok and Srivastava [4] studied a linear operator (H{"™[ou]f)(2)
defined in terms of the Hadamard product as

(H;(f’m)[al]f)(z) = hy(on, g,y .oy u; B, By oy B 2) * f(2)

— P S (Oél)kfp<042>k7p.-.(0q)k7p a A .
- +k§1 (BL)s—p (B B )iy (k —p)1 € A.

(2.2)
under the conditions mentioned with (2.1).
We observe that

AHG™ ) )(2)]) = ar(HE™ar +1]f)(2) = (a1 = p)(HF™ ] (). (2:3)
Differentiating (2.3), (j — 1) times, we get

AR 0] (]9 = o [(HE[on 1] ) ()]0 = (g —prt— D[ ] £)(2)] 5.
(2.4)
The Dziok-Srivastava linear operator [4], is a generalization of a number of
well-known operators such as the Hohlov linear operator, Saitoh’s generalized
linear operator, the Carlson-Shaffer linear operator, the Ruscheweyh derivative
operator as well as its generalized versions, the Bernardi-Libera-Livingston
operator and Srivastava-Owa fractional derivative operator. For details, one
may refer to the papers cited above. The Dziok-Srivastava linear operator
defined by (2.2) was further extended by Dziok and Raina [5] and also studied
by Darus et al. [3].
Definition 2.2 (see [8]). Denote by Q, the set of all functions f(z) that are
analytic and injective on A — E(f), where

E(f) = {g €oA: lmf(:) = oo} , (2.5)
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and are such that f'(§) # 0 for £ € 0A — E(f).

We will require certain results due to Miller and Mocanu [7,8], Bulboaca
2], and Shanmugum et al. [11] contained in the following lemmas:
Lemma 2.3 (see [7]). Let q(z) be univalent in the unit disk A, and let ¥ and
¢ be analytic in the domain D containing q(A) with ¢(w) # 0 when w € q(A).
Set Q(z) = 2¢'(2)6(a(2)), h(z) = D(q(=)) + Q2). Suppose that
(i) Q(z) is starlike univalent in A.
(ii) Re {zg((zz))} >0 for z € A.

If r(z) is analytic in A, with r(0) = ¢(0),r(A) C D and

0(r(2)) + 21'(2)e(r(2)) < ¥(q(2)) + 24'(2)6(a(2)), (2.6)

then r(z) < q(z) and q(z) is the best dominant.

Lemma 2.4 (see [11]). Let q(z) be a convex univalent function in A and
v,y €eC ui/z'th

Re (1 + 4 (Z)> > max {O, —Re (%)} . If r(z) is analytic in A and

q'(2)
Yr(z) +y2r'(2) < q(2) + 24 (2), (2.7)

then r(z)=< q(z) and q(z) is the best dominant.

Lemma 2.5 (see [8]). Let q(z) be convex univalent function in the unit disk
A and v € C. Further assume that Re (y) > 0. If r(z) € H[g(0),1] N Q and
r(z) +r'(z) is univalent in A, then

q(2) + 724 (z) < r(z) +v2r'(2), (2.8)

which implies that q(z)< r(z) and q(z) is the best subordinant.
Lemma 2.6 (sce [2]). Let q(z) be convex univalent in the disk A, and let 9
and ¢ be analytic in a domain D containing q(A). Suppose that

(i) Re {i((g((zz)))} >0 forz € A;
(ii) zq' (2)p(q(2)) is starlike univalent in z € A.
If r(z) € H[g(0),1] N Q, with r(A) C D, and if 9(r(z)) + 21" (2)o(r(z)) is

unwwalent in A and

9(q(2) + 24 (2)6(q(2)) < I(r(2)) + 2r'(2)6(r(2)), (2.9)

then q(z) < r(z) and q(z) is the best subordinant.
The main object of this paper is to apply a method based on the differential
subordination in order to derive several subordination results.

3 Subordination for analytic functions

Theorem 3.1. Let q(z) be univalent in the unit disk A and letl < m+1, I,m €
No, i, B, € C\Zy;1 <i <,1 <kE<m, AeC"=C\{0} and 0 < p < 1.
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Suppose that f € A(p), q satisfies the inequality

Re <1 + Z;é?) > maz {0, " Re (W)} . (3.1)
and
e [@ e [(Hé”m[Z;J;)l@)]”‘” | { <1 : Pfﬁl)

Cad [HS e+ 1)) 5.
P=i+D) (m e )
where (H™[oq]f)(2) is defined by (2.2). If

B1(2) < q(2) + qu’(z) (1<j<p). (3.3)

then
p! Sp—j+1 K )
{(p —J DL < a(2), (3.4)

and q 1s the best dominant.
Proof. Consider

p! HP—j+1 a
7”(2) = (p — j T 1)| (Lm) G-1) ;
[(Hp " [0a] f)(2)]
Differentiating (3.5) logarithmically with respect to z and using (2.4), we get
A (1 [(H ™o+ 1]f><z>]“)
- B m G- )°
(2) [(H™ ] £)(2)]

which, in light of the hypothesis (3.3) of Theorem 3.1, yields the following
subordination

r(z) +

(3.5)

(3.6)

A , A
pp—j+ 1) =) <Q(ZHM(Z)—J'H)

An application of Lemma 2.4, with ¢ =1, v = m, leads to (3.4).
Taking | = 2,m = 1,a5 = 1 in Theorem 3.1, we get the following corollary

Corollary 3.2. Let q(z) be univalent in the unit disk A and let oy, €

C\Zy, A€ C* and 0 < u < 1. Suppose that f € A(p), q satisfies (3.1) and

2q'(2). (3.7)

= (p—];‘!+ D! [(Lp[al,zg:]j;(zﬂ”‘”1M{<l : Pfﬁl)
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[+ L)Y
b=i+0  [(Lan Al } 35

where (Ly(aq, B1) f)(2) is the Saitoh linear operator [10]. If

W) <)+ o) (1<i<) 69
then | "
p! 2Pitl K
=T e < (10

and q is the best dominant.

Taking I = 1,m = 0,7 = 1 and j = 1 in Theorem 3.1, we arrive at the
following
Corollary 3.3. Let q(z) be univalent in A, A € C* and 0 < u < 1. Suppose q
satisfies (3.1). If f € A(p), and

(f()) [1 A (1 - pj}(()) )1 <)+ pA,fW)y (3.11)

then

(fi))u <q(2), (3.12)

and q(z) 1is the best dominant.

Putting ¢(z) = ng (-1 < B< A<1)in Theorem 3.1, we get the fol-
lowing corollary
Corollary 3.4. Let -1 < B < A <1 and (3.1) hold. Suppose that f € A(p),
and ®1(z) is given by (3.2). If

MA - B)z 1+ Az

® 1<5< 1
1<Z><(p_j+1)p(1+Bz)2+1_|_BZ (1<j<p), (3.13)
then )
p! it L1tA: -
and 42 s the best dominant.

1+ Bz
Further taking A =1, B = —1 in Corollary 3.4, we get

Corollary 3.5. Let (3.1) hold. Further suppose that f € A(p), and ®41(2) is
defined in (3.2). If
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then
[ p! 2pmItl ] - 1+=2 (3.16)
_ | m (3-1) — 5’ '
=3+ DN (B g 1) =) o
and 22 s the best dominant.

1—z
Forl=2m=1,j =1,a; =1 and p = 1 the aforementioned result reduces

at once to the result obtained recently by Shanmugum et al. [13].

Theorem 3.6. Let q(z) be univalent in A, and let] < m+1,1,m € Ny, «;, B €
C\Zy;1<i<l1<k<m,0<pu<1,0#~08€C and f € A(p). Suppose
that q satisfies

Re (1 + Zj’ti?) > max {0, —Re (f) } : (3.17)
(Lm) [y I Caa (L) [, 6D
CI)2(2> _ [[(Hp (ZL) +1]f)( (2]1) ] {N7 (Oé1+1)[(HZm)[ +2]f)( )](j1)
[(Hp [en] f)(2)] [(Hp [on + 1] f)(2)]
Lm) [ . (-1
I (;[)wﬂf)((i]_l) ., w},
[(Hp ™ [aa] £)(2)]
(1<j<p). (318)
If

Do(2) < v2¢'(2) + Ba(2), (3.19)

then

(HE [0 +1£)(2)] Y]
[ (CHS™ [on] ) (2)]) 7 ] i 20

and q(z) 1is the best dominant.
Proof. Define the function r(z) by

[1EE e+ 1110 0]"
r(z) = o 5D )
((HS™ (] £)(2)]

Then, a computation shows that

(3.21)

_1],

E N PN €2/ Ll T 1) ) Y (€ YIRS VP [
r(2) (HE™ o+ 1) (27 (S o f) ()]0
and hence
(Lm) [y, IS (L), NTEY
ZT/(Z) = MT(Z) (041 + 1) [(Hil’m)[ * Q]f)( )](j—l) - [(Hp (l,r[n) - Hf)( (3]_1) - 1] .
[(HS ™ e + 1]£)(2)] (HS™[on) £)(2)]
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Set
J(w) =pw,  ¢(w) =1, (3.23)
and let
Q(2) = 2¢'(2)¢(q(2)) = 724 (),
h(z) = 9(q(2)) + Q(2) = By(2) + 724 (2). (3.24)
From (3.17), we see that (Q)(z) is starlike in A and that
W, (B )
Re{Q<Z)}—R {7+1+ B }>0. (3.25)

Thus applying Lemma 2.3, the proof of Theorem 3.6 is completed.

Taking [ = 2,m = 1, a3 = 1 in Theorem 3.6, we get the following corollary.
Corollary 3.7. Let q(2) be univalent in A, and let o, 31 € C\Zy, 0 # v,5 €
C,0< <1, and f € A(p). Suppose that q satisfies (3.17) and let

2) = [<Lp[a1+1,mf><z>1“”r{ G +2,8]H ()
S AP T i I G e T AT T T
—ay [(Lplar + 1,611 f) (= )]] Y 1 +5}
[(Lylan, 3] £)(2)] 97 ’
(1<j<p). (3.26)
It

B2(2) < v2q'(2) + Bq(z2), (3.27)

then . .
[(Ly(ar +1,80) f) ()Y . 5,98
L g P | <1 (3:28)

and q(z) 1is the best dominant.
Note that for I = 1,m = 0,09 = 1 and f € A(1), we have

(HU™[on] £)(2) = f(2), (3.29)
(HI™ [aq + 1)) (2) = 2f'(2), (3.30)
(HU™ (o + 2] f)(2) = 2f'(2) + ’; < (3.31)

Thus taking [ = 1,m = 0,0y = 1,p = 7 = 1 in Theorem 3.6, we get the
following interesting result contained in the corollary
Corollary 3.8. Let f e A, 0<p <1, and 0 # ~,5 € C. Further let q(z) be
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univalent in A and satisfies (3.17).

If
(z;‘éi;“))“ {;ﬂ [1 4 Z;}’;(;) B Z;QS)] + ﬁ} < vz2q'(2) + Bq(z),  (3.32)
then <Zf(,(z§)># e -

and q(z) 1is the best dominant.

Further taking ¢(z) = 742 (-1 <B<A<1) and v = 1 in Corollary
3.8, we get
Corollary 3.9. Let f € A, 0 < u < 1, and Re(3) > 0. Suppose that

Re G § gz) > maz {0, —Re(8)} . (3.34)
If
() {7 - ] o)< G o 09
ther 22\ 1+ Az
(f(z) > < T B2 (3.36)
and 222 is the best dominant.

Again by setting € Rst. >0, A= ﬁ where 0 < § < 1+ 3 and
B =0 in Corollary 3.9, we arrive at the following result.
Corollary 3.10. Let f € Aand 0 < u < 1. q(z) = 1+ 2.2 is convex

i ] 1+
univalent in A. Then

(zf’(z))“ {u [1 LEE) Zf'("’)] v 5} <B+6z  (3.37)

f(2) fr(z)  f(2)
implies
Zf’(z)>“ J
<1+ zZ, 3.38
( ) 45 (3:38)
and 1+ ﬁz s the best dominant.
Ifweset 3=1,7v€ Rs.t. v>0 and
1
14 nzt?
= dt 0 <1 3.39
(0= [TZimt << (3.39)

in Corollary 3.8, we obtain a result by Singh [14,Theorem 3, p. 573].
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4 Superordination for analytic functions

Theorem 4.1. Let q(z) be convex univalent in A and let oy, B, € C\Zy ;1 <
i <L,1<k<m,0<p<1,Xée€C with Re(\) > 0. Suppose for 1 < j < p,

p! Sp—j+1 #
. . Hlq(0),1 ; 4.1

and ®1(z) given by (3.2) is univalent in A. If f € A(p) and

A /
q(z) + mzq (2) < ®1(2), (4.2)
then "
p! Hp—j+l
| 43
"o hp—j+”‘uﬂﬁmm¢ﬁwﬁf”} .
and q(z) is the best subordinant.
Proof.. Define the function r by
p! ZP—j+l1 a
= A ) 4.4
" [@_j+”!KHﬁMMAﬂ@WrU] Y

Then a computation shows that

S N G T e
T@“ﬁ@—j+wwwd_l@—f+”!wﬂmmmﬂ@WFJ {Q+P—j+J

o K%Wmn+uﬂ@ﬁ*}_

=7+ (7™ o] ()"
(4.5)

Theorem 4.1 follows as an application of Lemma 2.5.

By considering [ = 2,m = 1,as = 1 in Theorem 4.1, we get the following
corollary
Corollary 4.2. Let q(z) be convex univalent in A and let o, 31 € C\Zy ,0 <
<1, €C with Re(\) > 0. Suppose for 1 < j <p,

p! HP—j+l1 ®
(P =7+ D! [(Ly(en, B) )]V
and V1(z) defined by (3.8) is univalent in A. If f € A(p), and

€ Hlq(0),1] N @,

A
plp—j+1)

q(z) + 2q'(z) < ¥q(2), (4.6)
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then ,
p! 2P=ItL g

(P =7+ D! [(Lplan, B) ) ()]

and q(z) is the best subordinant.

Taking ¢(z) = }Igz (-1 < B< A<1)in Theorem 4.1, we get the fol-

q(z) < , (4.7)

lowing corollary

Corollary 4.3. Let q(z) be convex univalent in A. Suppose 0 < u <1, N€C
with Re (\) > 0 and for 1 < j <p, f € A(p) satisfies (4.1). Also let ®,(z),
given by (3.2) be univalent in A. If

AMA - B)z 1+ Az

- + < o , 4.8
(p—7+1)u(l+Bz)? 1+ Bz 1(2) (48)
then .
1+ Az p! ZPitl 49
1+ Bz = (p—j+1) (1,m) G- |’ (4.9)
[(Hp ™ [oa] f)(2)]
and }Igi is the subordinant.

Forl=2m=1,7 =1, = 1 and p = 1 the above result reduces easily
to the superordination result obtained recently by Shanmugum et al. [13].
Similarly we have
Theorem 4.4. Let q(z) be convex univalent in the unit disk A, and let
I<m+1,l,mé€ Ny, a;, 3, €C\Z;;1 <i <[ 1<k<m0<pu<10#
v, 8 €C, and f € A(p). Suppose that

i, INCENE
[(ﬁ; (l,L>[+];])J;)§]<3']—1> ] eMg(0),1nQ (1<j<p), (410

and Re{3q'(z)/v} > 0. If ®o(z) given by (53.18) is univalent in A, then

v2q'(2) + Ba(z) < ®o(2), (4.11)

implies
m

(4.12)

(=) < [[<Hﬁm> oa +11)(2)] "

m (71) ’
([ ()]
and q(z) is the best subordinant.

5 Sandwich results

Combining results of differential subordinations and superordinations, we ar-
rive at the following ”sandwich results”.
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Theorem 5.1. Let q1(z) be convexr univalent, and let q2(2) be univalent in A.
Let a;, B, € C\Zp;1 < i < [,1 <k <m,0<pu<1,\éeC with Re(\) >0
and qo satisfies (3.1). If f € A(p) satisfies (4.1) and ®1(z), given by (3.2) be

unwalent in A.

If
A / A /
@ (2) =7+ 1)M2q1(2) < 01(2) < g2(2) + =7+ 1)qu2(2), (5.1)
then
p—j+1 a
0(z2) < ! ° | =), (5.2)

(0 =3+ DY 1m7 ™[00 £)(2)]

and q1(z) and g2(2), respectively, is the best subordinant and the best dominant.
Also by considering | = 2,m = 1,a3 = 1,7 =1 and p = 1 in the Theorem
5.1, we immediately get the sandwich result obtained by Shanmugum et al.
[13].
Theorem 5.2. Let ¢1(2) be conver univalent, and let g2(2) be univalent in
A. Suppose q satisfies Re{(q\(2)/v} > 0 and g2 satisfies (3.1). Let | <
m+1; I,me Ny, o;, 5 €C\Z5;1<i<,1<k<m,0<pu<1andeC.
Further suppose that f € A(p) satisfies (4.10) and if ®o(z) is univalent in A,
then

Ba1(2) +72q1(2) < Pa(2) < Baa(2) + v2q2(2), (5.3)
implies
(L) gy, . G-H7H
Ly ADEL | <) (5.0
[(Hp " [aa] f)(2)]

and ¢1(2) and qa(2) are, respectively, the best subordinant and the best domi-
nant.

q(z) <

6 The Open Problem.

The subordination, superordination and sandwich results can also be obtained
by modifying suitably the class defined by (1.10) and Dziok-Srivastava oper-
ator for meromorphic multivalent functions defined in the punctured unit disk.
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