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Abstract

The authors in [1] have recently introduced a new gener-
alised derivative operator “Kfﬁ\z’ which generalised many well-
known operators studied earlier by many different authors. By
using this operator and differential subordination, we intro-
duce certain new subclasses of analytic function defined in
the open unit disk U = {z € C: |z| < 1}, which are defined by
means of the Hadamard product (or convolution). The pur-
pose of the present paper is to investigate various inclusion
properties of these subclasses. In addition, some integral pre-
serving properties are also considered.
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1 Introduction and Definitions

Let A denote the class of functions of the form

f(z) =z + Zak 2~ ar is complex number (1.1)
k=2

which are analytic in the open unit disc U = {z € C: |2| < 1} on the complex
plane C. Let S, S*(a), K(a),C(a) (0 < o < 1) denote the subclasses of A
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consisting of functions that are univalent, starlike of order «, convex of order
a, and close-to-convex of order « in U, respectively. In particular, the classes
S*(0) = S*, K(0) = K and C(0) = C are the familiar classes of starlike,
convex and close-to-convex functions in U, respectively.

Let be given two functions f(z) = z+ Z arz® and g(2) = 2+ Y bpz® analytic
k=2
in the open unit disc U = {z € C: \z| < 1}. Then the Hadamard product

(or convolution) f x g of two functions f, g is defined by

f(2)xg(z)=(f*g)(z —z—l—Zakbkz

Next, we state basic ideas on subordination. If f and g are analytic in U, then
the function f is said to be subordinate to g, and can be written as

f=g or f(z) <g(z) (z€U),

if and only if there exists the Schwarz function w, analytic in U, with w(0) =
0 and |w(z)| <1 such that f(z) = g(w(z)) (z€U).

Furthermore, if ¢ is univalent in U, then f < ¢ if and only if f(0) = ¢(0) and f(U) C

g(U).([13],P.36).

Now, (x); denotes the Pochhammer symbol (or the shifted factorial) defined
by

(1)) = 1 for k=0, 2 € C\{0},
Tk = x4+ 1)(x+2)...(z+k—1) for ke N={1,2,3,...}and 2 € C.

Let

klk‘
k—1

where a is any real number. It is easy to verify that k,(z) = z + Z Oy
Thus k, * f, denotes the Hadamard product of k, with f that is

(a)k_lakzk.

(hex ) =242 55,7,

k=2

Let N denotes the class of all functions ¢ which are analytic, convex and uni-
valent in U, with normalisation ¢(0) = 1 and Re(¢(z)) > 0 (z € U). Making
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use of the principle of subordination between analytic functions, many au-
thors investigated the subclasses S*(¢), K(¢), and C(¢, ) of the class A for
¢, € N (cf. [7, 10]), which are defined by

. CHE)
s = {rea: T ool
= Zf//() n
K(¢) := {feA 1+ 702 < ¢(2) U},
Cle, ) = {feA: Jg € S*(¢) s.t. Z§<i§)<¢(z) in U}.

For ¢(z) = ¢(2) = (14 2)/(1 — z) in the definitions defined above, we have the
well-known classes S*, K, and C, respectively. Furthermore, for the function
classes S*[A, B] and K|[A, B] investigated by Janowski [9] ( also see [8]), it is
easily seen that

1+ Az
* = * —1 < <
S(l—i—Bz) S*[A, B] (-1<B< AL,

1+ Az
K = K|AB —-1<B<AL1).
(155) - k4B (1sB<asy

The authors in [1] have recently introduced a new generalised derivative oper-
ator py"y,, as the following:

Definition 1.1. For f € A the generalised derivative operator u?f% is defined
by uy, A — A

o)

B (14 Ay (k— 1) "
B S () = Z Tna(h . ChRes (el

where n,m € Ny = {0,1,2... .}, Ay > Ay > 0and ¢(n, k) = (n+k’—1> =
(n+1D)k—1

Dg—1 ~
Special cases of this operator includes the Ruscheweyh derivative operator in
the cases M;ll,o = poy = /’Lg,’g\)z = R™ [17], the Salagean derivative operator
,u(l)zomﬂ = S™ [18], the generalised Ruscheweyh derivative operator /f;fo =Ry
[5], the generalised Salagean derivative operator introduced by Al-Oboudi

Ng}moﬂ = S} [3], and the generalised Darus and Al Shaqsi derivative op-

erator Yy’ "8“ = DYs [4. Ttis easﬂy seen that ,u)\l L f(z) = ,ugjglf(z) =
Ho AQf(Z) = f(z) and Mi’ll,of( ) = No,o 0 f(2) = No,AQf(z) = zf'(z) and also
,uiléof( )= ugolmf(z) where a = 1,2,3, ... .
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Let us remind the well known Carlson-Shaffer operator L(a,c) [6] associated
with the incomplete beta function h(a,¢; z), defined by

L(a,c) : A— A,
L(a,c)f(z) = h(a,c;2)* f(z), (2 €U),

where

) — S (a)k—lzk
h(a,c;z) = +;<6)k_1 ,

a is any real number and ¢ ¢ z;; z, ={0,—1,—-2,...}.
It is easily seen that
Hoso(2) = 1o f(2) = 1y of (2) = L(0,0)f(2) = f(2),
oo F(2) = posef(2) = miof(2) = L2, 1) f(2) = 2f'(2).
Furthermore, we note that
Hoo F(2) = s, f(2) = iiof(2) = Lin+1L,1)f(z) = D"f(2) (n€N),

where the symbol D" denotes the familiar Ruscheweyh derivative [17] (also,
see [2]) for n € Ny. By using the new generalised derivative operator )", we
introduce the following classes of analytic functions for ¢,9 € N, Ay > A >0
and n,m € Ny ={0,1,2... .},

Sy (@) = {feA: uih,f(z) € S (o)},
Ky (¢) = {feA: uy", f(z) € K(¢)},
Cyn (o) == {feA: pi™ f(z) € C(,9)} .

We note that the class

S "(9) = 565,°(9) = Sa(9),
was studied by Padmanabhan and Parvatham in [14],

Kio"™ () = Kg3u'(9) = Ka(9),

were studied by Padmanabhan and Manjini in [13]. Obviously, for the special
choices function ¢ and variables n, m we have the following relation ships:

1+ 2 1+ 2 1+ 2
S0,0 SO,m ES*
0’)‘2<1—z> 00 \1 -2z 1—2z)
1+ 2 1+ 2 1+z2
K> Ko =K
02 (1—2') 0,0 (1—2) (1—2)7

1+=2 142
o, (155w) = o(1).
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And
14+ (1—-2a)z m {1+ (1—2a)z .
son, (FREERE) = sy (MU ) = s
14+ (1—2 14 (1-2
K(()):f\)z (%) = K(()),’g)n (%)ZK(Q) 0<a<l).

In particular, we set

n,m 1—|—AZ n,m

nm [ 1+ Az n,m
LSW (1 +Bz> - K/\1,)\2[A’ Bl (-1<B<Ax1)

In this paper, we investigate several inclusion properties of the classes Sj\"‘f:‘\Q (9),
Kflnf\2(¢) and C’T\Lﬁ%(rf?’ ). The inte.gral preserving properties in connect?on
with the operator p,’'y  are also considered. Furthermore, relevant connection
of the results presented here with those obtained in earlier works are pointed
out.

We first state some preliminary lemmas which shall be used in our investiga-
tion.

2 Preliminary Results

To establish our results, we recall the following:

Lemma 2.1 (Ruscheweyh and Sheil-Small ([16], p.54). If f € K, g € S*, then
for each analytic function ¢ in U,
(f * dg) (U)
(f *9)(U)
where ¢op(U) denotes the closed convex hull of ¢(U).

C cog(U),

Lemma 2.2 (Ruscheweyh [15]). Let 0 < a <c¢. If ¢ > 2o0r a+ ¢ > 3, then
the function

) — o S (a)k—lzk .
h(a,c, ) =zt ; (C)k—l ( < U)7

belongs to the class K of convex functions.

Lemma 2.3 ([11]). Let ¢ be analytic, univalent, convex in U, with ¢(0) =1
and

Re(B¢(z) +7) >0 (8,7€C;z€ ).
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If p(2) is analytic in U, with p(0) = ¢(0), then

z2p/(2)
p(2) + () + 7 =< #(2) = p(z) < ¢(2).

3 Inclusion Properties Involving the Operator
A,

Our main results, are the following:

Theorem 3.1. f(z) € K"} (¢) if and only if 2 f'(2) € S}, (¢).

Proof. Consider
i, f(2) = R, (2) * f(2), (3.1)
where

hy",(2) = 2 + ; (trﬁi\jlzk__li)))m c(n, k)2~ (3.2)

By the definition of the class Kfl’?f\g(@ and using the well-known property of
convolution z(f * g)'(z) = (f * z¢')(z), we have

2, f(2))"

FERT0) & 1+ e <o)
[Z(N,\l Az f(z ))/],
W ey e
. 22 1)+ 1)) o
[hi\l;%(z) * f(z)} 7

h’i’””; ( )*Zf’( )

2 (13,2 1(2)]

/~‘,\1,,\22f/(2) B
& 2f(2) € Sy, (9).

Theorem 3.2. Let ¢ € N, \y > A\ >0, ny > ny > 0 and ny,ny,m € Ny. If

ng > 1 or ny +ny > 1, then

Sine (@) C S5, (9)-
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Proof. We suppose that f € S\*\ (¢). Then there exists an analytic function
w in U with |w(z)| <1 (2 € U) and w(0) = 0 such that

2,/ (2)
(3 e f (2))

Where ¢ is analytic and convex univalent with ¢(0) = 1 and Re(¢(z)) >
0, (z€U). We set

— b(u(), (z€U). (3.3)

Fnamo f (2) = i, £ (2) % s (2),

where -
n1 + 1 k
=At ; ’ng + 1
We get
e f(2) 2 [ f(2) Z;(Z)]/
(13, 3, f(2)) s £ (2) x g (2)
m(2) * (2320 f(2)]

ni na, m

ns (2 )*NAl A2 f(2)
ns (2) x o(w(2))p(2)
n(2) xp(z)

(3.4)

where p(z) = 1>\ f(2).
It follows from Lemma 2.2 that ¢]!(z) € K and it follows from the definition
of the class Y\ (¢) that p(z) € S*. Therefore applying Lemma 2.1 to (3.4)

we obtain
{ ”{ié?z(fg)fg D cop(w(U)) C o(U). (3.5)

Since ¢ is analytic and convex univalent. Therefore from the definition of
subordination and (3.5), we note that (3.4) is subordinate to ¢ in U and
consequently f(z2) € Sy!'\"(#). This completes the proof of Theorem 3.2.

Theorem 3.3. Let ¢ € N, \a > \; > 0, no > ny > 0 and ny,ng,m € Ny. If
ng > 1 or ny +ny > 1, then

K320 (0) C Ky ().
Proof. Let f(2) € K}’ (¢) we want to show f(2) € K} (¢). Applying
Theorem 3.1 and Theorem 3.2 we observe that
f(2) € K320 (¢) & zf'(2) € Sy20(9),
= zf'(2) € S5 (9),
& f(2) € K3, ().
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Theorem 3.4. Let ¢ € N, Ay > A\ > 0 and n,m € Ny then

i) Symo(¢) C SYTHf(2)
it) Ky (6) C Kyn(g)

Proof. i) We suppose that f(z) € S\"},(¢). Using similar arguments as in
the proof of Theorem 3.2, and set

PN T (2) = 1, F(2) * 93k (2),
where

I+ ((k—1) ,
Z+Zl—|—)\2k )z.

We obtain
A () 2 [, f (2 >*w<z>}’

Harne £(2) /fi’l hf () U0 (2)
o (2) * Z(/%\l 2o/ (2))

¢A2( 2) * iy, h, f(2)

Vi (2) * o(w(2))p(2)

v (2) % p(2)

Where p(2) = py},f(2) and w is an analytic function in U with |w(z)| <
I (2 € U) and w(0) = 0. It follows from the definition of the class SY'"}, (¢)
that p(z) € S*. And by classical results in the class of convex, the coefficients

142 (k-1 .
11,\;&71; < 1since Ay > A\ > 0, so we

find w/’\\; € K. Hence it follows from applying Lemma 2.1 to (3.6) that

{v(2) * o(w(2))p} (U)
{v(2) xp} (U)
Since ¢ is analytic and convex univalent. And from the definition of subor-

dination and (3.7). Thus (3.6) is subordinate to ¢ in U and consequently
f(z) e Sy ”/{:lf(z) The proof of Theorem 3.4 is complete.

ii) Let f(2) € K} (¢). We shall show f(z) € K;Lﬁjl(gb). By applying
Theorem 3.1, and Theorem 3.4 (i), we have
f(z) € K{,(0) & 2f'(2) € 575, (0),
= zf'(z) € SYNHf(2),
& f(z) € K39

Y

(3.6)

problem for convex: |a,| < 1, and here

ceop(wl)) C o(U). (3.7)
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Theorem 3.5. Let ¢ € N, A3 > Ay > A1 > 0 and n,m € Ny, then

Sy (@) < SYML(8).

Proof. Let f € S} (#). Applying the definition of the class S\"} (), then
the setting,

Haraaf (2) = A0 F (2) % U5, 5, (2),

(1 (k—D\
o) =2+ 2 (Toimg ) - e

k=2

where

And by classical results in the class of convex, the coefficients problem for
convex: |a,| <1, and here

(1+)\2(k—1)

<1, si > >
1+)\3(k—1)> <1, since A3 > Ay > 0,

so we get wf\';/\g(z) € K. After that, using the same arguments as in the
Theorem 3.4 we obtain the desired result.

Theorem 3.6. Let ¢ € N, A3 > Xy > Ay > 0 and n € Ny, then.
If m € N then Sf;L(@ C SAl " (@)

Proof. Let f(z) € S\},(#). Applying the definition of the class S\ (),
then the setting.

e (2) = 135 F(2) #4505, (2),

T+ X ( B
5 (A

And using the same arguments as in the Theorem 3.4 we obtain the desired
result.

where

Corollary 3.1. Let ¢ € N, A3 > Ay > A\ > 0 and n,m € Ny, then

i) K3, (0) € K3 (9)
i) If meN then KU (¢) C K"\ ().
Taking
14+ Az
In Corollary 3.1 and Theorems 3.5 and 3.6 we have the following Corollary.

(-1<B<A<1, z€l).
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Corollary 3.2. Let A3 > XAy > A\; > 0 and n,m € Ny, then

Sia[A Bl © SYNIAB]L, (-1<B<A<),
KyNLIA, Bl € KYN[AB] (-1<B< A<,

if m € N then

SV A B] € SV A B] (-1<B< A<,

Kgf’;g[A,B] C K’;ﬁg[A,B] (-1<B<A<L1).

Theorem 3.7. If f(z) € S\ (¢) for n,m € Ny. Then F,(f) € S}, (¢).
Where F), is the integral operator defined by

z

/ PLE@BdE (1> 0). (3.9)

0

w1
z) =
ZH

From (3.8), we have

2(Fu(N)(2) + pFu(f)(2) = (n+1)f(2)

and so

(Axi * 2(EL(D))(2) + u(hy, * Fu(F)) () = (DR, * f)(2)-

Using the fact

23, * Fu())'(2) = (hy)5, * 2FL())(2),

and setting (3.1), we obtain

2 2 Fu()) () + (35, Fu(F)(2) = (n+ Dy, f(2). - (3.9)

Differentiating (3.9), we have

", f(2)

—_— 3.10
m Fo(f) (3.10)

p(z) +p=(n+1)
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Making use of the logarithmic differentiation on both sides of (3.10) and mul-
tiplying the resulting equation by z, we have

2p'(2) (Ml"lgf(Z))"

P e T T )

(3.11)

By applying Lemma 2.3 to (3.11), it follows that p < ¢ in U, that is F,(f) €
S (0)-

Remark 3.1. special case of this operator uifﬁq include the Bernardi integral

operator F,(f) in two cases, for n = 0,m = 0, and A\ = ﬁ and also for
1

nzO,mzland)\gzm.

Theorem 3.8. If f € S\ (¢). Then

t n,m
Y= /%dt S KA{,,\Q(QS)-
0

Proof. Let f € S\\ (¢). Now z¢' = f that is 2¢)" € SY"\ (#), applying
Theorem 3.1, we see

2 € S\, () & v € K, (6).
This proves the Theorem.
To prove the Theorems below, we need the following Lemma.
Lemma 3.1. Let p € N. If f € K and g € S*(¢), then f xq € S*(¢).

Proof. Let ¢ € S*(¢). Then there exists an analytic function w in U with
lw(z)| <1, (2 € U)and w(0) =0 such that

= o(w(z)), (2€U),

Where ¢ is analytic and convex univalent with ¢(0) = 1 and Re(¢(z)) >
0, (2 € U). Thus we have

2(f(x)xa(2)) _ f(2)*2q'(2)

f(z) xq(2) f(z) xq(2)
_ JEo(w()a(z)

_ O OR (z € V). (3.12)
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By using similar arguments to those used in the proof of Theorem 3.2, we
conclude that (3.12) is subordinate to ¢ in U and so f x ¢ € S*(¢).

Theorem 3.9. Let ¢, € N, \y > Ay > 0 and ny,no,m € Ny. If nyg >
min{1,1 — ny}, then

CR20 (¢, 1) C O (o, 90) C ORI (o, 40).

Proof. First of all, we show that

O (d,9) C ORI (0, 0). (3.13)
Let f € C,T\Lf,’g((b, ¥). Then there exist a function ¢ € S*(¢) such that
2 (W f(2))
o <1(z) (zel). 3.14
a(2) ¥(z) ( ) (3.14)

Then there exists analytic function w in U with |w(z)] < 1 (z € U), and
w(0) = 0 such that

2 (1520 f(2)) = v(w(2)a(z) (2 € ),

where 9 is analytic and convex univalent with ¢(0) = 1 and Re(¢(2)) >
0, (z€U). We setting

P (2) = 175, (2) s (2),
where
n1 -+ 1 k
=z+4+ Z (2 + 1)
By virtue of Lemma 2.2, ¢y! € K and using Lemma 3.1, we see that ¢! (2) *
q(z) belongs to S*(¢). Then we have

(i f) [ ) + ()]
9(2) ns (2) * q(2)
sz (U f(2)
ns (2) * q(2) ’
m (2) x (w(2))q(2)
nz( )*Q( ) .

By using similar arguments to those used in the proof of Theorem 3.2, we con-
clude that (3.15) is subordinated to ¢ in U. This implies that f € CY"\ (¢, 7).

Moreover, the proof of the second part is similar to that of the first part and
so we omit the details involved.

(3.15)
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4 Convolution Results and Inclusion Proper-
ties Involving Various Operators

The next theorem shows that the classes

Sy (@), K3 (¢) and O (9, 0)

are invariant under convolution with convex functions.
Theorem 4.1. Let ¢, € N, Ay > A\ >0, n,m € Ny and let ¢ € K. Then

i) feSYN(@) = gxfe Sy (e),
i) fEeRY,(9)=gxfe K, (0)
iii)  f €Oy (d,0) = gx feCTT (6,0).

Proof. i) We begin by assuming f € SY"\ (¢) and g € K. In the proof we
use the same techniques as in the proof of Theorem 3.2. Let

2(paagf (2))

TR =), (e t)

and
p(2) = pyin, f (2)-
Using the following equality

2 (W5, + 1) (2) = (B3, * 2f)) (2),

from (3.1) we write

2= 0] () 2 [, (2) # (g% )(2)]
1, (g f)(2) Wy (2) = (g f)(z)
g(2) % 2y, £ (2))
g(2) % i, f(2)
9(2) * d(w(2))p()
g(2) % p(2)

< ¢(2).

Consequently g * f € S\ (o).
ii) Let f € K\"\,(¢). Then by Theorem 3.1 and from Theorem 4.1(i), we have

fe KN, (0) & 2f(2) € S\, (9),
= gx[2f'(2)] € S\, (9),
& z2(gxf) € 9y, (),
S gxfe K’;ﬁQ(@.
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iii) Let f € CY\,(¢,9). Then there exists a function ¢ € S*(¢) such that

2 (15, f(2) = d(w())a(z) (2 €U),

where w is an analytic function in U with |w(z2)| <1 (2 € U) and w(0) = 0.
From Lemma 3.1, we have that g x ¢ € S*(¢). Applying the same method in
the proof of Theorem 3.9 and using the fact that z(f % g)'(z) = (f * z¢’)(2) we
have

2[n g+ N () g(2) 235, F(2))
(9+q)(2) 9(2) *q(2)
_ 9@ xvwl)alz)
T ey VW D

We obtain (iii).

Now we consider the following operators [17, 12] given by

() = 3 (e (o} 2 0: (e D),
k=1
(4.1)
Uo(2) = 1i$ log Fl__x;] (Logl =0;|z| <1, z#1; z€U).

It is well known [17] that the operators 1); and 15 are convex univalent in U.
Therefore, we have the following result, which can be obtained from Theorem
4.1 immediately.

Corollary 4.1. Let Xy > X\ >0, n,m € Ny, ¢, ¢ € N and let ¢; (i = 1,2)
be defined by (4.1). Then

i) f € S\, (8) = i * f € Sy, (9),
i) € K3 (¢) = i+ f € K} (¢),
iii) f e Oy, (9,9) = wz fe (e v).

5 Open Problem

The generalised derivative operator for the three classes S\"\ (¢), K}y, (¢)
and CY" (¢,v) can be applied in the subordination and superordination the-
orem. In fact, basic properties such as the coefficient estimates are yet to be
solved for these type of classes.

Acknowledgement: This work is fully supported by UKM-GUP-TMK-07-
02-107, Malaysia.
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