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Abstract

In this paper, we investigate some characterization of normalized Dini func-
tion of order v of first kind, to be subclass of the various analytic functions.
We consider an integral operator related to normalized Dini function.
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1 Introduction
Consider the class H = H(U) of analytic functions, where U = {z : z € C and |z| < 1}
represents the open unit disk in the complex plane. Let H[a,n] denote the sub-
class of H defined by
f)=a+a,2"+ a1 2"+, (neN,aecC),

and let A be the subclass of H comprising all functions f of the form

f:z+2anz”, (an, € C,z € U), (1)
n=2



36 A. Alsoboh, H. Mousalam, K. Alzu’bi, and A. Amourah

which are analytic in the open unit disk in the complex plane U and satisfy
the normalization conditions: f(0) = f'(0) —1 = 0. We denote the subclass
of A, characterized by the form (1), that is univalent in U by S. Additionally,
we denote by T the subclass of S described by

f:z—Z\anLZ”, (z € U). (2)

The convolution (or Hadamard product) of the functions fi(z) = > ¢,2"
n=2

and fo(z) = > &,2" is defined by:
n=2

f1(2) * fo(2) = (fi* fo)(2) = 2 + Z%&ﬂ"-

Definition 1.1 A function f € T is said to be in the class T(\, «) if it
satisfies the condition

27 (2)
}%{Aaf@)+(P—Mf@)

where o« < 1 and X > 0.

}>a, (z € ) (3)

Definition 1.2 The subclass C(\, «) denote all functions f € T if it satis-
fies the condition

£+ ()
e { 7)1 el ()

where o« < 1 and X > 0.

}>m (z € U) (4)

The subclasses T'(\, «) and C(\, «) was studied by Altinas and Owa [2] and
the certain condition for hypergeometric function for these classes was studied
by Mostafa (see [1]).

Definition 1.3 /5] The subclass R7(A, B) represent all functions f € A
that satisfies the condition

Fiz) -1
re{ =BT <! ®)

where A and B are fized numbers, —1 < B < A <1 and T non-zero complex
number.
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Consider the second-order linear homogeneous differential equation
2y (2) +bzy (2) + (e2* =P+ (L= D)y(z) =0, (be,veC),  (6)

then the function v, is a particular solution of (6), which called the gener-
alizes Bessel function of order v. Also, v, . represented by

bpele) = 3 — >(f)2”+”, Geo. @

nzon!F<y+n+@ 2

where I' stands for the Euler gamma function. For b = ¢ = 1 we obtain the
familiar Bessel function of the first kind of order v.

Remark 1.4 :

i. For ¢ =b =1 we obtain the familiar Bessel function of the first kind of
order v.

ii. Forc= —1,b =1 we obtain the modified Bessel function of the first kind
of order v.

1i. For c = 1,b = 2 we obtain the spherical Bessel function of the first kind
of order v.

Consider the generalized Dini function introduced by Deniz, as outlined in [4].
This function is a composite of the generalized Bessel function of the first kind,
denoted by

D, = (CL - V)wu,b,c(z) + Z¢;,b,c(z)v

where 1, . represents the generalized Bessel function of order v. It is worth
noting that when a = b = ¢ = 1, this function reduces to the classical Dini
functions of Bessel functions. In the context of this study, we specifically
explore the normalized form of the Dini function defined by:

v b v ,
nanele) = 50 (v 52 ) 27 [0 = 1V + VAL (V)

o0

(=o"@n+alv+1)
admn!T'(v +n+1)

I
—~
oo
~—r

n=0

S @t

* ad"nl(v + 1),

I
w

Y

n=1
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where (9); stands for Pochhammer symbol, that defined for §, k € C by

Tk 1 if k=0, 5eC\{0}

O =—m— =
() SE+1)(0+2)---(G+k—1) if keN; deC

Now, we introduce a new operator R, 4., f : A — A defined by

)24 a — 2)

mﬂqb,CJ/f(Z) = (wV7a7b7C( - Z+Z 471 1 n - 1 (V + 1) -1

a,z" (2 €U),

where wy,4p.(2) is defined by (8).

The results we obtain hinge significantly upon the significance of the fol-
lowing lemmas.

Lemma 1.5 [2] A function f of the form (2) is belong to the class T'(\, «),
if and only if

Z(n—)\an—a—l—)\a)mn\gl—@.

n=2

Lemma 1.6 [2] A function f of the form (2) is belong to the class C(\, @),
if and only if

Zn(n—)\om—oz—l—)\oz>|an| <1l-oa.

n=2
Lemma 1.7 [5] if f € R™(A, B) and of the form (1), then

la,| < @, (n=2,3,-). (10)

The bounds in equation (10) are sharp.

2 Main Results

Theorem 2.1 Ifc <0 and v > —1, then the function 2z —w, 4 (2) belong
to the class T(\, ) if and only if

(1 - /\Oé) Z/abc(]') < (2 - Oé(l + /\))Wu,a,b,c(l)a (11)

where wyqp (%) is defined by (8).
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Proof.  From (8), we have

= (=)' 2n+a—2)
2z — I/CLC "
# T Wrab nzanln—l(y+1)n 12

According to Lemma 1.5, we must show that

= (—c)" (2n+a — 2)
Y~ (n—Aan - <1-a.
2 <n an a+)\a)a4n = D)0+ 1 s «

Now

L[]8

(—c)" Y (2n +a — 2)
( —)\Ozn—04+)‘a> a4 (n— D (v+1),-1

i( (1-20) - a(l - 1)) = 1(2””_2)

- ad"1(n— 1) (v+1),_

3
t\.D

o0

nl _ © _\n—1 —
(1— ) Z” (=)™ '(2n+a 2) (1- (=)™ '2n+a—2

ad"t(n— 1Dl (v+1),—

n=2

:u_xw§]n+n;§;%:ii_gu_m§:<ﬂW@n+@

n=1

2n+a = —c)"(2n+a e —o)"(2n+a
(I—Aa)Znﬁ (1—/\04)21%_(1(1_)\)2 (—0)" (2n-+a)

B = (=)"(2n +a) L (—o)"(2n +a)
= (1= Aa) Znall”(n)!(z/ + 1)y +(1-a) ; ad"(n)!l(v + 1),

= (1 - Aa)(w l/abc(l) —Wyape(l)) = (1 = a)(Wpape(l) — 1)
= (1= 2)wpo(1) — (2 a1+ A)wiane(1) + 1~

n=1

If the condition (11) holds, then the last expression is bounded above by 1 — «
and the proof end.

Theorem 2.2 Ifc <0 and v > —1, then the function 2z — wy, qp,.(2) is in
C(X, ) if and only if

(1—da)w (1) + (3—4ha — a)w (1) < 2(1 — a1 + \)), (12)
where wy qp(2) is defined by (8).
Proof.  From (8), we have

— ad™(n)!(v+1)n
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Now, to show that 2z — w, 4..(2) € C'(A, ), then we must show that

- (o) '(2n+a-2)
Zn(n—)\an—a+)\a> A = D0+ 1)y <l-«

n=2

According to Lemma 1.6, we have

= (—o)" '(2n+a—2)
Zn(n—)\an—a—i—)\a) A (n = 1)l(v + Dy

: o (= >n71<2”+a_2> o)™ 1(2n—l—a—2)
_(1—)@()271 adn— 1(n_1) (l/—l—l) (06+>\Oé gnaél” l(n—l) (V+1)
= 2n+a > —c)"(2n+a
(1-)a) 2; a4" ><< +1))n — (a+)\a)2(n+1)a(4n(3l)g(y+1)>n

0o )" (2n + a s —c)"(2n+a
(1— o) ; n*+2n+1 ;471(21)('@ n 1))n — (a4 Aa) ;(”"‘ 1);471(21)(!@ + 1))n

_ (=)W' (1) () + w(1)) +2(1 — A) (W' (1) = w(1)) + (1 = Aa)(w(1) — 1)
—(a+ ) (w (1) —w(1)) — (a+ Aa)(w(1) — 1)

—(1-X)w (1) + (B -4 a—a)w (1) +a@2A+1) — 1.

The last expression is bounded above by 1 — « if and only if the condition (12)
holds. then proof end.

Theorem 2.3 Let ¢ < 0 and v > —1. If f € R"(A, B) and satisfies the
condition

7(A— B) <(1 — Aa)w mbc(l) —2—=a(l+A)wpape(l)+1— a> <1-—aq,

(13)
then Rapernf(2) € K(a, N).

Proof.  Since f € R™(A, B), then by Lemma 1.7, we have |a,| < “4=5)

n Y
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Vn € N. Now,

i (”(1 — ) —a(l - A)) (—o)"'(2n+a—2)

a,
st a4t (n— D (v+ 1)1

ST(A—B)Z<H<1_)\Q)_Q(1_A)) (—e)" '(2n+a—2)

n admtn— DI (v +1)p—

3

n=2

S R

(—c)"(2n + a)
ad(n)!(v+ 1),

= 7(4 = B)((1 = 2a))pe(1) = (2 = a1+ M)pape(1) +1 - ),

2
N
|
=
()¢
—

(n+Dﬂ—A®—aﬂ—AD

the last expression is bounded above by 1 — « if and only if the condition (13)
holds true.

Theorem 2.4 Let ¢ < 0 and v > —1. If f € R"(A, B) and satisfies the
condition

7(A— B) ((1 AW, 0 50(1) = (2= a1+ A))wyape(1) + 1 — a> <1-a,
(14)
then Rapenf(2) € Cla, N).

Proof. By letting f € R7(A, B), then by using Lemma 1.7, then we have

(o ienta=2)
a4 tn— 1w+ 1)1 "

in (1—Xa) —a(l—N)
(— )”_1(2n+a—2)
(n (l—Aa)—a(l—)\))a4n =)+ 1),

(=9)"(2n +a)
adr(n)l(v + 1),

—rA-B)(1- A@@%wﬂy—@—aﬂ+AW%MAD+l—a>

Mg

<7(A-B)

Il
)

n

NE

= (A= B)Y ((n+1)(1 =) —a(l - )

3
Il
—

the last expression is bounded above by 1 — «v if and only if the condition (14)
holds true.
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3 An Integral operator

In this section, we introduced new integral operator D, ,.(%) as follows:

Dy,a,b,c<z> _ / 2< - wg—,a,b,c(g) dC7 (15)

0

where wy, 4p.(2) is defined by (8).

Theorem 3.1 Let ¢ <0 and v > —1. then D, 4p. € C(a, N) if and only if

(1= A)wy 0p,e(1) < (2= @l 4+ N)wpapell)

Proof. From equation (15), we have

Dunsels) = [ =2l g

(=o' 2nta—-2) .,
::/1_§:wM1M—1HV+U ¢

n=2

= (=) '2n+a—2) / 1
— . n=1q4
N Zaél n—D(v+1),1 ¢ ¢

B (=) '2n+a-2) ,
_Z_E:awl(ﬁ@+4%42'

n=2

In order to establish that D(v,a,c, z) belongs to the class C(\, «), it is neces-
sary to demonstrate the validity of the condition specified in Equation (1.6):

- (=)™ '2n+a-2)
Zn(n —dan — o+ Aa) ) (0 + Do <1-oa.

n=2
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Now,
(—o)" '(2n+a—2)
a4t (n)(v + 1)1

(= )"‘1(2n+a—2)
(n—/\an—a—i—/\a) a1 (0 = DI £ D

K

n(n—)\an—a—l—/\a)

3
||
N

n=2

= (2n+a e c)"(2n+a e —c)"(2n+a
= (1- )Z_jlna4” Ty T (1= Aa) Z_:lw—@(l—k) 2_:1( Diiceat

> (2n+a = (—=o)"(2n+a
(1-)a) Zna(4n V+1)) +(1—0z)z (=) )

n=1 n=1

(1 - Aa)( ;abc<1) Wuabc(l)) - (1 - a)(wl/,a,b,c<1) - 1)
(1 - )\Oé) uabc(l) - (2 - Oé(l + )‘>>wu,a,b,c(1) +1—-a

If the condition specified in equation (1.6) is satisfied, the final expression is
limited to a maximum value of 1 — «, and this concludes the proof.
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