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Abstract

In this paper we obtain coefficients estimate theorem and prove subordi-
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1 Introduction

The class of univalent analytic functions of the form

F(2) =2+ a2 (a 20), ze D={ze C:|z|< 1}, (1)
k=2
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is denoted by S.
The class of convex functions K satisfy

Re {1 + zg((j))} > 0.

If F, g are analytic in D,we say that F is subordinate to g, written F < ¢
if there exists a Schwarz function w(z), is analytic in D with w(0) = 0 and
|lw(z)| < 1for all z € D, such that F(z) = g(w(z)), z € D, see [16].

For F given by (1) and g given by

2)=z+) bt (2)
k=2

the Hadamard product (or convolution) is defined by

(F*g)( —z—i—Zakbkz (g% F)(2).

For F € §, 0 < g < 1, the g—derivative operator V, is given by [10] (see also
21, (3, 4], [8], [13, 14]);

F(2)-F(qz) 0
_ (I-q)= 27
V,F(z2)= {F’(O) =0

that is .
2) =1+ [Keapz"", (3)
k=2
where
1— qk
[k]q = 1—q’ [0]4 = 0. (4)

Asq— 17, k], =k and V,F(2) = F'(2).

Mostafa and Saleh ([11]) defined the g—Frasin differential operator DS F(z)

3,7,q
as

D5, F(z —z+21+ lo — )OO arz", (¢ € No= N U {0})
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where
Xox(0,7) = [T+ (kg = )CI(y)] (6)
and 5
=3 (7)o @)
Note that

(i JF(2) =D5 F (
(i) D%lq ( ) = D§F(2) ((91.115],5):
(iii) DS, F(2) = DS ,F (=) ([6]);
(iv) limg - Dlqu( z) = D5F(
(

¥) lim, 1 DS, ,F(2) = DYF(2) ([12)).

>0,0<q<1, (e Ny,

Definition 1.1 Let 7 € C* = (C/{O} § >
(2) # 0 for z € D/{0}. We say that

0<n<1landF €S, such thatDMq
Fe Sq(Ta 67’7777) Zf
1 quDgﬁF(z)

=(

-1
T D5 F(z) )

<. (8)

For special values of ¢, 7,7, d,n, we have:

z C 4 !
(1) limg o1 S5(r,8, v, 1) = S50, 8,7,1m) = {F(z) : '<u _ 1)] < n} ;

D§ F(2)
.. ZVgq g o

(i) S§(r, 1, L,m) = 85(r.m) = { F(2) : S T | <n}:

2V (D3 4F (2 .
(if) S5(r, 1, 7m) = S(r,v,m) = { F(2) : T<D<<—F(§” ~1)|<n}
o(D§

DSF(
() 851067 1) =55(0:6.2) = { F(2): e {

5,7, qF(Z))

DS

2 Main Results

Unless indicated, let 7€ C*, 6 >v>0,0<¢< 1, eNpand 0 <n <1
The following definition and lemma are needed.

Definition 2.1 [16] A sequence {by},—_, of complex numbers is called a sub-

ordinating factor sequence if, whenever F (z) of the form (1) is analytic, uni-
valent and convex in D, then,

o0

Z apbpz™ < F(2) (z€Dsa; =1).
k=1

—— %ma 77 < X
<G }>w,0_w< 1}
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Lemma 2.2 [16] The sequence {by},;-, is a subordinating factor sequence
if and only if
%{1+225kz’f} >0 (zeD).
k=1

Theorem 2.3 If F satisfies

[e.e]

> (Ko +nlrl = Dxgu(6.7) lax] < nl7l, (9)

k=2

then, ' € Sg(7‘, 5,7, M)

Proof. Let (9) holds then,

zV,4(D 5’qu(Z)) _1| _ ‘Zk 2 )X57q|akfzk !
DquF( ) Zk 2X57q|ak|2k !
S e[kl — DX5 ., ] IZI
I S W% S ) El
Zk 2([K]q — )Xéyq‘ak|
B =D s Xé,’y,q |a|
< n!TI,

Then F satisfies (8).Let Si(7,d,7,7) be the class of functions satisfy (9) So
Sa(7,6,7,m) C Sy(1,0,7,m).

Theorem 2.4 Let F € S{*(7,6,7,n) and g € K . Then

(g +n|7)x52(5,7)

: (F ) () < g(2) (10)
2 [(a+ 17 )xS2(8,7) + 7]

and

(¢ +117D)X52(8,7) + 17|

11
(q+717)x52(6,7) (1)

R{F (2)} > —

(g+n17))x5 2 (6,7)
2(g+nl7))x5 2 (6:7)+nl7]]

The constant factor in(10) cannot be replaced by a larger

one.

Proof.
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Let € S§*(7,0,7,m) and g (z) = z + Y bp2" € K .Then,
k=2

(g +77)x52(6,7)
2[ (g +n17)xE2(0,7) + 017

(91 17)X52(0.7) ( > )
= : zZ+ akbkz . (12)
2 [(q+n17)x§a(6.7) + 7]

Thus, by definition 1, (10) will be true if

(Fxg) ()

o0

k=1

(447 17)xg2(6,7)
2{ (g + n17Dx52(8,7) + n 7]

is a subordinating factor sequence, with a; = 1. In view of Lemma 1, this is
equivalent to

o0

(¢ +117D)x52(3,7) i
apz

RI1+2
=1 2 [(q+I7)X52(87) + 7]

> 0, (14)

where
9 (k) = (g+nlr)[1 + (K, = DC] ()] (k> 2),

is an increasing function of k (k > 2), when |z| = r < 1, we have,

- V(2)
%{“ZW}

k=1
9 (2) >0 (2)

= ?R{l—i— z+ k=2 arz”
V@) +nlr]” 0@+l "
9(2) S ()lax] .

> _ _ k=2

SRR C I I

> 19<2> n|7| r

CI@ ] @
= 1-r>0 (]z|l=r<1).

By taking the convex function g(z) = % = 2z + > /7, 2¥. To prove the
sharpness of %, the function Fy(z) € S5*(7,4,7,n) given by

o) — o 77|7'| 52
o) == GG (15)
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Thus from (11),we have

N0
(g+n |T|C)Xq,2( ) Fo(z) < z
2[(g +n17D)x42(0,7) +nl7l], ==

Moreover, it can easily to verify for Fy(z) given by (15) that

. (g +117)xg2(0,7) _ 1
min {%2[( ]OFO(Z)} =— (16)

j2I<r q+17)x52(6,7) + 17|

O |

_ (a+nl7])x5 2(57)
This shows that the 2@t DX (5:3) 7]

Taking lim,_,;-in Theorem 3, we have

is the best possible .

Corollary 2.5 Let F € S*(7,8,7,1) and g (2) = 2 + > bpz* € K. Then
k=2

(1 +n]7)xi2(6,7)

. (F'*g)(2) <g(2) (17)
2 [(L+n|7)x5206,7) +nl7|

and

A+l + (k=17 + 77|
(L+nlr)L+ (k= D7)

(Ll [+ (k=1)C ()] +nl7|
The factor =5 a3 orme
Taking 7=1—-a (0 <a < 1), in (9) and Theorem 3, we have

R{F(2)} > —

in (17) cannot be replaced by a larger one.

Corollary 2.6 Let F € S{*(a,d,7,7m) (0 <a <1) and g € K .Then

(q+n(L— a))xg2(5,7)

: (Fxg)(2) <g(z) (18)
2 (g +n(1—a))xg200,7) +n(l — )

and
(g +n(1 — a))x$2(8,7) +n(1 — a)

(q+n(1 = a))x2(5,7)

R{F(2)} > —

(g+n(1=a))xS 5 (6:7)

The factor o e INC 5 o) (=]

in (18) cannot be replaced by a larger one.

Taking 7 = e (1 — a)cosd (|§] < Z, 0 <a < 1) in (9) and Theorem 3,
we have



18 R.A.Nasr, A.O.Mostafa and S.M.Madian

Corollary 2.7 Let F € Sg*(&,'y,n, a,0) and g € K. Then

(¢ +n(1—a) e cos)x;,(5,7)

e | P9 <9
2 (g +n(l—a)e®cost)x,,(0,7) +n(l —a) e ®cost

(19)
and
RF(2)} > q—i—?ﬂe w( a)cos@|)xg72(5,fy)—i—n(l—a)cosﬁ
z ‘ .
(¢+mn Ie‘“’ (1 — @) cos O])xg(5,7)
(g+n(1—a) cos 0)x§ 5(5:7) -
The factor 2[(q+n(1_a)COS@)X;2(M§+W(1_Q)Cose] in (19) cannot be replaced by a
larger one.

3 Open Problem

The authors suggest to find necessary and sufficient conditions for coefficients

of function
x

F(z) :z—Zakzk, ap >0

k=2

in the class
1,2V DIRIF(2)

~ - 1) <n.
T DngF(z)
where
D””R5 _Z+Z " Ok (g, 6)axz, n €N,
Ly(k+0)
© a5 = g 5
#(9,9) & — 1],IT,(1 1 0)
Fq(k + 1) = [k]qrq(k) Fq(l) =L

and study geometric and algebraic properties.
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