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Abstract

In this paper, we investigate several interesting subordination results for
classes of analytic functions defined by the Rusheweyh g-difference operator.
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1 Introduction

The class of analytic univalent functions of the form:

fe)=z2+) a (zeU={z€C, |¢|<1}), (1.1)
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is denoted by A. Also, denote by x the subclass of A which are convex in U.
For f given by (1.1) and g € A given by

z)=z+ Z b2,
k=2

the Hadamard product (or convolution)

(f*9)( —Z+Zakbk2 (9% f)(2).

For f and g analytic in U, f is called subordinate to g (f < g) if there exists
an analytic function w, with w(0) = 0 and |w(2)| < 1, z € U, such that
f(2) = g(w (2)), Furthermore, if g is univalent in U, then (see[4] and [10]) :

f(z)<9g(2) (2€U) <= f(0)=g(0) and f(U) C g(U).

A function f(z) € A is said to be in the class of f—uniformry convex functions
of order o, UCV (e, ) (-1 <a <1, §>0),if

e {1+ZJ{((Z)) Q}ZB J{T(>)

and is in the corresponding class UST («, #) of f—uniformry starlike functions
of order o, (-1 <a <1, §>0),if

, (1.2)

(1.3)

One can see that
f(z) eUCV(a, B) & zf (z) € UST(ax, B).

We note that
(i) UCV(0,1) =UCV (Goodman [9];
(i) UCV(a,1) =UCV (), UST(0,1) = UST and UST (a,1) = UST (c)(see [17]);
(i) UCV(0,8) = p—UCV and UST(0, B) = f—UST (see[13], [15] and [14].
(i) UCV (a,0) = k* (a) and UST (a,0) = S* () (0< < 1).

Let 0 < g < 1,f € A, the Jackson's ¢- derivative operator is given by
(see [10], [7], [8]):
D,f (z) = L = Z Lok 2 €U, (1.4)
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where
k

] = 4 lim [k], = k. (1.5)

a 1—¢q’ g—1-
For 0 < ¢ < 1,f € A 6 > —1, Kannas and Raducanu [12] and Aldweby
and Darus [1] defined the g-analogue of Ruschewey operator ) : A — A as
follows:

k+6)

o Z (1+ 5) #
=2+ Z@k (¢, 6) apz" (zeU), (1.6)

where I (k4 6)
©rl4,0) = [k — 1q]q!rq (1+4)’ (L.7)
Iy(k+1)= [k:]q L, (k) r,(1) =1, (1.8)

and

k], = k], [k — 1], .- [1], . 0], = 1. (1.9)

We obseve that Limg_,; R0 f (z) = R°f (z) which is the Ruschewey operator
defined by Ruschewey [16], (see[2, 3, 4, 5, 6]).
Let
5 5
DgRof (2) = Rof (2),
DyRGS () = 20,0 f ()
DIRf () = 20, (D) 'R f (2)) neN.

It is easy to have
D”§R5 —z+z 1" Oy (¢,0) apz*. (1.10)
Definitionl.1. For —1 < o < 1,6 >0, 0<qg< 1,0 > -1, n €

NU{0}, f(2) of the form (1.1), let Sfl’q (c, B) be the subclass of A consisting
of functions satisfying

20, (DIRf (2)) 20, (DIRf (2))
Re{ BT ) —a} > B DR ) 1 (1.11)
and K (o, §) be the subclass of A consisting of functions satisfying
04 (20, (DyRef (2))) 0y (20, (DR [ (7))
Re{ o (Dgé)?gf (z)) —ap > o (DQ%gf (z)) 1. (1.12)

It follows form (1.11) and (1.12) that
DIRSf (2) € KL, (0, 8) = 20, (DRSS (2)) € &0, (@.B).  (L13)
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2 Main Results

Throughout this paper assume that —1 < a <1, > 0,0 < ¢ <1, § >
—1, n e NU{0}, f(2) of the form (1.1).

To prove our main result the following definition and lemma are needed.

Definition 2.1 [17] A sequence {cx},—, of complex numbers is called a
subordinating factor sequence if, whenever f is convex,

[e.9]

chakzk < f(z). (ap=1) (2.1)

k=1

Lemma 2.2. [17] The sequence {c;},-, is a subordinating factor sequence if

and only if
Re{1+220k2k} > 0. (2.2)
k=1

Theorem 2.3. If f(z) satisfies the following inequality
>, 0+ 8) — (a+B)| Ky ©4(g,0) x| S 1-a, (23)
k=2

then, f(2) € S1., (@, 6).
Proof. Suppose that (2.3) holds. Then for z € U, we have

20, (Dfﬂﬁgf (Z)) 20, (DZ}@?SJ” (Z))
Re{ DiRef (2) _O‘} ~ DIRS ()|
or
204 (Dg%gf (z)) 20, (Dt?%if (z))
Re{ DiR?f (2) ‘“} AT RC e
that is,
20y (Dg%gf (Z)) 20, (D2‘§R§f (Z))
Dgé)%gf &) —1—Re{ ij%gf B -1 <(l-a).
We have
20, (DgRef (2)) 20, (DyRf (2))
DIRef () _Re{ DiRef ()
20, (DgRef (=) ) it (k] = 1) [K]y O (g, 6) axz*™!
< (1+8) Dref (z) -1 =(01+5) 1+5°, [k]g O (q,0) apzh1
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Yoy ([k] = 1) [K]; O (g, 6) lax] |2/~
1- Zk 2 [k?] Oy (q,6) |a| |Z|k_1

> o (K] = 1) [k ] Or (g, 0) |a| 7
1= 702, [kl O (,0) |ag| r*=1

<(1+5)

<(1+8)

Letting » — 1~ we have

2 (K] = 1) [K)g O (g, 0) |l
1= 3702, [k © (g, 0) |ax]
The last expression is bounded by 1 — « sinc (2.3) holds.

From (1.13) and Theorem 2.3, we have
Theorem 2.4. A function f(z) € K (a, 8) if

<(1+45)

o0

SO, 0+8) = @+ A W O @0l <T—a.  (24)

k=2

Let S3° (a,8) and K} (a, ) be the subclasses of A whose coefficients sat-
isfy the conditions (2.3) and (2.4), respectively. We note that Sy (o, 8) C
Snq (@, B) and K35 (o, B) € K7 (o, B).

Theorem 2.5. Let f € S} (o, 8), g € . Then

( 121, (1+ ) = (@ +5)] 1217 € (4,9)
2{ 2]

: (fxg)(2) <g(2),
2, (1+8) = (e + B)| [2]; ©2(0,0) + (1 - a) }
(2.5)

and

121,14 8) = (a+ B)| [2]; 2 (4.6) + (1~ )
2,(1+8) — (a+5)] 2 6: (0.0
[[2], (148)—(a+8)][2]; ©2(4,5)

202, (1+8)—(at5)] 217 :2(0.0)+(1—a
Proof. Let f(z) € Si (o, 8) and g(z) = 24+ >_;°, &,z" € k. Then

(121, 1+ 8) = (@ + )] 1217 €2 (4,9)
(1+8) = (a+ )| [21; 2 (¢.6) + (1 - ) }

Re(f(2)) > — (2.6)

The constant T is the best estimate.

(f xg)(2)

— |:[2L1 (1+08)—(a+ 6)} 2] ©2 (g, 0) <Z . i y Zk)
2{[[2]q(1+5) _(a+5)} 2], ©2 (q,6)+(1_a)} 2 )k .

(2.7)
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Thus by Definition 2.1, (2.5) will be true if
{ 2], (1+8) = (@ +5)]| 1217 € (4,9) }°°
2{[[2), 1+ 8) —(a+ D)2 ©:(0:0)+ 1 =)} |

is a subordinating factor sequence, with a; = 1. In view of Lemma 2.2, this
will be the case if and only if

(2], 1+ 8) = (@ + 8)| [2]; ©2(4,9) .
Re 1+Z apz > 0.
]2l 1+ 8) — (a4 8)| 202 (0.0)+ (1 - a)

(2.9)
Now since

@ (k) = [[K], (1+ ) = (@ + B)| [K]; ©% (4.9)

is an increasing function of k > 2, then, when |z| = r < 1, we have

2], (1+8) = (a+ B)] [21; 02 (4.9) i
Re 1+Z ayz
{12,148 - (a4 )| 2702 (0.0) + (1 - a)

(121, 1+ 8) = (@ + )] 1217 0 (4,9)
= Re{l + z
121, 1+ 8) = (a+ B)] [21; €2 (4.6) + (1 = )
L T (12,048 (0t )] 20 €2 (0:0) ut

21,1+ 8) = (a+ B)| [2]; 2 (4.6) + (1 - )

o Baes-@rslEreses
121, 1+ 8) = (a+ B)| [21; €2 (4.6) + (1 = )
X M, (L 8) — (ot B)] K] O (g.6) auz*

2], (1 8) = (a+8)] [21; 02 (¢.6) + (1 = )

121, (1+ ) = (@ +5)] 1217 € (4,9)

>1-— r—

2], (1+8) = (a+ B)| [21; €2 (¢.6) + (1~ )
B (1—a)
2], (1+8) = (a+ 8)| [21; €2 (¢.6) + (1 = )

=1—r>0.

r
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This proves (2.5). The inequality (2.6) follows by taking g(z) = % = z +
> e, 2 in (2.1). To prove the sharpness of the constant

121, (1+8) = (@ + B)] 217 04 (4,9)
2{[121,0+8) ~ (a+8)| 2y 02 (4,0) + (1 = )}

consider fo (z) € Si° (a, B) given by

fo(z)=2— - 2. (2.10)
121,04+ B) = (a + B)] [2]; €2 (¢,9)
Thus form (2.5), we have
[12], (14 8) = (@ + B)] 217 04 (4,9) .
. fo(2) = 1= (2.11)
2{[[2), 1+ 8) = (a+ B)] [2]; ©2(0,0) + (1 - )} :
It can easily verified that
[12], (1 + ) — (@ + 8)] 1217 0% (4,9) |

min

<2 {2, (1+8) = (a + B)] [21; €2 (a,0) + (1 - a)}fO )
Which shows that

2], (1+ ) = (@ + 8)] 217 O (4,9)
2{[[2), 1+ 8) — (@ +8)| 2102 (q,0) + (1 - ) }

is the best possible.
Similarly, we can prove the following theorem for the class K ;“fq (o, B) .
Theorem 2.6. Let f(z) € K (o, 8), and g (z) € k. Then

( (121, (1+8) = (@ + B)| 217" O1 (4.0)
2{[121,0+8) — (a+8)] 2™ €2(0,0) + (1 — )

}) (fxg)(2) <g(2)

(2.12)
and

2], (14 8) = (a+ B)] 2" ©2(0,0) + (1 - a)
(121, 1+ 8) = (a+ B)] 217" Ok (4.0)

Re(f(z)) > — (2.13)
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[121,0+8)— (a+8)] 22T O (4.0)

(1+8)—(a+8)|[2]3 T ©2(g,6)+(1—a
Putting n =0 i in Theorems 2. 5 and 2.6, respectively, we have
Corrollary 2.7.Let f (z) € S3° (o, §) satisfies

The constant [, 7 is the best estimate.

[e.9]

S, (14 8) = (@ +8)] €k (0.8) lar] <1 - a

k=2
then

( 2], (1+8) = (a+5)| ©:(4,9)
2{[[2),(1+8) — (a+5)] ©:2(0.0) + (1 - )}

and

) (fx9)(2) <g(z) (2.14)

[12),(1+8) — (a+ )] €:(0.0) + (1 - a)
[2,0+8) - @+ 7] 0:(0.0)

[12],(14+8)— (a+8)] Ok (,0)
2{[[2],(14+8)— (a+8)|©2(q,0)+(1-a

Re(f(2)) > -

(2.15)

The constant 7 is the best estimate.

Corrollary 2.8.Let f(z) € Kg° (o, () satisfies

oo

K], 1+ 8) = (a+ B)| [K], O (a.0) lax] < 1 -,

k=2

then
( 2], (1+8) — (@ + 8)] 2,02 (,0)
2{[[21, 1+ 8) = (@ +8)| 12,02 (0,0) + (1 - )

}) (fx9)(2) < g(2)

(2.16)
and

2], 1+ 8) — (a+8)] [2],0: (0.0) + (1 - )
[12], 1+ 8) = ( + 8)] 2], 02 (4,0)
[[2],(148)—(a+8)][2],0k(4.0)

(1+8)—(a+8)|[2],02(a,0)+(1—a)
Putting 8 =0 i 1n Corrollaries 2.7 and 2.8, respectively, we have

Re(f (2)) > — (2.17)

The constant [, T is the best estimate.

Corrollary 2.9. Let f(z) € S;° (a) satisfies

5[], - (@)] O (0.6) faul < 1 - a

k=2
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then
ﬁ%—ﬂ@mm) s
2{[[2]q_04i|®2(q,5)—|—(1_a)} g)(z) <g(z
and
[[Q]q - a} 0, (q,8) + (1 — a)
Re(f(z)) > —
[[Q]q — a] 0, (q,6)
[12],~a]©k(q,6)

The constant 7 is the best estimate.

2{[[2],~]|©2(q.0)+ (1)
Corrollary 2.10. Let f(z) € K;° (a) satisfies

53[ } Ok (q,0) Jax] <1—a,

k=2

then

( |:[2]q - CY] [2]q ©2(g,9) ) (fxg)(2) <g(2)
2 { |:[2]q - Oé] 2],02(q,6) + (1 - a)} g g (2),

and

(2], — ] [2),0:(¢.0)+ (1 - a)
2], — o] [2), 02 (.9)

Re (f(2)) > -

[12],—¢](2],0k(a,9)
2{[[2],—a][2],02(0.0)+(1—a

The constant 7 is the best estimate.

3 Open Problem

The authors suggest to find necessary and sufficient conditions for coefficients

of function
o

F(z)=2z— Zakzk, ag >0
k=2

in the class

Re {z@,l (Dg%gf (z)) B 04} -5

Dryef (z)

20, (Dg%gf (2))
Dryef (z)

and study geometric and algebric properties.
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