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Abstract

In this paper, we investigate majorization properties for the
class M}, (a,v; A, B) of meromorphic functions and the class
M (t,\) of spiral-like functions. Also, some special cases of
our main results in a form of corollaries are shown.
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1 Introduction
Let > be the class of meromorphic functions:
f(z) = 1+§:akzk (1.1)
= ’ ‘

which are analytic in U* = {2:2€ C, 0 < |z| < 1} = U\{0}. For functions
f(2) € >  given by (1.1) and g(z) € > given by

1 o
g(z) = =+ _ b¥, (1.2)
=
the Hadamard product (or convolution) is

(Fr9) ()=~ + D mbest = (9% ) (2) (13)
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Some authors were studied classes of meromorphic functions (see [2 — 6] and [8]).
The concept of majorization was introduced by MacGregor [13] as:

Definition 1.1. Let f and g analytic in U. We say that f is majorized by

g in U and written as f(z) < g(z), if there exist a function ¢ (z) analytic in
U, satisfies

[¢(2)| <1 and f(2) =¢(2)g(2). (1.4)

Definition 1.2. We say that f is subordinate to g in U and written as
[ (2) < g(2),if there exist a function w (z) analytic in U, satisfies (see [7],[14]):

lw(2)] <1, w(0)=0and f(2)=gw(z)). (1.5)

Jung et al. [9] defined an integral operator

) = A

and Lashin [10] modified their operator for meromorphic functions as follows:

Definition 1.3. For f € ) given by (1.1), if L} : Y7 — > is defined by

Lif(z) = L (2)+ f(2)

From (1.6) we have,

2 (LEf () = ulp ' (2) = (u+ D) LIf(2), (mom>1). (L7)
Definition 1.4. For -1 < B < A< 1l,aa > 0,7 € Ny = NU{0}, ~
e C* = C \{0}, [(A 134)7‘ —|—|B|] < 1. a function f € ) is in the class
MZL”J( .7 A, B) of meromorphic functions of complex order v in U* if and

only if satisfies the subordination:

1 [z(Lrf ()" 1 (z(Lrf ()" 1+ A
1—= Z(“f(z)) +j+1]|—al|—= 2 (L (Z)). +75+1]]< Az
(2)) 1+ Bz

T\ (Lpf () e
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In particular, for A=1, B=—1 and a =0,

(1) M (0,7;1,—1) = M (v) = {f € Z : Re

1z (Lrf)"™ ) }
1—— . 1 0.
v( ey )]

(it) Fory = (1 —t) cosAe ™ [[A\| < Z (0 <t <1)], the class M7 (0,(1—t)cos A em™,1,—1) =

M [(1 —t)cos A e‘“] = M7 (t,\), called the generalized class of meromor-
phic A\—spiral-like functions of ordert (0 <t < 1) if (see [1] and [11])

ix [ # (LZLf (Z))jH )
e - +
( wrrey

2 Main results

Re < —tcos A.

Unless otherwise mentioned we shall assume that -1 < B< A<1,a>0,
€ Ng, u,m > 1 and v € C*.

Theorem 2.1. Let f € Y and suppose that g € MT; (o, v; A, B). If
(LZLf (z))j is magjorized by (L!Tg (z))jin U*, then

(L f () - (2l <o), (2.1)

< ‘(Ll?‘lg ()

where 1o = 1o (m, p, v, 7y, A, B) is the smallest positive root of the equation

(A= B)]y|
“[u(l—a)

(A= B) i

X |B\] r3—[u+2\BHT2—{/‘ { (1= a)

+ \B[} + 2} 7"+:;;O

Proof. Since g € M7 (o, v; A, B) , we have

1 (z(Lz”g C) 1) .

! (z(L:fg Q)R 1)' _ 1+ Au(e)

Y (LZ‘g (2) I Y (LL"g (z))] 14 Bw(z)’
(2.3)
where w (2) = ¢12 + 222 + ... is analytic and bounded function in U with
lw(2)] <1, w(0)=0 (2 €U). (2.4)
Taking _
1 Lm ]+1
w:1——<z(”g(z>)j +i+1]), (2.5)
T\ (L (2)
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n (2.3), we have

w = _ . (2.6)

Using (2.6) in (2.5), we have

Sy ()™ T [ G+ B ()

CTE T

Applying of Leibnitz’s theorem that is the rule which gives the derivative on
j-th order of the product of two functions to (1.7), we have

2 (Lyrg () = p (L9 (2)) = (+i+1) (Lrg (=) (5>0). (28)
By using (2.8) in (2.7) and making simple calculations, we have

(Lrg (=) = L+ Bu(2) (L 1g (=) (2.9)
1— [ﬂ - B} w (2)

,u(lfae_'e)

Since |w (2)| < |z], (2 € U*) (2.9) gives us
1+ Bl 7]

A
1 |42 1 1B I+

(2.10)

(L9 ()| <

(L )|

Since (Lfff (z))] is majorized by (LZ“g (z))] in U*. So from (1.3), we have
(Lif () =0 (2) (g ()" (2.11)
Differentiating (2.11) with respect to z and after simplifying , we have
(L @) =26 () Lre @) 0@ (T (). (212)
On the other hand, noticing that the Schwarz function ¢ (z) satisfies(see [12]):

L— o (=)’

(¢’(z)‘_ T (zeU-) . (2.13)

Using (2.10) and (2.13) in (2.12), we get

21 (1 =16 (2)) (1 +|B]|2]) I
p(1—12P) [1 - (428 +1B1) J21]

Lt (2))

(2.14)

(L F ()

<<o(2)+

Y
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which, upon setting |z| =7 and [¢(2)|=p (0<p < 1),

m—1 i Y1 (p) m—1 i
\(Lu f(2) sﬂ(l_ﬂ) [1—(%+]8|)r]‘(% g9(2))"|, (2.15)
where
o) = =) [1- (S220 s vra-parisn @

(A—B) 1|
p(l—a)
takes its maximum value at p = 1 with r = ro (m, u, o, y, A, B) , where g is the

smallest positive root of (2.2). Furthermore, if 0 < § < 7o (m, u, a7, A, B),
then the function ¢y (p) defined by

= —r(1+|B|r)p* +pu(1—17) [1—( +|B|) r}p+r(1+|B|f3)

(A—B)
p(l—a)
is an increasing function on the interval 0 < p <1, so that

(A—B) |
01 (1) = p (1 -6 [1—(—+B 5.
< p<L0<0<ro(m,p a7, 4, B)

e1(p) = =06 (14 |B| &) p*+p (1 — 6% [1 - ( + |B|) 5} p+6 (1+|B|9)

IN

©1 (p)
0

Then, setting p = 1 in (2.16) and use it in (2.15), we conclude that (2.1)
holds true for |z| < ro(m,p, «,v, A, B). This completes the proof of Theorem
2.1. ]

By letting A =1 and B = —1 in Theorem 2.1, we obtain
Corollary 2.2. Let f € ) and g € M7 (a; ) . If (L/Tf (z))j is majorized
by (Li'g (2))"in U*, then
(L @Y | < (e )

where 1 = 11 (m, p, o, 7y) is the smallest positive root of the equation,

s (=l <),

2 2
ﬂﬂi rf—(p+2)r’ - ﬂﬂﬂr? r+p=0,
11—« 1 -«

given by

3
=
|
| —|
I
=
|
=
N
Tl
&i
+
=
N———
—_
SIS

andmz%—l—p—i—l.

r =

Taking o = 0 in Corollary 2.1, we state the following:



6 M. A. Mowafy, A. O. Mostafa and S. M. Madian

Corollary 2.3. Let f € Y and g € M7 (). If (L' f (z))j is majorized by
(Lig (2))"in U*, then
(@ @Y <@g @)], (el <r),
where ro = 19 (M, p,7y) is the smallest positive root of the equation,
@I+ p) = (p+2)r* = QI+ p+2)r +p =0,

given by

N

= [ —p 2]+ p)]
2|9+ p
Taking =1, 5 = 0 in Corollary 2.2, we get

To and ny = |y|+p+ 1.

Corollary 2.4. Let f € > and g € M™ (y). If L™f (2) is majorized by
L™g (z) in U*, then

L ()] < L™ ()] (2] <),
where r3 = r3 (m, ") is the smallest positive root of the equation,
2]y +1)r* =3r* = (29| +3)r+1=0,

given by

N

_ s[5 — 2R +1)]
2y +1

Taking v = (1 —t) cos A e=™ [|A| < Z (0 <t < 1)] in Corollary 2.3, we get

T3 and n3 = |y| + 2.

Corollary 2.5. Let f € > and g € M™ (t,\). If L™ f (2) is majorized by
L™g(z) in U*, then

L™ ()] < L g (2)], (2] <),
where T4 = 14 (M, t, \) is the smallest positive root of the equation,
(2 ‘(1 —t)cos A e_i’\‘ +1) 7% = 3r* = (2](1 — ) cos A e_i’\‘ +3)r+1=0,

given by

N

_ - [TIZ — (2‘(1 —t)cos A e‘i’\‘ +1)]

" 2[(1 —t)cos A e +1

and ng = (1 —t)cos X e™[+2 .

Taking A = 0 in Corollary 2.4, we get
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Corollary 2.6. Let f € > and g € M™ (t). If L™ f (z) is majorized by
L™g (z) in U*, then

L™ (2)] < L™ Mg (2)], (2] <7s),
where r5 = 15 (M, t) is the smallest positive root of the equation,
(B3—=2t)r* =3 —(5—2t)r+1=0,

given by
1
- (32
3—2t
Taking v =1 in Corollary 2.3, we get

5 and ns = 3 —t.

Corollary 2.7. Let f € > and g € M (m,1). If L™ f (z) is majorized by

L™g(z) in U*, then
3—6
, |z| < 3 .

By using principle of subordination and a meromorphic integral operator, in
this paper, we have defined class of meromorphic functions and obtained ma-
jorization resuts for this class and its subclasses.

L™ ()] < |[L™ g (2)

3 Conclusion

4 Open Prolem

The authors suggest studying the same properties for the class of analytic
function:

. (z[”‘“f(z))’ - 1) - ‘1 <z[°‘+1f(z))’ - 1)) L 144

v\ 1ot f(z) v\ IoHf(z) 1+ Bz’
where
o B 2a ; E a—1
zﬂw—-ﬁ@/ﬁ%g F(t)dt

oo 2 o
= Z+kz_;<k’——|—1> CLka,OéZO

and the operator I*f(z) was introduce by Jung et al. [9].
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