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Abstract

In the current study, firstly, two new families Bx(\; ) and
Bi(A;v) of normalized holomorphic and bi-univalent functions
are defined. Furthermore, upper bounds for the initial Taylor-
Maclaurin coefficients |az| and |as| for functions in each of
these families are acquired.
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1 Introduction

We indicate by A the family of functions which are holomorphic in the open
unit disk
U={z:2€C and |z]<1}

and have the following normalized form:
f(z) :z—l-Zakzk. (1)
k=2

We also indicate by S the subclass of A consisting of functions which are
also univalent in U. According to the Koebe one-quarter theorem [6], every
function f € S has an inverse f~! defined by

ffR) =2 (2€0)
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g(w) = f7H(w) = w—asw?+ (2a5 — a3) w® — (543 — Sasas + as) w4+ . (2)
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A function f € A is said to be bi-univalent in U if both f and f~! are
univalent in U. Let X stand for the class of normalized bi-univalent functions
in U given by (1). For a brief historical account and for several interesting
examples of functions in the class X, see the pioneering work on this subject
by Srivastava et al. [16], which actually revived the study of bi-univalent
functions in recent years. From the work of Srivastava et al. [16], we choose
to recall here the following examples of functions in the class X :

z 1 1+ 2
—log(1 — —1 )
T og( 2) and 5 Og(l—z)

We notice that the class ¥ is not empty. However, the Koebe function is not
a member of X.

Recently, many authors obtained the estimates on the initial coefficients
in the Taylor-Maclaurin expansion (1) for several different subclasses of the
bi-univalent function class ¥ (see, for example, [1, 2, 3, 4, 5, 7, 8, 9, 10, 11,
12, 13, 14, 15, 17, 18, 19, 20, 21]). The problem to find the general coefficient
bounds on the Taylor-Maclaurin coefficients

|| (neN\{1,2}; N:={1,2,3,---})

for functions f € ¥ is still not completely addressed for many of the subclasses
of the bi-univalent function class X.

We now recall the following lemma that will be used to prove our main
results.

Lemma 1.1 (see [6]) If h € P, then
el =2 (VEkeN),
where P is the family of all functions h, holomorphic in U, for which
R(h(z)) >0 (z € U)

with
h(z) =1+crz+cp2®+ -+ (z € ).
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2 Coefficient Estimates for the Family Byx(\; )

Definition 2.1 A function f € X, given by (1), is said to be in the family
Bs(A; ) if it satisfies the following conditions:

o ZQ—Af//(Z) ﬂ
g(y+@f@WA)<<2 @
and
. wQ—Ag//(w) ,U_7T A
g<1+@mwmfk> e ()

where z,w €U, 0<pu <1, 0SA<1and g= f"!is given by (2).

Theorem 2.2 Let the function f € Bs(Ap) (0<pu <10 A1) be
given by (1). Then

laa| < a
VIR T 1) + (1 —p)]

and

w
|as| < p* + 3

Proof. In light of the conditions (3) and (4), we have

227)\f//(2)

14+ ———2 = [p()]* 5
+ i = b )
and 23 ()
wgw)
Lt s =l (6)

where g = f~! and the functions p, ¢ € P have the following series representa-
tions:
p(z) =1+ piz+poz® +p3z’ + - (7)

and
q(w) =14+ qw + gw® + gzw® + - -+ . (8)

By comparing the corresponding coefficients of (5) and (6), we find that
2as = ppr, (9)

@ P, (10)

—2ay = puqy (11)

6as — 4(1 — N)a3 = ups +



4 F. Miige Sakar and A. Kareem Wanas

and

plp—1) 4

4(\ +2)a3 — 6as = pga + 5 qi- (12)

Thus, by using (9) and (11), we conclude that

P1=—q (13)
and
8ay = 11*(pi + q1). (14)
If we add (10) to (12), we obtain
plp—1)

42X + 1)a3 = p(p2 + @) + (p} +4qi) - (15)

2

Substituting the value of p? + ¢? from (14) into the right-hand side of (15),
and after some computations, we deduce that

@2 = 12 (p2 + @2)
PApRA+ )+ (1= )]

(16)

By taking the moduli of both sides of (16) and applying Lemma 1.1 for the
coefficients p, and ¢z, we have

las| < a .
VIR X+ 1) + (1= p)

Next, in order to determinate the bound on |as|, by subtracting (12) from (10),
we get
plpe—1
12 (G3 — a%) =1 (p2 — q2) + % (P% - Q%) : (17)
Now, upon substituting the value of a3 from (14) into (17) and using (13), we
deduce that
ppitai)  pp— )

as 3 -+ 12 ( 8)

Finally, by taking the moduli on both sides of (18) and applying the Lemma
1.1 once again for the coefficients py, po, ¢1 and ¢, it follows that

jas] < u* + £

This completes the proof of Theorem 2.2.
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3 Coefficient Estimates for the Family B%(\; v)

Definition 3.1 A function f € X, given by (1), is said to be in the family
B (A v) if it satisfies the following conditions:

?R{l+%}>u (19)
and
2—X N
%{1+W}>m (20)

where z,w € U, 0Sv <1, 0SA<1andg=f"!isgiven by (2).

Theorem 3.2 Let the f € B5(A\;v) (0= v < 1;0 < A = 1) be given by (1).
Then

’CL2| §

and

1
jas] < (1 —v)* +

Proof. In view of the conditions (19) and (20), there exist the functions
p,q € P such that

ZZ—AfU(Z)
+ ————==v+(1—-v)p(z 21
Sy =) (21)
and 2=\ N
(i w
1+ LI (1= v)gw) (22)
(wg'(w))
where g = f~! and the functions p, ¢ € P have the series expansions given by

(7) and (8), respectively. Thus, by comparing the corresponding coefficients
in (21) and (22), we get

2a2 = (1 —v)py, (23)
6az — 4(1 — N)a; = (1 — v)ps, (24)
—2ay = (1 —v)q (25)
and
4\ +2)a3 — 6az = (1 — v)qa. (26)

We now find from (23) and (25) that

P1=—q (27)
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and
8a3 = (1 —v)* (p} + q7). (28)

By adding (24) and (26), we obtain
421+ a3 = (1 — v)(p2 + ¢2). (29)

Consequently, we have
2o =)+ a)
2 423+1) 7

Next, by applying Lemma 1.1 for the coefficients p, and ¢o, we deduce that

1—v
220+ 1°

lazf §

In order to determinate the bound on |as|, by subtracting (26) from (24), we
get

12 (a5 — a3) = (1 — v) (p2 — @2) ,
or, equivalently,

2 (1—V)(p2—q2)

Substituting the value of a3 from (28) into (30), it follows that

(30)

- @+ ad) , (1=v) (2~ g)
8 * 12 ’

as =

Finally, by applying Lemma 1.1 once again for the coefficients py, ps, ¢1 and
g2, we got
1-v)

3
We have thus completed the proof of Theorem 3.2.

jas] < (1 —v)* +

4 Conclusion

In the present paper we defined two new families Bx(\; ) and Bs(A; v) of nor-
malized holomorphic and bi-univalent functions and generated Taylor-Maclaurin
coefficient inequalities for functions belonging to these families.

5 Open Problem

In this current work, two new families By (A; 1) and BE(A;v) of bi-starlike
functions was determined. Furthermore, coefficients |ay|, |as| inequalities were
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obtained separately for both families by using Lemma 1.1. As an open problem,
we hope that this work encourage the researchers to obtain other coefficient
inequalities using by different polynomials and subordination method for these
defined subfamilies.

Conflict of interest. All authors declare that there is not any conflict of

interests concerning the publication of this manuscript.

ACKNOWLEDGEMENTS. The authors thank the referees for their

insightful suggestions to improve the paper in present form.

References

1]

C. Abirami, N. Magesh and J. Yamini, Initial bounds for certain classes
of bi-univalent functions defined by Horadam polynomials, Abstr. Appl.
Anal. 2020 (2020), Art. ID 7391058, 1-8.

E. A. Adegani, S. Bulut and A. A. Zireh, Coefficient estimates for a
subclass of analytic bi-univalent functions, Bull. Korean Math. Soc. 55
(2018), 405-413.

A. Akgiil and F. M Sakar, A certain subclass of bi-univalent analytic
functions introduced by means of the gq-analogue of Noor integral operator
and Horadam polynomials, Turk. J. Math. 43 (2019), 2275-2286.

I. Al-Shbeil, A. K. Wanas, A. Saliu and A. Catas, Applications of beta
negative binomial distribution and Laguerre polynomials on Ozaki bi-
close-to-convex functions, Azioms 11 (2022), Art. ID 451, 1-7.

L.-I. Cotirla and A. K. Wanas, Applications of Laguerre polynomials
for BazileviA and 6-pseudo-starlike bi-univalent functions associated with
Sakaguchi-type functions, Symmetry 15 (2023), Art. ID 406, 1-8.

P. L. Duren, Univalent Functions, Grundlehren der Mathematischen Wis-
senschaften, Band 259, Springer-Verlag, New York, Berlin, Heidelberg
and Tokyo, 1983.

D. Guo, E. Ao, H. Tang and L. p. Xiong, Initial bounds for a subclass of
analytic and bi-univalent functions defined by Chebyshev polynomials and
g-differential operator, J. Math. Research Appl. 39(5) (2019), 506-516.

D. Guo, H. Tang, E. Ao, L. p. Xiong, Estimate and Fekete-Szego in-
equality for a class of m-fold symmetric bi-univalent function defined by
subordination, J. Math. Research Appl. 39(3) (2019), 295-303.



[9]

[10]

[11]

[12]

[13]

[16]

[17]

[19]

F. Miige Sakar and A. Kareem Wanas

J. O. Hamzat, M. O. Oluwayemi, A. A. Lupag and A. K. Wanas, Bi-
univalent problems involving generalized multiplier transform with respect
to symmetric and conjugate points, Fractal Fract. 6 (2022), Art. ID 483,
1-11.

Y. Li, K. Vijaya, G. Murugusundaramoorthy and H. Tang. On new sub-
classes of bi-starlike functions with bounded boundary rotation, AIMS
Mathematics 5(4) (2020), 3346-3356.

P. Long, H. Tang and W. Wang, Fekete-Szego functional problems for
certain subclasses of bi-univalent functions involving the Hohlov operator,
J. Math. Research Appl. 40(1) (2020), 1-12.

N. Magesh and S. Bulut, Chebyshev polynomial coefficient estimates for
a class of analytic bi-univalent functions related to pseudo-starlike func-
tions, Afrika Mat. 29 (2018), 203-209.

A. O. P4ll-Szab6 and A. K. Wanas, Coeflicient estimates for some new
classes of bi-Bazilevi¢ functions of Ma-Minda type involving the Salagean
integro-differential operator, Quaestiones Mathematicae 44(4) (2021),
495-502.

F. M. Sakar, and A. Canbulat, Quasi-subordinations for a subfamily of bi-
univalent functions associated with k-analogue of Bessel functions, Jour-
nal of Mathematical Analysis, 12(1) (2021), 1-12.

F. M Sakar and A. Akgiil, Based on a family of bi-univalent functions
introduced through the Faber polynomial expansions and Noor integral
operator, AIMS Mathematics 7(4)(2022), 5146-5155.

H. M. Srivastava, A. K. Mishra and P. Gochhayat, Certain subclasses of
analytic and bi-univalent functions, Appl. Math. Lett. 23 (2010), 1188—
1192.

H. M. Srivastava and A. K. Wanas, Applications of the Horadam polyno-
mials involving A\-pseudo-starlike bi-univalent functions associated with a
certain convolution operator, Filomat 35 (2021), 4645-4655.

H. M. Srivastava, A. K. Wanas and R. Srivastava, Applications of the ¢-
Srivastava-Attiya operator involving a certain family of bi-univalent func-
tions associated with the Horadam polynomials, Symmetry 13 (2021),
Art. ID 1230, 1-14.

A. K. Wanas, Applications of (M,N)-Lucas polynomials for holomorphic
and bi-univalent functions, Filomat 34 (2020), 3361-3368.



Upper Bounds for Initial Taylor-Maclaurin Coefficients... 9

[20] A. K. Wanas and L.-I. Cotirla, Initial coefficient estimates and Fekete-
Szegd inequalities for new families of bi-univalent functions governed by
(p — q)-Wanas operator, Symmetry 13 (2021), Art. ID 2118, 1-17.

[21] A. K. Wanas and A. A. Lupasg, Applications of Laguerre polynomials on a
new family of bi-prestarlike functions, Symmetry 14 (2022), Art. ID 645,
1-10.



