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Abstract

In this paper, we introduce a new subclass of harmonic
meromorphic functions using a new differential operator as-
sociated with g-calculus. We obtain coefficient conditions, ex-
treme points for functions f belong to this subclass. In addi-
tion, the convolution conditions, closure and convex combina-
tions are also obtained.
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1 Introduction

The field of quantum calculus, also known as g-calculus, has garnered signifi-
cant attention from scholars owing to its numerous applications across various
domains of mathematics and physics, with a particular emphasis on geometric
function theory. The utilization of g-calculus structure amplifies the efficacy
of traditional complements in diverse modules of orthogonal polynomials and
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functions. The linkage between equilibriums of differential formulae (including
equations, operators, and inequalities) and their solutions is a highly effective
and meticulously crafted mechanism for scrutinizing the attributes of special
functions in the domains of mathematical analysis and mathematical physics.
The field of ¢g-calculus was first introduced by prominent mathematicians Euler
and Jacobi during the 18th century. The systematic development and initia-
tion of g-calculus was carried out by Jackson [1, 2|. Aral and Gupta ([3, 4])
introduced a g-analogue of the Baskakov and Durmeyer operator that is con-
tingent upon quantum calculus. Aral et al. [5] and Elhaddad et al. [6] have
conducted research on additional uses of the g-operator. The scholarly lit-
erature has identified the harmonic variety of g-analogues calculus in several
works, including [7]-[10]. Various issues pertaining to g-calculus have been
observed in recent times, as documented in ([11]-[27]). It is anticipated that
the derivation of operators on g-analogues within the category of harmonic
functions will become increasingly significant in the coming years.

We present some notations and concepts of g-calculus that are used in this
paper. For 0 < ¢ < 1, ¢ € N and any non-negative integer ¢, the g-binomial
coefficients denoted by C,(4,7) is defined by (see Gasper [28]) as follows:

. i [19—1+i]q!_[19](1[19—1](1---[19—2'—1—1](1
Cal?9) = H NN i,

where the g-analogue of [i],! is defined by:

(1)

[i]qli — 1]g - -~ [2]g[1]q i=2,3,4,---

[i]q! = (2)
1 i=1,

where [i], known as the ¢g-number, defined by

1 , if 0<g<1,ieC\{0}
1 . it g—0%,ieC\{0}
mq — i , if q—1,1¢€ C\{O}

Kk—1
=0

The g-derivative, also known as the g-difference operator, of a function f is

defined by
&gg@, if 0<g<1,24#0,
Ouf(2) = 1, if g—>17,2=0, ,

f'(2), if ¢g—17,2#0.
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as referenced in [29].

The harmonic function is very important function in geometric function
theory. The first study of harmonic functions was conducted by Clunie and
Sheil Small [31], then followed by several researchers whom include Jahangiri
and Silverman [32] and Yadav [34]. Aldweby and Darus [11] introduced new
class of harmonic meromorphic functions depends on g-calculus. More recent
work, Abdulahi and Darus [35] introduced a new class of concave meromorphic
harmonic functions using integral operator and others [36, 37].

Let U* = {z:0 < |z| < 1} denotes the punctured unit disk in C, and let
My denotes the family of meromorphic harmonic functions of the form f =
h 4+ g that are univalent and sense preserving such that |h'(2)| > |¢'(2)] in
U*. Subsequently, we may express the analytic functions h and ¢ in U* and
U = U* U {0}, respectively, by

I — ‘ > .
Z) = ;+Zaizz7 g(Z) :Zbizla (3)
=1 i=1

where h(z) has a simple pole at z = 0. Note that if g(z) = 0, then the class
My is reduced to X, the class of meromorphic functions which are analytic
in U*. The harmonic meromorphic starlike functions has been studied by Ja-
hangiri and Silverman [32], and Jahangiri [33]. Many other authors followed
the same steps for different classes of functions (see for example: [34] and [37]).

The authors in [13] introduced a g-differential operator D}V f(z) : & — X
by

TL [e.e]

DM f(z) Z [i]2C, (9, 4)a;2’, (n, ¥ € Np). (4)

=1

For f = h+g asin (3), we define the operator D7 Vf(2) : My — My, where
D’ f(z) as in (4) by

D f(2) = DMPh(z) + (—1)" Dy g(2), = € U*, (5)
where N
Dnﬂh( Z [i]5Cy(0, 1) a; 2", (6)
=1
and N
DpYg(2) = q"[il;Co(9, )bi2", (7)

Remarks
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e When n =0 and ¢ — 17, then D’ f(z) := I, f(z) was introduced by
Yuan et al. [38].

e When ¢ = 0 and ¢ — 17, then D’ f(z) := D" f(z) was introduced by
Bostanci and Oztiirk [30].

It is clear that

( 1)n+1

0,Dh(z) = +Zq [0 Cy (0, 1) a2 Y, (8)

qz

and
Dnﬁ Zq 'rH-IC 19 Z)b

Next, we define MHS®) (n, 1, ¢, «) as a new subfamily of harmonic meromor-
phic functions using D/ f(z) as follows:

Definition 1.1 Let 0 < a < 1, £k > 1 and n,¥ € Ny. A function f =
h + 7 given by (3) belong the class of meromorphic starlike function of order
a denoted by MHSQ” (n,¥,q, ). If the following inequality holds true

—qz0,(D™’
Re{ 1 ‘f@% a f(z))} >,z € U, (9)
Dy’ fk(z>
where
DM fr(z) = D;"ﬁhk(z) +(=1)"Di’gi(2), k €N, z e U, (10)
hi(2) +Za,Az gr(z ZbAz (11)
and
1 k! . 271
Bi= Y (g=eF, k21 (12
=0

Note that when ¢ — 17, then we have MHS™ (n,9, ¢, a) := MHSW¥ (n, 9, a)
which was introduced by Alshagsi and Darus [37].

Finally, Let MHSgk)(n, Y, q, &) denotes the subclass of MHSgk)(n, Y, q, a)
consisting of all functions f,(z) = h,, + g, where h,, and g, are given by

S . > .
hn(z) - % + Z ’ailzla gn(z) = (_1)”2 ‘bi‘zl> aiabi > 07 (Z € U*)
i=1 =1
(13
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Also, let fy, (2) = hx, + G, where hy, and gy, is given by

hkn (Z) =

+> AllailZ, gr (2 ZA bl (14)
i=1

where A; is given by (12).

In this paper, we obtain the sufficient coefficient conditions for functions

f belong to the subclasses MHSgk) (n,v,q,a) and MHSS“) (n,v,q, a), respec-
tively. Furthermore, the extreme points, the convolution conditions, closure

and convex combinations are also obtained for the subclass MHS gk) (n, v, q, ).

2 Coeflicient Bounds

In this section, we determine the sufficient coefficient bound for functions f in
the classes MHSgk)(n, Y, q, ) and M?—LSgk) (n, 9, q, ), respectively.

Theorem 2.1 Forn,¥ € Ngand0 < a <1, If f=h+79 and fr = hy + 9%
defined in (3) and (10), respectively, and satisfies the condition

> r(q[(i — 1)k + i—Dk+1],—a
Z [ = )Ia(i—l)k+l| + (al( 1)_ 5 l )|b(i—1)k+1|]rq

S qn+1[i]n+1c (19’2)
D e (R ) ES

i
(15)
where Ty = Ty(n, 9,0, k) = q"[(i — 1)k + 1]7C,(V, ik + 1), then f is harmonic

sense-preserving, univalent in U* and f € M"HSgk) (n,v,q, ).
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Proof. For |z| =1 € (0,1), we have

e}

= 5 = D dlillailr™ > 1= 3 alillad

i=1 i=1
> 1= 3 (gl = Dk + g+ a)lagueal| x T = D0 [l5HC, (0, ) |ad
z;ﬁlﬁcil

> Z [(q[(i —Dk+1],— a)|b(i_1)k+l|} xT'y+ Z ¢TI Co(9, 1) byl

i=2
iAlk+1

@
I
—_

> > " q[2ilglbal + > q[2i — 1y [baia|

=1 i=1

> Z qlilq|bilr" ™ = qldeg(2)|-
i=1
Therefore, h'(z) = lim,; |gO,h(2)| > lim,—1 |¢0,9(2)| = ¢'(2), then f is sense-
preserving in U*.

To show that f is univalent in U*, for 0 < |z1| < |2| < 1, we want to show

that M = |f(22) — f(21)| > 0.

o
2o — X . .
M > l2 1] (Jai| + [bi])[25 — 21
| 21| 22|
=1

8

2 — Z &
> | ’121Z2‘2| <1 Zq (laj| + |b;]) Z (i — 1k +1], )[\a(iq)kﬂl + ’b(il)kJrl’])

=1 =1

21 — & >
> | 1 2| <1 Z Z—l k+ ]q+a)|a(i_1)k+l|

Halli = Dk o+ 1)y = @)l | x Ty = 37 @ i€ 0. 0) (] + [b)

i=2
i#lk+1
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The last expression is non-negative by (15), hence f is univalent in U*.
In order to show that f belong to M’HSS“) (n,v, q, ), we must show that the
inequality (9) holds, that is equivalent to

q204(Dg" f(2))
Dy fi(z)

| 0Dy (2)) ‘ e

14+ a+
D fi(2)

It suffices to show that

[(1=a) Dy ful2) = a20,(D £(2))| = | (14+0) D ful2) +a20,( D ()| = 0.
(17)
Substitute the value of DI fi(z) and 9,(D2” f(z)) in (17) we have

Q= |(1 - a)Dy? fi(z) = qz0,(Dy” f(2))| = |(L + @) Dy fi(2) + qz0,( Dy f(2)))|

E"e—a) Z @15, (0.7) | (1 = )01 = glily ) asz' + (=1)" (1 = @), + gl ) bi="|

z

+Z [((1+a)@ + qlil, )aizi+(—1)”((1+a)Ai—q[i]q)W}
22(1 { iqn el D0 4 00 o

1 «

S i]ng(ﬁ,li)_(qOEi]q —al\) |bi||z|i+1} |

=1

=1

For |z| = r < 1, then we have

0> 2(1-0 { -3 LU Nl o) i|—fjqn["]gc‘]w’f)_(qf]q_O‘Ai)|bi|}.

i=1
(18)
From the definition of A;, we know that
1 1=1k+1
A; = (1>2,k1>21), (19)
0 i FLk+1

Therefor, the expression (18), become

0> 21— ) {1 - i [<q[<z' “Dktlta)

, 11—«
=1

i 0 n+lf; n+1cq 1972‘
B T D S L i LU LT Y TR

i=2
i#lk+1
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This expression is positive by condition (15) and this completes the proof.
Next, we show that the condition (15) is necessary and sufficient condition for

the functions f in the class MHS® (n, 9, ¢, a).

Theorem 2.2 [f f, = h, + g, where h,, and g, are of the form (12), and

frn = hin+0kn where hy, and gy, of the form (14), then f,, € M’HSLE,’“) (n,v,q,a),
if and only if the condition (15) holds.

Proof. Since MHS® (n, 9, q,a) € MHS® (n, 1, q,a) then the “if part” holds
by Theorem 2.1 It is enough to prove the 'only if’ part.

We assume the condition (15) does not hold, since f,, € MHSgk)(n,ﬁ,q,a)
then

. { —0:0,(Dy" 1)

Dy fo (2) } s Bel

This equivalent to

e S @ i]7C, (9, 1) (qlilg + ol |aslrt 4+ D00, P [i3C (0, 4) (qlilqg — aly)|bs]r
L > (9, ) A as|rt + 3002 g i]RCe (9, 1) A by 2

(20)
For sufficiently r close to 17, then the numerator of last equation is negative.
This meaning there exist r; € (0,1) for which (20) is negative and this is

contradicts with assumption for f, € MHSﬁk)(n,ﬂ,q, «) and this complete
the proof.

3 Extreme points and distortion bounds

Throughout this section, we provide extreme points and obtain distortion
bounds for the class MHSQ“) (n,9,q, ).

Theorem 3.1 For|z| = € (0,1) and if f, = hp+Gn € MHSP (n, 9, ¢, ),
then

1 r(l—a) <
ro 2110+ 1g(al2] —a) T

(1l —a)
q"[Q]Z[f/’ + 1](1((1[2](1 - 0‘).

fn(z)’ < %+ (21)

Proof. 1t is enough to prove the right sides, we omit the proof of the left side
because it is similar to the right. Let f, = h, + gn € MHSE (n, 9, ¢, ).
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Taking the absolute value of f,, we have

‘ i+2a,z+ szl

< ;+Z|ai+bi|ri§ ;+T2|ai+bi|

1 rl-a) = g [20200 + 1],(ql2], — aldy)
AT CAER PN am; I-a

1 r(l-a) = (@"[15Cq (0, 9)(qli]y + aly)
A RS INC e —a; l—a :

q [Z]ch(ﬁvi)@[i]q —al)
T e @)

< l—i— r(l1— )

o 2150 + g(al2]g — @)
Thus, the proof is complete.
Corollary 3.2 If f, = hy 4+ Gn € MHSP (n,9,q, ) then

Q”[Q]Z[?‘} + 1]q(q[2]q —a)—(1-a) }
q”[Q]ZW + 1]q(‘][2]q - ) ‘

fulU") { (22)

Next, we provide the extreme points of the class of the closed convex halls of
MHSW®) (n, 9, q, ) denoted by clcoMHSP (n, 9, q,a).

Theorem 3.3 Let f, = h, +7, where h,, and g, are of the form (13), then
fo € MHSW (n,9,q,a) if and only if f., can be written as

o= 3 (o (2)+ Wi (2))

1=0

where Y~ ®; + ¥, =1, (9;,V; > 0) and

fing = = fng =72 +(q”[i]gcq(ﬁ,i)(q[i]q+ozAz~)> » t=123,0,
_ (= =D n l-a = i
o = 0 = Y (et —aag ) TR

where h,, and g,, are the extreme points of M’HSSC) (n,9,q,a).
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Proof. Let f, € clcoM’HSﬁk)(n, Y, q, ). Set fori=1,2,3,---

q"[1]3Cq(V, ) (gli]q + @A)

o, = la;|, 0 <®; <1,
1—«
and
"] 2C, (9, 1) (qli], — ad;
1—«a
Then f,, can be written as

|25+ ( Z]b\z“

=1

(23)

=1
oo _1 n oo
= Z (i, + Vigy,) + ( Z) (1 — Z (D, + \If,-))
=1 =1
(o) _1 n o0
- Z ((I)lhm + wigm) + ( Z) ((I)O + \IIO) = Z <q)lhnz + \Ijigm) :
i=1 i=0

Conversely, for f, = h, + g, as in (13), we have

fnz‘ Z (CD hn, + qugn, >

= (I)tho( + \Ifogno + Z ( i m + \I}zgnz( ))

l—a)q) ; e (11—«
S, iy TV e

> " o :

(<I>0+\Ifo +;(Z <I>+Z(n )(q[]—l—ozA))q)Zl
= (—1)n n°° l1—a -
*; 2 ;(q” C.09,9)(qlils —aAi))\DiZ

(=1 1-a i
- *Z<qnmg 20, )(qli], w)‘b
<_

=1

+
noo 1—-a
Z(q" [115Cq (0, 9)(glily — ali)
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since f,, € M’HSgk)(n, Y, q, ), and applying Theorem 2.2, we have

Z ( alily 0 bd) e @ D, am) o

" N -« .
* Z < alily = o) Gere 5 3l = am) v

:(1—&)Zq)z+\1/z§1—&

i=1

4 Convolutions and Convex combinations

In this section, we show that the class MHS gk) (n,v, q, «) is closed under convo-
lution and convex combination of its member. For the harmonic meromorphic

functions
fn(2) +Z!az\2 + Z\b |2
and

Pn(2) +Z!m!z +( Z!%!Zi

then, the Hadamard product (or convolution) of f,(z) and f,(z) is given by

[e.e]

(Fu* B)(2) = (Bux fu)(2) = +Z|az!|m\2+ S bl

i=1

Theorem 4.1 For 0 < v < a < 1, let f € MHSP (n,9,q,0) and 3 €
MHSP (n,0,q.7), then fo * B € MHSP (0,9, q,0) € MHSP (n,9,q,7).

Proof. 1t is enough to show that f, * 3, satisfies the condition of Theorem 2.2.
Since £, € MHSH) (n,9,q,a) and || < 1, |14 < 1, we have

Z <q"[i]gcq(19,li)_(q[i]q + OéAi)> sl + Z <q”[i]ZCq(l9,1z’)_(q7[i]q - aAi)>|b¢||Vi|

Y

" [i]7C, (9, 4) (qli]g + s = q"[i]2C, (9, 1) (qlily — al;
S; <q [i]5Cy( 1)—(qu + )>"“'+Zzl (q [i]0Cy( 1)_(%] ))W
0 nf;n 7 7 QAi > 7 1 ozAi
SZ_l (q Hch(ﬁ,1 )_(qOE]q+ )>"”'+Z_l (q "i]2Cq (ﬁl)_(qOE] )>|b¢|
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for 0 < v < a < 1and f, € MHSgk)(n,ﬂ,q,a), therefore, f, * 3, €

MHUSP (0,9, q,0) C MHSP (0,9, q.7).
In the last theorem, we examine the convex combination of the class MHS gk) (n, 9, q, ).

Theorem 4.2 let f, € M?—[Sgk)(n,ﬁ, q, ) foreveryx =1,2,--- , 0, where
In, defined by

+Z\anx|z +( Z|bnszz =1,2,---,0. (24)

Then, the function
0
Z) = ZCanx’ 7(0 < Cx < 1)7 (25)
x=1

are also in the class MHS™ (n, 0, q,a), where Zi:l Gy =1

Proof. According to the given €, (z), we have

2) = Zcxfnx
+Z
=1

(26)

Z Cxanx

'y [Z (b ]

=1

For every x = 1,2,---, 0, we have f, € MHSgk)(n,ﬁ,q,a), then by (18), we
get

i%ﬁ%i)[ lg +al\;) <ZCX&7LX) g — OA;) (ZCX nx)]

"[i]nCq (¥, 1)

= Z (x [Z — = {ldlily + ali)an, + (qli], - aAi)an}]

i=1
< Zcxu) <1
x=1

Hence, the proof is complete.

Corollary 4.3 The class MHS® (n,9,q, ) is closed under convex linear
combination.
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Proof. Let the functions f, (2), (x = 1,2) defined by (24) be in the class
MHSW®) (n, 9, q, ), then the function Y(z) defined by

T(z) = pfr(2) + (L = p)fra(2), (0<p <1, (27)

is in the class MHS™ (n, 9, ¢, ). Also, by taking 0 = 2, x; = pand yo = 1—p
in Theorem 4.2, so the proof is complete.
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