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Abstract

We introduce a class of analytic and p-valent functions with
negative coefficients defined with Sãlãgean qth-order differential
operator. By using coefficient estimates, we obtain distortion the-
orems and closure theorems. Also we obtain radii of closed to
convex, starlikeness and convexity for these functions of this class.
We also obtain the property of preserving integral operator defined
with

F (z) =
c + p

zc

∫ z

0

tc−1f(t)dt, c > −p.

We also obtain sharp lower bounds for Re{ f(z)

fm(z)
}, Re{fm(z)

f(z)
}, Re{ f ′(z)

f ′
m(z)
}

and Re{f
′
m(z)

f ′(z)
}.
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1 Introduction

We will state several properties of the class of analytic and p-valent functions
which is defined with [7] as follows

1 +
1

b
{D

jf q(z)

Dif q(z)
− (p− q)j−i} ≺ 1 + Az

1 +Bz
(1.1)

z ∈ 4 := {z : z ∈ C. |z| < 1}; −1 ≤ B < A ≤ 1; j > i; j ∈ N;
i, q ∈ N0 := N ∪ {0} and b ∈ C− {0}.
We use the symbol Sj,ip,q[A,B; b] of complex order b to denote the class of ana-
lytic and p-valent functions defined by (1.1) .

This work in this paper will help us to expand other important topics for
this new class of functions later such as the Hankel determinant and other
properties.

Definitions and Preliminaries

Let A denote the class of functions of the form

f(z) = zp +
∞∑

k=p+1

akz
k (p ∈ N := {1, 2, 3, ...}), (1.2)

which are analytic in the open unit disk 4.
Suppose f (q) denote the qth-order ordinary differential operator which is de-
fined for a function f ∈ A as follows

f (q)(z) =
p!

(p− q)!
zp−q +

∞∑
k=p+1

k!

(k − q)!
akz

k−q,

where p > q; p ∈ N; q ∈ N0, z ∈ 4. Frasin [6] introduced the differential
operator Dmf q(z) as follows:

Dmf q(z) =
(p− q)mp!

(p− q)!
zp−q +

∞∑
k=p+1

(k − q)m k!

(k − q)!
akz

k−q. (1.3)

We notice from (1.3) that D0f 0(z) = f(z), D0f 1(z) = zf
′
(z) and Dmf (0)(z) =

Dmf(z) is a known operator which is introduced by Sãlãgean [8].

Let T denote the subclass of A consisting functions of the form

f(z) = zp −
∞∑

k=p+1

akz
k (ak ≥ 0, p ∈ N). (1.4)
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Clearly, we have the following relationships:

1. Sj,ip,q[1,−1; b] = Sj,ip,q(b);

2. Sn+1,n
p,0 [1,−1; b] = Sn(p, b); (Akbulut et al.[1])

3. S1,0
1,0 [1,−1; b] = S(b) (b ∈ C−{0}); (Nasr and Aouf [7] and wiatrowski

[12])

4. S2,1
1,0 [1,−1; b] = K(b) (b ∈ C−{0}); (Nasr and Aouf [7] and wiatrowski

[12])

5. S1,0
1,0 [1,−1; 1 − α] = S∗(α) for 0 ≤ α < 1, where S∗(α) denotes the

class of starlike functions of order α in 4.

We define the class T j,ip,q[A,B; b] as T j,ip,q[A,B; b] = Sj,ip,q[A,B; b] ∩ T.

In this paper, we will display the ratio of a function of the form (1.4) which
belongs to the class T j,ip,q[A,B; b] to its sequence of partial sums fm(z) =

zp −
∑m+p−1

k=p+1 akz
k when the coefficients of f are sufficiently small to obtain

the coefficient estimates which are introduced in the following section. Also,
We will determine sharp lower bounds for Re{ f(z)

fm(z)
}, Re{fm(z)

f(z)
}, Re{ f

′(z)
f ′m(z)
}

and Re{f
′
m(z)
f ′(z)
}.

Sheil-Small [9] noticed that inf Re{ f(z)
fm(z)
} for a starlike function f(z) defined

by (1.2) for p = 1 occurs when m = 1 and In [2], a sharp lower bound was

obtained for Re{ f(z)
f1(z)

when f(z) is convex of order σ (0 ≤ σ < 1). E. M. Sil-

via[11] investigated lower bounds on Re{ f(z)
fm(z)
} for f(z) defined by (1.4) with

p = 1 which is convex and starlike of order σ. She noticed that Re{ f(z)
fm(z)
}

≥ 1
(2−σ) for f(z) defined by (1.4) with p = 1 which is starlike of order σ and

that Re{ f(z)
fm(z)
} ≥ (3−σ)

(4−2σ) which is convex of order σ.
These results are sharp with m = 1.

Generally, lower bounds on ratios like Re{ f(z)
fm(z)
}, Re{fm(z)

f(z)
} have been de-

termined to be sharp only when m = 1. In this paper, we determine sharpness
for all values of m. The lower bounds are strictly increasing functions of m.

2 Coefficient Estimates

In the current section, we will obtain the coefficient estimates inequality for
the class T j,ip,q[A,B; b] as follows.



4 M. I. Elgmmal et al.

Theorem 2.1. Assume the function f(z) be defined by (1.4). Then we notice
that f(z) is in the class T j,ip,q[A,B; b] if and only if

∞∑
k=p+1

Lj,ik
k!

(k − q)!
ak ≤

|b|(A−B)p!

(p− q)!
(p− q)i, (2.1)

where Lj,ik = (k − q)i{|b|(A−B) + (p− q)j−i(1 + |B|)}+ (k − q)j(1 + |B|).

The result is sharp with the extremal function

f(z) = zp − |b|(A−B)(k − q)!p!
Lj,ik (p− q)!k!

(p− q)izk.

Proof. Suppose that the inequality (2.1) is satisfied . Then we have

|Djf q(z)− (p− q)j−iDif q(z)| − |b(A−B)Dif q(z)−B{Djf q(z)− (p− q)j−iDif q(z)}|

= |
∞∑

k=p+1

[(k − q)j − (p− q)j−i(k − q)i] k!

(k − q)!
akz

k−q| − |b(A−B)
p!

(p− q)!
(p− q)izp−q−

∞∑
k=p+1

[b(A−B)(k − q)i +B(p− q)j−i(k − q)i −B(k − q)j] k!

(k − q)!
akz

k−q|

≤
∞∑

k=p+1

[(k − q)i{|b|(A−B) + (p− q)j−i(1 + |B|)}+ (k − q)j(1 + |B|)] k!

(k − q)!
ak

− |b|(A−B)p!

(p− q)!
(p− q)i

≤ 0, by inequality(2.1).

Conversely, suppose that

| Djf q(z)− (p− q)j−iDif q(z)

b(A−B)Dif q(z)−B{Djf q(z)− (p− q)j−iDif q(z)}
|

= |
∑∞

k=p+1[(k − q)i(p− q)j−i − (k − q)j] k!
(k−q)!akz

k−q

b(A−B)p!
(p−q)! (p− q)izp−q

1

−
∑∞

k=p+1{(k − q)i[b(A−B) +B(p− q)j−i]−B(k − q)j} k!
(k−q)!akz

k−q
|

≤
|
∑∞

k=p+1[(k − q)i(p− q)j−i + (k − q)j] k!
(k−q)!akz

k−q|
|b|(A−B)p!

(p−q)! (p− q)i|z|p−q

1

−
∑∞

k=p+1{(k − q)i[|b|(A−B) + |B|(p− q)j−i] + |B|(k − q)j k!
(k−q)!}ak|z|k−q

≤ 1, z ∈ 4.
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As Re{z} ≤ |z| for all z, we have

Re
{ ∑∞

k=p+1[(k − q)i(p− q)j−i + (k − q)j] k!
(k−q)!akz

k−q

|b|(A−B)p!
(p−q)! (p− q)i|z|p−q −

∑∞
k=p+1{(k − q)i[|b|(A−B)+

1

|B|(p− q)j−i] + |B|(k − q)j} k!
(k−q)!ak|zk−q|

}
(2.2)

≤ 1. (2.3)

We suppose z → 1− through real values in (2.2), then we have

∞∑
k=p+1

{(k−q)i[|b|(A−B)+(p−q)j−i(1+|B|)]+(k−q)j(1+|B|)} k!

(k − q)!
ak ≤

|b|(A−B)p!

(p− q)!
(p−q)i

(2.4)

This concludes the required condition.

Finally, the function

f(z) = zp − |b|(A−B)(k − q)!p!
Lj,ik (p− q)!k!

(p− q)izk (k ≥ p+ 1) (2.5)

is an extremal function for the theorem.

Corollary 2.1. Let the function f(z) defined by (1.4) be in the class T j,ip,q[A,B; b].
Then

ak ≤
|b|(A−B)p!(k − q)!

k!(p− q)!Lj,ik
(p− q)i (k ≥ p+ 1). (2.6)

The result is sharp for the function f(z) given by (2.5).

3 Distortion Theorems

In this section, we will display the minimum and maximum values for |f(z)|
and |f ′(z)|.

Theorem 3.1. Let f(z) defined by (1.4) be in the class T j,ip,q[A,B; b]. Then we
have

|z|p− |b|(A−B)

(p+ 1)Lj,ip+1

(p−q)i{p+1−q}|z|p+1 ≤ |f(z)| ≤ |z|p+ |b|(A−B)

(p+ 1)Lj,ip+1

(p−q)i{p+1−q}|z|p+1

(3.1)
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for z ∈ 4. The result is sharp with the extremal function

f(z) = zp − |b|(A−B)

(p+ 1)Lj,ip+1

(p− q)i{p+ 1− q}|z|p+1. (3.2)

Proof. Since f(z) ∈ T j,ip,q[A,B; b], with the aid of Theorem 2.1, we have

Lj,ip+1

(p+ 1)!

(p+ 1− q)!

∞∑
k=p+1

ak ≤
∞∑

k=p+1

Lj,ik
k!

(k − q)!
ak

≤ |b|(A−B)p!

(p− q)!
(p− q)i, (3.3)

which implies that

∞∑
k=p+1

ak ≤
|b|(A−B)

(p+ 1)Lj,ip+1

(p− q)i{p+ 1− q}. (3.4)

So we can display that

|f(z)| ≥ |z|p − |z|p+1

∞∑
k=p+1

ak

≥ |z|p − |b|(A−B)

(p+ 1)Lj,ip+1

(p− q)i{p+ 1− q}|z|p+1 (3.5)

and

|f(z)| ≤ |z|p + |z|p+1

∞∑
k=p+1

ak

≤ |z|p +
|b|(A−B)

(p+ 1)Lj,ip+1

(p− q)i{p+ 1− q}|z|p+1 (3.6)

for z ∈ 4. Finally, the function

f(z) = zp − |b|(A−B)

(p+ 1)Lj,ip+1

(p− q)i{p+ 1− q}|z|p+1. (3.7)

is an extremal function for the theorem.

Theorem 3.2. Let f(z) defined by (1.4) be in the class T j,ip,q[A,B; b]. Then we
have

p|z|p−1−|b|(A−B)

Lj,ip+1

(p−q)i{p+1−q}|z|p ≤ |f ′(z)| ≤ p|z|p−1+ |b|(A−B)

Lj,ip+1

(p−q)i{p+1−q}|z|p

(3.8)
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for z ∈ 4. The result is sharp with the function in (3.2).
Proof. With the aid of Theorem 2.1, we have

Lj,ip+1

p!

(p+ 1− q)!

∞∑
k=p+1

kak ≤
∞∑

k=p+1

Lj,ik
k!

(k − q)!
ak

≤ |b|(A−B)p!

(p− q)!
(p− q)i, (3.9)

which implies that

∞∑
k=p+1

kak ≤
|b|(A−B)

Lj,ip+1

(p− q)i{p+ 1− q}. (3.10)

Hence, with the aid of (3.10), we have

|f ′(z)| ≥ p|z|p−1 − |z|p
∞∑

k=p+1

kak

≥ p|z|p−1 − |b|(A−B)

Lj,ip+1

(p− q)i{p+ 1− q}|z|p. (3.11)

and

|f ′(z)| ≤ p|z|p−1 + |z|p
∞∑

k=p+1

kak

≤ p|z|p−1 +
|b|(A−B)

Lj,ip+1

(p− q)i{p+ 1− q}|z|p. (3.12)

for z ∈ 4. Finally the result is sharp with the function in (3.2).

4 Closure Theorems

We will display some results associating with the closure properties of func-
tions which belong to T j,ip,q[A,B; b].

Suppose the function fw(z) be defined as follows

fw(z) = zp −
∞∑

k=p+1

ak,wz
k(ak,w ≥ 0) (4.1)

for z ∈ 4 and w = 1, 2, ...,m.
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Theorem 4.1. Suppose the functions fw(z) defined by (4.1) be in the class
T j,ip,q[A,B; b] for every w = 1, 2, ...,m. Then the function h(z) defined by

h(z) =
m∑
w=1

cwfw(z) (cw ≥ 0) (4.2)

is also in the same class T j,ip,q[A,B; b], where

m∑
w=1

cw = 1. (4.3)

Proof. From the definition of h(z), we have

h(z) = zp −
∞∑

k=p+1

(
m∑
w=1

cwak,w)zk. (4.4)

Since fw(z) is in T j,ip,q[A,B; b], then, for every w = 1, 2, ...,m, we obtain

∞∑
k=p+1

Lj,ik
k!

(k − q)!
ak,w ≤

|b|(A−B)p!

(p− q)!
(p− q)i, (4.5)

for every w = 1, 2, ...,m. We can obtain that

∞∑
k=p+1

Lj,ik
k!

(k − q)!
(
m∑
w=1

cwak,w)

=
m∑
w=1

cw(
∞∑

k=p+1

Lj,ik
k!

(k − q)!
ak,w)

≤ (
m∑
w=1

cw)
|b|(A−B)p!

(p− q)!
(p− q)i =

|b|(A−B)p!

(p− q)!
(p− q)i (4.6)

with the aid of (4.5). This shows that the function h(z) is in the class T j,ip,q[A,B; b]
with the aid of Theorem 2.1.

Theorem 4.2. Let f2p = zp and

fp+k(z) = zp −
|b|(A−B)p!

(p−q)! (p− q)i
k!

(k−q)!L
j,i
k

zk (k ≥ p+ 1) (4.7)

for p ∈ N,−1 ≤ B < A ≤ 1. Then f(z) is in the class T j,ip,q[A,B; b] if and only
if it can be expressed in the form

f(z) =
∞∑
k=p

λp+kfp+k(z), (4.8)
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where λp+k ≥ 0 (k ≥ p) and
∑∞

k=p λp+k = 1.

Proof. Let

f(z) =
∞∑
k=p

λp+kfp+k(z)

= zp −
∞∑

k=p+1

|b|(A−B)p!
(p−q)! (p− q)i

k!
(k−q)!L

j,i
k

λp+kz
k. (4.9)

Then it leads to
∞∑

k=p+1

Lj,ik
k!

(k − q)!

|b|(A−B)p!
(p−q)! (p− q)i

k!
(k−q)!L

j,i
k

λp+k (4.10)

=
|b|(A−B)p!

(p− q)!
(p− q)i

∞∑
k=p+1

λp+k (4.11)

≤ |b|(A−B)p!

(p− q)!
(p− q)i. (4.12)

So by Theorem 2.1, f(z) ∈ T j,ip,q[A,B; b].

Conversely, Suppose that the function f(z) defined by (1.4) belongs to the
class T j,ip,q[A,B; b]. Then

ak ≤
|b|(A−B)p!

(p−q)! (p− q)i
k!

(k−q)!L
j,i
k

(k ≥ p+ 1). (4.13)

Setting

λp+k =

k!
(k−q)!L

j,i
k

|b|(A−B)p!
(p−q)! (p− q)i

ak (4.14)

and

λ2p = 1−
∞∑

k=p+1

λp+k. (4.15)

We can see that f(z) can be expressed in the form (4.8). This proves Theorem
4.2.

5 Integral Operators

We will display some closure properties for functions which is defined with an
integral operator associated with function f(z) defined by (1.4) and belongs
to the class T j,ip,q[A,B; b].
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Theorem 5.1. Suppose the function f(z) be defined by (1.4) in the class
T j,ip,q[A,B; b], and assume c be a real number such that c > −p. Then the
function F(z) defined by

F (z) =
c+ p

zc

∫ z

0

tc−1f(t)dt (5.1)

also belongs to the class T j,ip,q[A,B; b].

Proof. From the representation of F(z), it leads to

F (z) = zp −
∞∑

k=p+1

bkz
k,

where bk = ( c+p
k+c

)ak. Therefore,

∞∑
k=p+1

Lj,ik
k!

(k − q)!
bk =

∞∑
k=p+1

Lj,ik
k!

(k − q)!
(
c+ p

k + c
)ak

≤
∞∑

k=p+1

Lj,ik
k!

(k − q)!
ak ≤

|b|(A−B)p!

(p− q)!
(p− q)i,

since f(z) ∈ T j,ip,q[A,B; b]. Then, by Theorem 2.1, F (z) ∈ T j,ip,q[A,B; b].

Putting c = 1− p in Theorem 4.1, we get corollary 5.1 .

Corollary 5.1. Let the function f(z) defined by (1.4) be in the class T j,ip,q[A,B; b]
and F (z) be defined by

F (z) =
1

z1−p

∫ z

0

f(t)

tP
dt. (5.2)

Then F (z) ∈ T j,ip,q[A,B; b].

Theorem 5.2. Let c be a real number such that c > −p. If F (z) ∈ T j,ip,q[A,B; b],
then the function f(z) defined by (5.1) is p-valent in |z| < R∗p, where

R∗p = inf
k
{ p(c+ p)k!(p− q)!Lj,ik
k(k + c)p!(k − q)!|b|(A−B)(p− q)i

}
1

k−p (k ≥ p+ 1). (5.3)

The result is sharp.
Proof. Let F (z) = zp −

∑∞
k=p+1 akz

k. It follows from (5.1) that

f(z) =
z1−c(zcF (z))′

(c+ p)
, (c > −p)

= zp −
∞∑

k=p+1

(
(k + c)

(c+ p)
)akz

k.
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To prove the result, it is sufficient to contain that

|f
′(z)

zp−1
− p| ≤ p for |z| < R∗p.

Now

|f
′(z)

zp−1
− p| = | −

∞∑
k=p+1

k(k + c)

(c+ p)
akz

k−p|

≤
∞∑

k=p+1

k(k + c)

(c+ p)
ak|z|k−p.

Thus |f
′(z)
zp−1 − p| ≤ p if

∞∑
k=p+1

k(k + c)

p(c+ p)
ak|z|k−p ≤ 1. (5.4)

But Theorem 2.1 assures that

∞∑
k=p+1

Lj,ik
k!

(k−q)!ak
p!

(p−q)!{|b|(A−B)(p− q)i}
≤ 1. (5.5)

Then (5.4) will be satisfied if

k(k + c)

p(c+ p)
|z|k−p ≤

Lj,ik
k!

(k−q)!
p!

(p−q)!{|b|(A−B)(p− q)i}
(k ≥ p+ 1),

or if

|z| ≤ { p(c+ p)k!(p− q)!Lj,ik
k(k + c)p!(k − q)!{|b|(A−B)(p− q)i}

}
1

k−p (k ≥ p+ 1). (5.6)

The required result is contained now from (5.6). The result is sharp for the
function

f(z) = zp−
∞∑

k=p+1

p!(k − q)!(k + c)|b|(A−B)(p− q)i

k!(p− q)!(c+ p)Lj,ik
zk (k ≥ p+1). (5.7)

6 Radii of closed to convex, Starlikeness and

Convexity

In this section, we will obtain the radii of closed to convex, starlikeness and
convexity for functions f(z) which is defined by (1.4) and belongs to the class
T j,ip,q[A,B; b].
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Theorem 6.1. Let the function f(z) defined by (1.4) be in the class T j,ip,q[A,B; b],
then f(z) is p-valently close-to-convex of order α (0 ≤ α ≤ p) in |z| <
r1(A,B, p, |b|, α) where

r1(A,B, p, |b|, α) = inf
k

[
(p− α)(p− q)!k!Lj,ik

k|b|(A−B)p!(k − q)!(p− q)i
]

1
k−p . (6.1)

The result is sharp with the extremal function f(z) given by (2.5).

Proof. We must obtain that |f
′(z)
zp−1 − p| ≤ p − α for |z| < r1(A,B, p, |b|, α).

We have

|f
′(z)

zp−1
− p| ≤

∞∑
k=p+1

kak|z|k−p. (6.2)

Then |f
′(z)
zp−1 − p| ≤ p− α if

∞∑
k=p+1

kak
p− α

|z|k−p ≤ 1. (6.3)

Hence, with the aid of Theorem 2.1, (6.3) will be true if

k

p− α
|z|k−p ≤ (p− q)!k!Lj,ik

|b|(A−B)p!(k − q)!(p− q)i
. (6.4)

Or if

|z| ≤ [
(p− α)(p− q)!k!Lj,ik

k|b|(A−B)p!(k − q)!(p− q)i
]

1
k−p , (k ≥ p+ 1). (6.5)

The theorem follows easily from (6.5).

Theorem 6.2. Suppose that the function f(z) defined by (1.4) be in the class
T j,ip,q[A,B; b], then f(z) is p-valently starlike of order α (0 ≤ α ≤ p) in |z| <
r2(A,B, p, |b|, α) where

r2(A,B, p, |b|, α) = inf
k

[
(p− α)(p− q)!k!Lj,ik

(k − α)|b|(A−B)p!(k − q)!(p− q)i
]

1
k−p . (6.6)

The result is sharp with the extremal function f(z) given by (2.5).

Proof. We must show that | zf
′(z)

f(z)
− p| ≤ p − α for |z| < r2(A,B, p, |b|, α).

We have

|zf
′(z)

f(z)
− p| ≤

∑∞
k=p+1(k − p)ak|z|k−p

1−
∑∞

k=p+1 ak|z|k−p
. (6.7)
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Then | zf
′(z)

f(z)
− p| ≤ p− α if

∞∑
k=p+1

(k − α)

(p− α)
ak|z|k−p ≤ 1. (6.8)

Hence, by Theorem 2.1, (6.8) will be true if

∞∑
k=p+1

(k − α)

(p− α)
|z|k−p ≤ (p− q)!k!Lj,ik

|b|(A−B)p!(k − q)!(p− q)i
(6.9)

Or if

|z| ≤ [
(p− α)(p− q)!k!Lj,ik

(k − α)|b||(A−B)p!(k − q)!(p− q)i
]

1
k−p , (k ≥ p+ 1). (6.10)

The theorem comes easily from (6.10) .

Corollary 6.1. Let the function f(z) defined by (1.4) be in the class T j,ip,q[A,B; b],
then f(z) is p-valently convex of order α (0 ≤ α ≤ p) in |z| < r3(A,B, p, |b|, α)
where

r3(A,B, p, |b|, α) = inf
k

[
p(p− α)(p− q)!k!Lj,ik

k(k − α)|b|(A−B)p!(k − q)!(p− q)i
]

1
k−p . (6.11)

The result is sharp with the extremal function f(z) given by (2.5).

7 Partial sums

In this section, we will apply methods used by Silverman [10] and Cho and
Owa [3] to determine the ratio of a function of the form (1.4) which be-
longs to the class T j,ip,q[A,B; b] to its sequence of partial sums Liu et al.[6]

fm(z) = zp−
∑m+p−1

k=p+1 akz
k when the coefficients of f(z) are sufficiently small to

satisfy condition (2.1). We will determine sharp lower bounds for Re{ f(z)
fm(z)
},

Re{fm(z)
f(z)
}, Re{ f

′(z)
f ′m(z)
} and Re{f

′
m(z)
f ′(z)
}.

Theorem 7.1. If f(z) of the form (1.4) satisfies condition (2.1), then Re{ f(z)
fm(z)
} ≥

(v1−v2)
v1

where z ∈ 4.We denote Lj,ip+m(p + m)!(p − q)! and |b|(A − B)p!(p −
q)i(p + m − q)! with v1 and v2 respectively. The result is sharp for every m
with extremal function f(z) = zp − v2

v1
zp+m.
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Proof. We may write

v1
v2

[
f(z)

fm(z)
− (v1 − v2)

v1

]

=
1−

∑m+p−1
k=p+1 akz

k−p −
∑∞

k=m+p
v1
v2
akz

k−p

1−
∑m+p−1

k=p+1 akz
k−p

=
1 + A(z)

1 +B(z)
.

Set (1 + A(z))/(1 + B(z)) = (1 + w(z))/(1 − w(z)), so that w(z) = (A(z) −
B(z))/(2 + A(z) +B(z)).

Then

w(z) =
−
∑∞

k=m+p
v1
v2
akz

k−p

2− 2
∑m+p−1

k=p+1 akz
k−p −

∑∞
k=m+p

v1
v2
akzk−p

and

|w(z)| ≤
∑∞

k=m+p
v1
v2
ak

2− 2
∑m+p−1

k=p+1 ak −
∑∞

k=m+p
v1
v2
ak
.

Since |w(z)| ≤ 1, then we have (2
∑∞

k=m+p
v1
v2
ak) ≤ 2 − 2

∑m+p−1
k=p+1 ak, which

can be written as
m+p−1∑
k=p+1

ak +
∞∑

k=m+p

v1
v2
ak ≤ 1. (7.1)

It suffices to show that the left hand side of (7.1) is bounded above by∑∞
k=p+1 L

j,i
k

(k)!(p−q)!
|b|(A−B)p!(p−q)i(k−q)!ak, which is equivalent to

m+p−1∑
k=p+1

Lj,ik (k)!(p− q)!(p+m− q)!− v2(k − q)!
v2(k − q)!

ak+

∞∑
k=m+p

Lj,ik (k)!(p− q)!(m+ p− q)!− v1(k − q)!
v2(k − q)!

ak

≥ 0.

To notice that f(z) = zp − v2
v1
zp+m gives the sharp result, we observe for z =
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re2πi/m that

f(z)

fm(z)
= 1− (

v2
v1

)zm → 1− v2
v1

=
v1 − v2
v1

whenr → 1−.

Theorem 7.2. If f(z) of the form (1.4) satisfies condition (2.1), then Re{fm(z)
f(z)
} ≥

v1
(v1+v2)

where z ∈ 4. We denote Lj,ip+m(p + m)!(p − q)! and |b|(A − B)p!(p −
q)i(p + m − q)! with v1 and v2 respectively. The result is sharp for every m,
with extremal function f(z) = zp − v2

v1
zp+m.

Proof. We may write

(v1 + v2)

v2

[
fm(z)

f(z)
− v1
v1 + v2

]

=
1−

∑m+p−1
k=p+1 akz

k−p +
∑∞

k=m+p
v1
v2
akz

k−p

1−
∑∞

k=p+1 akz
k−p

=
1 + A(z)

1 +B(z)
.

Set (1 + A(z))/(1 + B(z)) = (1 + w(z))/(1 − w(z)), so that w(z) = (A(z) −
B(z))/(2 + A(z) +B(z)).

Then

w(z) =

∑∞
k=m+p

(v1+v2)
v2

akz
k−p

2− 2
∑m+p−1

k=p+1 akz
k−p +

∑∞
k=m+p

(v1−v2)
v2

akzk−p

and

|w(z)| ≤
∑∞

k=m+p
(v1+v2)
v2

ak

2− 2
∑m+p−1

k=p+1 ak −
∑∞

k=m+p
(v1+v2)
v2

ak
.

Since we have |w(z)| ≤ 1, then 2
∑∞

k=m+p
(v1+v2)
v2

ak) ≤ 2− 2
∑m+p−1

k=p+1 ak, which
can be written as

∞∑
k=m+p

v1 + v2
v2

ak +

m+p−1∑
k=p+1

ak ≤ 1. (7.2)

Since the left hand side of (7.2) is bounded above by
∑∞

k=p+1 L
j,i
k

(k)!(p−q)!
|b|(A−B)p!(k−q)!(p−q)iak,

that ends the proof.
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Theorem 7.3. If f(z) of the form (1.4) satisfies condition (2.1), then for
z ∈ 4,
(a) Re{ f

′(z)
f ′m(z)
} ≥ (x1−x2)

x1
.

(b) Re{f
′
m(z)
f ′(z)
} ≥ x1

x1+x2
. We denote v1

p+m
and v2

p
with x1 and x2 respectively.

In both cases, the extremal function is f(z) = zp − v2
v1
zp+m.

Proof. We prove only (a), which is the same as the proof of Theorem 7.1.
The proof of (b) follows the pattern of that in Theorem 7.2.

We write

x1
x2

[
f ′(z)

f ′m(z)
− (x1 − x2)

x1

]

=
1−

∑p+m−1
k=p+1

k
p
akz

k−p −
∑∞

k=p+m
kx1
px2
akz

k−p

1−
∑p+m−1

k=p+1
k
p
akzk−p

=
1 + A(z)

1 +B(z)
.

Set (1+A(z))/(1+B(z)) = (1+w(z))/(1−w(z)), so w(z) = (A(z)−B(z))/(2+
A(z) +B(z)).

Then

w(z) =
−
∑∞

k=p+m
kx1
px2
akz

k−p

2− 2
∑p+m−1

k=p+1
k
p
akzk−p −

∑∞
k=p+m

kx1
px2
akzk−p

and

|w(z)| ≤
∑∞

k=p+m
kx1
px2
ak

2− 2
∑p+m−1

k=p+1
k
p
ak −

∑∞
k=p+m

kx1
px2
ak
.

Since we have |w(z)| ≤ 1, then 2
∑∞

k=p+m
kx1
px2
ak ≤ 2 − 2

∑p+m−1
k=p+1

k
p
ak, which

can be written as
∞∑

k=p+m

kx1
px2

ak +

p+m−1∑
k=p+1

k

p
ak ≤ 1. (7.3)

Since the left hand side of (7.3) is bounded above by
∑∞

k=p+1 L
j,i
k

(k)!(p−q)!
|b|(A−B)p!(p−q)i(k−q)!ak,

the proof is complete.
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8 Conclusion

We obtained coefficient estimates for the class T j,ip,q[A,B; b]. We used these
coefficient estimates to obtain distortion theorems and closure theorems. Also
we obtained radii of closed to convex, starlikeness and convexity for the class.
We also obtained class preserving integral operator of the form

F (z) =
c+ p

zc

∫ z

0

tc−1f(t)dt, c > −p.

Also, we determined sharp lower bounds for Re{ f(z)
fm(z)
}, Re{fm(z)

f(z)
}, Re{ f

′(z)
f ′m(z)
}

and Re{f
′
m(z)
f ′(z)
}.

9 Open Problems

� The authors suggest to determine partial sums for meromrphic and p-
valent functions of the formf(z) = 1

zp
+
∑∞

k=p+1 akz
k.

� The authors suggest to determine the Hankel determinant for the class
T j,ip,q[A,B; b].

� The authors suggest investigating the class Tp,q with the recent differen-
tial operators in [1, 2].
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of analytic functions using the Sãlãgean operator, J. Appl. Math. lett.,
23(2010), 1351-1354.

[8] J. L. Liu, R. Srivastava and Y. H. Rekha, Integral transforms and partial
sums of certain p-valent starlike functions, Revista de la Real Academia
de Ciencias Exactas, F́ısicas y Naturales. Serie A. Matemáticas, 113 (2)
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